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1.1 Cartesian coordinates
The Cartesian plane is formed by

using two real number lines
intersecting at right angles, as shown
in Figure. The horizontal real number
line is usually called the x-axis, and
the vertical real number line is usually

called the y-axis. The point of

intersection of these two axes is the
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_\ Origin
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Y

origin, and the two axes divide the plane into four parts called

quadrants .

Each point in the plane corresponds to an ordered pair (x, y) of real

numbers and called the coordinates of the point.

1.2 Distance Formula

The distance formula is derived by using

the Pythagorean Theorem. From the T

Figure:
P.QI= [%5-%:| , 1QPI=]y, -y, |
|PLP2I?=]x,-x 1 |*+ |92—91|2

(PLP2)?=(x,-x1)?+ (92‘91)2

ly2 — il

.

X

}"lxz _xll"{

The distance d between the points (xl,y 1) and (xz,yz) in the

coordinate plane is

d=\/ (X -%1)2+ (yz-yl)2
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! !
(D vl (2
& 13 The Midpoint Formula e
! !
() . L C . (2
®  The midpoint of the line segment joining the points in the coordinate 8,
& 2
& plane is X
et X1+Xy Y,1Y Xy+X !
& c . _( 1tX2 Iy z) _X1¥tXy _J1792 (2
a = , e = ,y="1=2 !
% Midpoint 2 2 where  x 2 2 :::
M

8 2
Ezi R Examplel ci i (4 the distance between and (b) the midpoint the line :::
(D (2
E:i segment joining, the points (-2,1) and (3,4). E:i
o Solution / 5
:g p) 2 2 2 :g
§ @dfloe) +(w) = [(>-(2) () EmEE 8
! !
() (2
a !
(D X,+X, Y,+Y -2+3 1+4\ (1 S (2
! L 1+X2 9179, !
Lo (5 (222 :
::: (b) Midpoint 2 > 2 2 2°2 :::
! 1
(D (2
::: wEKamMple2 /yq, distance formula to show that the points A(1,1) , :::
! a
::: B(5,1) ,and C(5,7) are represent the vertices of right- :::
(D (D
::: angled triangle, then find the area of triangle. :::
a M
::: Solution / :g
()

& AB=/(5-1)2+(1-1)={(#)*+(0)*=V16=4 2
a !
¢S N
E:i BC=y/(5-5)2+(7-1)?=,/(0)*+(6)*=V36=6 :::
% 2 2 :::
) - - -

::i cA_J(s-l) +(7-1) ==J@?+(6)?=V52 :::
(D (2
! a
S (CAP=(AB)*+(AB)* > £/52)" =(4)+(6)* = S2=52 S
N 1 ) 1 e
& A=3 (base)(height)= > (B (e)=12 &
! !
(D (
'8 '8!
'8 3
'8, '8
'8 3
'8, 3
' 3
'8 3
'8, 3

ral
3
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'8 '8!
& 14 The equation of line s
b< <
® : . . . ) (>
E:i An equation of the line passing through the point (x, .y, ) and having E:i
::: sloped m. :::
02 &
& Y-y, =m(X-x1) (S
62 &S
(3 '8
E:i Therefore we need a point (x,.y.) and the slope m. E:i
(2 , &S
& 1.5 The slope of line S
< <
* m=tan @ y S
’:‘ Ax yz-gi Py (x2,¥2) ’:‘
'8 M= Ay x,-%, '8!
'.‘ Ag xz.—xl '.‘
».1 Ay =¥ =y y’q
}’1 Py (xy,¥1) }.1
9 '8
'8! '8!
'8 '8
® /| *
'8, . '8
'8 - '8!
9 ' '8
o Notes: X
9 '8!
'8 '8
E:i O A horizontal line has slope zero because Ay = 0 . E:i
02 &
S <
::: @ The slope of a vertical line is undefined because Ax = O. :::
02 &S
S <
02 &S
O et
::: ?S\Exa_mplel/Find an equation of the line passing through the point (2,1) :::
02 &S
5 . al
::: and having slope m=-1/2. :::
)
::j Solution / :::
S 1 1 £
:0: Y-yY,=m(X-X1)==> 9‘1=‘Z(X-2)=>:> y=—£x+2 :.:
::: wExample2 ci i an equation of the line passing through the :::
O . el
£ points (-1,-2) and(2,3) . (3
b< . <
::: Solution / :::
£ 3-(-2) S (<
'8, M -1 3 '8
Yal 2-(-1) 3 (2
S (2
02 &
(S
&
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With m=2 and (-1,-2)
4oy, =KX Y-(-D=2(-(-1)
S S5 S S5
=>|-:y=gx+g = =:=gx+g—2
1.6  Slope-Intercept Form of an Equation of a Line

A non vertical line crosses the y-axis at some point (0,b). The

number is called the y-intercept of the line

y-b=m(x-0)

y=mx+b

Which is called the slope-intercept form of an equation of a line.

w Examplel ciy o equation of the line with slope m=3/4 and y-
intercept 4.
Solution /

y=mx+b
L, 3 .3
With m= 2 and b=4=x Yx+4
1.7 The General Equation of a Line
An equation of the form
Ax +By +C=0

Where A,B , and C are constants and A and B are not both zero, is

called a first-degree equation in x and y.

NOTE : We can find the slope by comparing the given equation with

equation of intercept line y=mx +b .

-A
Or from W\-F
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> . . . .
&  Examplel / £i g the slope of the line with equation 2x+3y+5=0. £
! ; !
::: Solution / :::
() BYy=-2x-5==> yYy=—x-— Y=mx+b S
S >3 S
% The slope of the line m=-2and y-intercept b=-> OR m=—2="2 %
::: The slope of the line m=-Zand y-intercept b=-— m=—=—" :::
(D (D
al ' ' ' !
& 1.8 Parallel Lines and Perpendicular Lines 5
al
(D (D
! !
::: Two lines Ly and L,with slopes m; and m,, respectively, :::
(D (D
! !
. (2
::: For parallel lines M= m, :::
S 1 %
! - - - o
% For perpendicular lines m, = >
3 my :0:
!
(D (2
e !
£ wExample; rin g an equation of the line that passes through the :::
!
(D (2
E:i point (6,7) and is perpendicular to the line with equation 2x+3y=12. E:i
::: Solution / :::
62 -2 2
E:i 3Y=-2x+12 = g3 —_-x+4=> =K +b :::
(D (D
! !
(D . 2 1 1 3 O
"a' =—— == —_=— sl
% The slope of the line m, M= 23 :::
! -3
o 3 > 3 :::
::: Y-y, =m(X-X,)=>= g-7=z(x-6)=» g-7=zx-q :::
!
S S
' (3
S S
S S
' (3
S S
S S
' (3
' (3
'8! 3
' (3
S S
' '8!
'8 (3
S S
S S
' (3
S S
3
()
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(> (3
::: Q1 Find the distance between given points: :::
e e
(D (D
::1 (7,10), (1,2) [2] (0,4), (-4,0) [3] t.4), (t,0) [4]| (-3,-5), (-7,-8) :::
S 1 -3 _s S
':‘ (7,?) B (-3, ?> Izl (a,b-i‘l), (a+1,b) ’:‘
'e* $
Pal )
::: Ans.[Z] 10 [2]4V2 [3]4 [4]5 [5]v29/2 [e]vV2 :::
(D (D
e !
::: Q2/ use distance formula to show that the given points are represent the :::
(D (D
E:i vertices of right-angled triangle, then find the area of triangle. E:i
(D (D
e e
$ A(-1,-2), B(3,-2) .and C(-1,-7) Ans. 10 squnit %
2 2
(D . (D
* A(©,0), B(-3,3) and C(2,2) Ans. 6 sq.unit *
e e
(3 o
Egi A(-2,-5), B(9,1/2),and C(4,21/2)  Ans 275/4 squnit S
® Q3iShow that the points A(-2,-3), B(3,-1).C(2,4).and D(-4.2) are &
(D (D
d : <
E:: the vertices of a square. Ans. 29 :::
* Q4 if A(—S,:L), B(—e,s) ,and C(—2,4),determme whether triangle ABC :::
(D

d - e
E:: is isosceles Ans. AB=BC=V17 :::
(D (D
e <
:z: QS/Find the value of t so that the distance between the points :::
(D (D
2 (-2,3).and t.t)is 5 unit. Ans. t=-2,3 (2
% 2
(D (D

e Q6 If the point P (x,y) belongs to line passing through P, (—3,5) el

< <
< &
< <
:g and P, (—1,2) satisfy |PP.|=4|P.P,|. Fine the coordinate P . :g
< <
= &
(3 Ans. (5,-7),(11,-16)
D
::5 Q7/If the distance between the points (3,y) and (8,7) is 13 find y. E:i
)

D
S Ans. y=19,-5 '8!

: S
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<
0 &
& Q8 show that quadrilateral ABCD is a parallelogram,A (—5,-2), B (1,-1), »:q
< (D
;3: C(44)and D(-2,3).  Ans.: Mug=mep=1/6, Mge=mup=5/3 3
(D Yal
< (2
() . . .

:z} Q9 Determine the equation of line passing through (—4,3) and :::
< S
:i: perpendiculars to y=3x-5 Ans. x+3y-5=0 :::
< 8
(2 : o
::: 0/ Find the value of k that make the slope of points A(k,3),B (“2:1) :::
< (2
(D

::} parallel to the slope of 0(5,—2) ,and D(1,4). Ans. k=-10/3 ::}
< S
2 : ¢
::: Q1L/Find the value of h that make the slope of points A(h,3),B(-2,1) :::
< (2
(D

::: perpendiculars the slope of ¢ (5,-2.) ,and D(1.,4). Ans. h=1 :::
< 8
62 e <
::: Q12/Find the coordinates of a point equidistance from (1,-6),(5,-6) and :::
< (2
()

;:1 (6,-1). Ans. (3,-3) ::1
< S
(D . . al
(3 Q13/The line segment connecting (x,6) and (9.y) is bisected by the point ,:‘
05 (7.,3). Find the values of x and y. Ans. x=5,y=0 %
(D <
a (2
() . .

::: M/ if (-2,-4) is the midpoint of (6,-7) and (x.y). Find the values of x :::
< S
é: and y. Ans. x=-10,y=-1 :::
< <
:§: WS/ What is the length of the line with a slope of 4/3 from a point :::
54 , : 3
% (6,4)to the y- axis. Ans. 10 unit :.:
< (D
% %
()

o Q6/Find the equation of line passing through the origin and with a slope '

: oo 8
¢S of & . Ans.y-6x= %
)
S <
e | 5
:§: Q17/DeteVVV\iV\e B such that 3X+29—7:0 Perpend,cular to 2X"By+2=0 :::
e
:’: Ans. B=3 ;:‘
; S
- - S <
E:i Q18/A line through (‘532) and (1,—4) is perpendicular to the line :g
::: through (x,-7) and (8,7). Findx . AnS. X=-6 :::
2
(Q

o
8
R XXXz ea!
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o Q19 : o
% QL9/Show that the three points A (2, 4), B (4, 6) and C (6, 8) are %
(> (>
::: collinear. ANnS. Mug=mMpe=m, =1 :::
al !
»:q 020/ Find the area of triangle which the line 2x-3y+6=0 forms with the >:<
' (S
::} coordinate axis Ans. 3 square unit ::}
' (S
'8 (3
o !
(D
& (3
al !
(D
! !
(D
al a
(D
! !
(D
al !
(D
'8 (S
! o
(D
! !
(D
! !
(D
'8 3
! !
()
' (3
'8! '8!
a !
()
' (S
al !
(D
! !
(D
al !
(D
'8 (3
a !
(D
' (>
al !
(D
a !
(D
' (S
al !
(D
! !
()
' (S
al !
(D
! !
(D
'8 (5
al !
(D
! !
(D
¢! (3
al !
(D
a !
()
'8 (S
al !
(D
a !
(D
'8 (3
al !
(D
! !
()
'8! 3
! o
(D
al !
(D
(> (>
! !
(D
al a
(D
'8 (>
! !
(D
al !
(D
(> 3
'8! 3
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9 ' 3
& 1.9 Circles 9
(D . . . . o . .y (2
::} Circle is a locus of points that which moves so that it is equidistance ::}
< <
::: from a fixed point called center. A :::
(D (2
< <
::: #*Standard formula of circle -1-F---- :::
(D (2
< <
S : Lo 02
::} If r>0 , and C=(h,k) the equation of circle is k ::}
Pal ! X
(3 0 ! (
{] 2 2 _ ; Pal
E:: (x-h)* + (y-k)* = r* PR— > :::
(2 : &
::: Where v is the radius of the circle, (<
< <
(D (2
::: and h,k are the coordinates of its center. VA :::
< <
¥ Basic formula of circle s
9 '8
& ) &
% When r>0 , and €=(0,0) the equation of circle become o/ P} x %

>

Pal gl
S ) S
S Pyt S
S S

< <
O ] ] o
::: R EXAMPlEL /botormine the center C(h,k) and radius v . :::
::: (x—:l_)2 + (y+:l_)2 =q :::
S 2 2 (3
% Solution /with comparing with standard formula (x-h) + (y-k) = vr? yzq
< <
(D (D
::} h=1,k=-1 ==@,-1) , r*=9 =>=% I:}
< <
(D (D
< <
S , S
::: wEample2 /b tormine the equation of circle with radius 3 and :::
< <

(D
::‘ center C(-2,3) . :.:
(3 (3
8! . 2 2 2 2 '8
::: Solution / (x-h) + (y-k) = r*e+2) + (y-3) =9 :::
< <
O D
s . . . . 8!
::: = Examp le3/ Determine the center C(h,k) and radius r of circle equation. :::
::: X? +y? +2x+8Y -8 =0 :::
O . o
E:i Solution / X2 +2x ry? +8y =g §
::: 22X+ <2>2+ 2 +8 +<8)2-8+(%>2+<§>2 :::

: S
ral
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'8 '8!
:.: X? +2x+1+y* +8y+16=8+1+16 :.:
D (D
54 <
3 (r2)? +(gv4)” =25 8
54
D . . . (D
::: With comparing with standard formula :::
1 54
& h=-1,k=-4 = C=(-1,-4) , r?=25= ==§ &
ad 54
(D (D
:z: = Exampled /5o tormine the radius of a circle have center at C(1,6) :::
had <
:z: and containing the point (-2,2). :::
(D (D
54 <
(D . (D
& Solution / C(1,6) h=1, k=6 , the point (-2.2)=x=-2 y=2 r=? *
54 <
3 W2 + (y-k)* = r? s
« (x-h* + (y-k)~ = (S
(D D
::: (-2-1)% + (2-6)* = r* :::
54 <
»:: (-3)% + (-)* =r? :::
X

o
:g 9+ 16 = r*=» r*=25=> r=5 :::
::: 0000000000 O0COCOOCGOOOOCOEOOEOIOROOOO :::
54 54
54
& 1.10 Parabolas %
'8, '8!

®  Parabola is a locus of a points that which moves so that it is always %

% equidistance to a fixed point called focus and t a fixed straight line ¢

S S
S rectri S
s called directrix . e
S S

'8 Equations of parabola !

Pal Pal
S %
Pat Pat
(D (2
Pal Pat
(3 3
(D (2
Pat Pat
(D (2
Pal Pal
(3 3
(2 (D
Pat Pat
(D (2
Pal Pad
(3 3
(D (2
Pal Pal
o D
Pal Pad
(3 3
(D (D
< xX=-p ha!
’ X=p ’
Pal Pad
(3 3
(D (D
S vy vy s
Pal Pal
(3 3
(D (D
9 S
' S
Pat
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<
. (D
E:i nEXamMplel ; botormine the coordinates of focus and equation of E:i
& , &
::: directrix for the parabola y*=-8x :::
& Solution / with comparing with y>=-4px = 4p=8 = p=2 &
Pal Pal
02 &S
(3 F(-P,0)=(-2,0) %
::: Directrix D: x=2 :::
::5 REXaMPIe2 ;) Dotormine the coordinates of focus an equation o E:i
)
::: directrix for the parabola x*=-16y :::
62 05
8 . . . - - Pt
::: Solution / With comparing with x*=-4py = #p =16=> p=4 :::
62 05
S F(0,-P)=(0,-4) 3
::: Directrix D: y=4 :::
(2 -~ (3
& 111 Shifting Parabolas S
& 3
G2 : 02
% The vertex is (h,k) ¢S
¥ ¥
}‘: EX- axis ;.:
% b
::: Open to the right Open to the left :::
(D 2 D
d - -
% (9-k)* =4p(x-h) (9-K)* =-4p(x-h) <
& : &
:.: Open upward Open downwar :’:
:g (x-h)? =4p(y-k) (x-h)? =-4p(y-k) &
Q

al

| ".‘
NAANAAN/
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, !
3 EXamplel ; Dotormine the coordinates of vertex, focus, and equation »:q

!
. . (D
::: of directrix for the parabola (g+1)2=—12 (x—z) :::
"al . . . 2 S
::: Solution / with comparing with (g—k) =-4p (x—l«) :::
. (2
;%1 h=2 k=-1 =  verticdAk)=(2,-1) S
al o
(D (D
J = =(- =(- 8!
% 4p=12 = =P = focu§dp+h.k)=(-3+2,1)=(-1,1) :::
al
::: Directrix D: x=p+h=3+2=2=% :::
S Example2 - ; - ¥
o RUEKIMPIEZ /) Determine the coordinates of vertex, focus, and equation ¢S
(D (2
::: of directrix for the parabola x*+4x-10y+34=0 :::
& Solution / 2
o 402 452 O
8 2 - 2 = S
:.: X“+4X = 10Y-34 = X“+4X+ 2 =10y-34+ 2 :’:
(D (
::} X2 +4x+4 = 10y-30 = (x+2)*>=10 (y-3) E:i
s With comparing with (x—h) =4p (g—k) (S
al
(D (D
::: h=-2 ,k=3 =  vertxéWk)=(-2,3) :::
'8 5 s 11 '8
:? 4p=10 = =>=E , = focudhbp+k)= (-2,£+3)=(-2,7) :?
: rectri I :
3 Divectrix D: y=-p+k=- 2 t3=Y (S
(D (D
::: WREKAMPIE3  botormine the coordinates of vertex for the parabola :::
al !
::: 3Y=4x*+4x+5 :::
& , G2
::: Solution / 3y=4x? +4x +5> = 4x* +4x=3y-5 =4 :::
::: N 3 5 s <:L)2 3.5, (1)2 »:1
+X=—y-— — =y -— —
* KOIKEZY7 2 2) 297472 &
::: 2 + +1—3 5+1 = <x+1)2—3 1 :::
] XTI 2) "4 S
'8 12 3, 4 03
: (2 - 269 :
6 2) 4\ 3 »
'8 2 (3
®  With ing with (x-h) =4p(y-k *
N2 Ith comparing Wi (X- ) =4ap (g ) <
':‘ 1 4 1 4 :::
s = =— =-—, —
% h 2 ,k s = vertxe V(h,k) ( 2,3) O

: S
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a a
% , Homework , 5
() = ] (2
::: Q1 / Find the equation in standard form for the circles that satisfy the ::}
b <
>:< given conditions. >:<
al 8
o e
2 : 2 2 2
:g: Radius 3 and center (0,2) Ans. (x—o) + (g—z) =q :::
(D (2
ral 2 Pat
(D ) (2
::} Radius 2 and center (-1,4) Ans. (x+1)* + (y-4) =4 ::}
a
:.: Radius s and center (3,4) Ans. (x-S) + (9-4) =25 :.:
(D (2
_ a
(D (2
< . . . . . . s
»:q Q2 Find the equation of circles with Radius 4 and containing the points :::
a
::: (-3 0) and (5,0) Ans. (x-1)2 + (9-0)2 =16 :::
() . . . . (>
::: Q3 / Find the equation of circles where the points (3,7) and (-—3,~1) are :::
n a
(D 2 2 (2
E:i the end points of a diameter. Ans. (x-o) + (9-3) =25 E:i
(D (2
::: Q4‘/ Find the radius r and the coordinates (h,k)of the center of the circle :::
_
::: for each equation ’:‘
a 9 a
O 2
Pal 2 Pal
£ (x+1) +(y-2) =4 Ans. =3, (hk)=(-1,2) :::
<
(D (2
a , 2 S
;g (x+3) + (y-10) = 100 Ans. r=20, (hk)=(-3,10) ;::
a a
(D (2
::3 X +y" +2x+4y+4=0 Ans. r=1, (hk)= (-1,-2) E:i
)
s X' +y" —x-y-1=0 Ans. r=\3/2 , (hk)=(1/2,1/2) s
(D (2
o _
(D N 2 (
::} 4% +4y" +8x-4y+1=0 Ans. r=1, (hk=(-1,1/2) ::}
a a
9 2
2 [6] 3% +3y° -6x+ay=27 Ans. r=7/2 , (hK)=(1,-3/2) %
M
(D (2
b a
;g 4% +4y" +4x-4y+1=0 Ans.vr=1/2, (hk)=(-1/2,1/2) ;g
< <
(D (2
'8, 3

: S
ral
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¢ s
& QS5 Find the radius of the circle x* +y* —6y=0 .g:
< %

(D (D
< e
% Ans. r=3 %
S S
s Qé . . . 2 2 s
(S / Find the diameter of the circle ax +ay” =16 (S
)

& (D
< <
;:q Ans. vr=8/3 :::
<

(D (D
< <
:z: Q7 / How far from the y-axis to center of the curve 2x +2y’ +10x—6y—55=0:::
< — ad
% Ans. h=-2.5 ,:‘
< <
D &
::: Q3 / What s the distance between the centers of circles :::
< <
& D
' X2 +y? +2x+4y-3=0 and x*+y> -8x-6y+7=0  Ans. 7.07 '8
S S
< <
o D
::: Qq/rl«e center of circle is at (1,1) and one point on its circumference is :::
< <
:§: (-1,-3) find the other end of diameter tl«rougl«(-i,-s) Ans. (3,5) :g
< <
o o
::: Q10 / Find the area of the circle whose equation is x*+y* =6x-8Y .Ans. 25T E:i
<

Ty S
:.: /Find the vertex of the parabola x* =4 (y—z). Ans. (0,2) :.:
O &
< gt
(D &

< . i <
& Q13 Find the vertix of the parabola 3x+2y?*-4y +7=0. Ans. (-5/3,1) (3
< <
s QU4 Find the focus of th bola y* = S
% /Find the focus of the parabola y +4x-4y -8=0. Ans. (2,2) %
< <
(D
< <
D
S S
< <
(D
< <
D
S S
< <
(D
< <
D
'8 '8!
< <
o
< <
o
S S
< <
D
< <
(D
S S
'8, '8
'8 '8
'8 '8!
'8 !
¢ '8
<
0000V VRLVVRL VDRV VV VDDV VRV VDDV
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al el
;:j 1.12 Intervals ::}
(D hal
:" There are two types of intervals »:1
5 3
:? Finite intervals . 0 > :::
:z: 1) (a,b) = a<x<b= open . . :::
* g P
::: 2)[a,b] = a <x < b= closed ,::
<
::: 3)[a,b) = a < x < b= half — open “ * > :?
::: 4) (a,b] = a <x <b = half — open . . . . :.:
(> o ) (3
:.: Infinite intervals %
% %
% 1) (a,0) = x > a = open :.:
::: 2) [a,0) = x = a = closed * > %
_ <
::i 3) (—,b) = x < b = open - :g
%
»:q 4)(—o0,b] = x < b = closed - . :::
al
:? 5)(—o, ) = R = open and closed . > E:i
Pal .. O
::: 1.13 Inequalities ;::
:g An inequality is any expression involving one of the symbols <,>,< or >. :::
al
Yal (D
:g &Example 1: Solve the following inequalities: :::
al
at (2
(D a
::: (a) 10x < 18 + 4x 4_| %
e 10x — 4x < 18 < O > :.:
* 3 &
s 6x < 18 o
03 &
a (D
% x <3 ¥
. al
::: The solution set is open interval (—oo, 3) %
<
% (b)—=<2x+1 X 3 (2
R S
(D al
Pal — O
% x < 6x+3 I—» :.:
(3 0<7x+3 < >
(> -3 X
< (Q
& —-3<7x — el
02 7 o
§ -3 %
g —<x S
o 7 S
q - ¢
% The solution set is open interval (——, o) P
. 7 S
S S
Q Yal
X000 Or-O-O-O--0-0-O-O-OROXRX-O-O-O-O-0r-Or-Or-0r-Or-0r-0-0-O0-OXOXOXOX-O-0-O-O- OO0
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[~ 2 3 [~
& () =-4<>-38 X x i
al X X al
& 2
't‘ 2—4x <3—8x ':‘
(2 ' &
& 8x —4x <3—-2 <€ > %
S 1 S
val 4x <1 " bal
o o
& 2
o L o

x < - O
(2 4 al
3 o
:.: The solution set is open interval (_OO'Z) :.:
(3 s
£ 6 %
(2 (2
o (D) —==5 '8!
& X1 &
%
() i _ ()
::: First x — 1 must be greater than zero - €9 :::
o x—1>0=x>1 < o > e
2 2
8 >5= 6=>5x—-5 5 8
at x—1 <
o o
>’< 11 o
(2 (D
8 11>25x=—2>x 8
< 5 <
o o
(2 ()
:0: The solution set is half — open interval (1,—] :0:
O 5 &
(3 (3
(2 (2
;:1 (e)2<5-3x<11 ::1
¥ 2-5<5-5-3x<11-5 &
o r “ o
& —3< —3x<6 (<
al <€ . > 02
(2 (2
W —3 —3x 6 1 8
§ 5 0 .3 2 (3
(2 (2
al 3 3 3 el
X 2
¥ —1< —x<2 X —1 0
o o
N 1= x>-2 G2
%! The solution set is half — open interval (—2,1] e
3 3
< <
o o
o o
o >’<
o o
o o
(2 (2
< <
o o
(2 (D
al %!

P
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% %
;:j 1.14  Absolute Value ::}
< <
::: The absolute value of a number x, denoted by |x|is defined by the formula :::
’:‘ X, x=0 ’:‘
S S
(3 Il = (3
< gl
(2 - X, x <0 (2
:z: &Example 1 : Find Absolute Values :.:
" 3
& (D 13=3 (2) lo] =0 3) |-51=5 2
< <
D (D
::} Absolute Value Properties ::}
< <
g (D l-al=a S
§  (2) lab| = Ja]|b] S
S %
S a _ al %
§ 3 | = (S
$ bl Ibl &
o
8 () la+ bl <lal + b s
8 Absolute Values and Intervals I:}
S Ifai iti h (3
£ a is any positive number, then £
: : <
& (D Ixl=a if and only if X = +a 2
3 | | S
».: (2) x| <a if and only if —a<x<a :.:
b
't* (3) |x| > a if and only if x>aorx<-—-a :::
' : : (3
o (1) |x|<a if and only if —a<x<a 3
ral P.1
S - - S
&% (B Ix[=a if and only if x=>aorx<-a &
S S
S %
S S
% &Example 2 : Solve the following inequalities (3
al <
::: (@) |x—=3]=2 :::
D (D
% x—3=2 , x—3 2 < . . > %
(3 x=2+3 , x=-2+3 5 (3
S 1 S
::: x=75 , x=1 >:1
d <
::1 The solution set is {1,5} %
S S
S S
S S
S S
S S
ral P.1
%A'X’X'X’X’X’X’X’X'X'X’X’X’X’X’X’X’X'X'X’X’X’X’X’X’X’X’X'X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’2‘
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< <
::: (b) |x =5 =3x—-1 :::
. .
% x—5=3x—-1 , x—-5=-Bx-1) %
::: x—5=3x—-1 , x—5=-3x+1 <€ * ; > :::
-2 bal
:’: —-54+1=3x—-x , —5—-1=-3x—x Py 02
e —4 = 4x , —6=—4x o
S S
a 3 a¢
(D (D
S —2=x , ==X »
S 2 S
g <
o 3 o
¥  The solution set is {—2, —} (2
& 2 o
o o
o 2 o
§ (O [s-|<1 9
X (2
S S
< 2 <
(D (2
B —-1<5--<1 8!
9 X '8!
3 2 M. .
o —6<-S<-4 < o > 8
02 x 1 1 2
D (2
'8, 1 2 5 '8
at 3<-—-<2 2 <
G2 X o
o o
w1 1 o
& -<x<z (2
X 3 2 o
o o
O : : : &
'  The solution set is open interval (=,= O
& 32 &
o (@Dl2x -3 <1 (2
S S
% —-1<2x—-3<1 S
& &
& 2=<2x<4 r’ 4—l &
S «— — X
;.q 1<x<?2 5 :.:
< : . :

& The solution set is closed interval [1,2] 1 (<
2 &
o o
& (D
w  (e)2x-3|=1 S
'8 '8
% 2x—321 or 2x-3<-1 < r (3
3 «— —>
& 2x = 4 or 2x < 2 2 02
¥ 1 o
o
;:q x =2 or x<1 o
< <
>:< The solution set is (—oo, 1] U [2, o) »:1
X o
D

b
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(D
s r 1 s
$ ]
o Homework . 5
ol s
’.‘ . ’.‘
::: q0/ Solve the following inequalities: :::
: 3
S 023 Ans. (—6,00) S
ol ~
62 — 4= ns. , 00 03
::: o Z < 5 + ZX '::
b
3 11 Ans. (= E] »:q
>:< @ 3<5x=<2x+ '3 :.:
ol s
: 3
K © 4+<3x-2<13 Ans. [2.5) 3
S <
% (D
o< ; S
¥ 8 Ans. (——,1] el
£ O 3>-4—4x>— 7 8
3 23 £
S 2 Ans. (——, ) o
% (5) 3x+—><5(2x+5) ( 7 &
< s
::: (6) <1 Ans. (—oo,—2] U (1,00) :::
: S 13 (3
< 3 13 ’
3 @ — < AlS. (~o0,5) U [, o0) ;
(2 x—75 S
% 5—3x 17 ms =23 3
— AnS. |——, &
3 O -1<——=3 3 *
:? 1 3 1-x Als. (oo, 58 3
B 3T 2* 7 ' ’ <
::: ©® 2x-5< 3 + 2~ 3 5 y %
<
: >3 AnS. (o0, 0) U (5, 0) %
"‘ @ - == 3 ’.‘
»:1 x 4 :.:
o Ans. (—oo,2 3
% @ s5>6(x-4)+7 Ans. ( ] %
$ 3 :
3 1 4 —00, — <
(2 2 Ans. (—oco, —44] 2
2 —-(x—-6)—=kx+2) = x—2 3
'8 (12) 5 (x — 6) 3 ( ) 2 %
2 S
3 <
’d 02
'd .
’.‘ %
$ S
s 02
'd 02
b .
3 <
< ’
(2
(D

bl
X
| \NAANANAAAAANAANA/
R XXXz ea!
VAAAVAA
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<
S
<
‘ ing i lities: s
% @/ Solve the following inequalities: :
R 7 :
: ns. {__,1} 5
(D . 3 :
(2 (1) |3x + 2| = :
& 02
: 31 X
: e 3
:’: @ 5x|=3-x :.:
% Ans. (2,3) %
< - o :
Izl © 2x-5<1 :::
: 39 9
‘ - 4 03
: ’ ADS. [1’4] 2
::: O 4x-6|< :::
< M
% Ans. (—o0,1) U (4, ) %
% © [20-5/>3 :
; 2 8 s
: — (D
3 Ans. __’E] *
% @ 3-5x>5 : :
: 2.5) *
; Ans. (—3.5,-2. %
03 @ |x+3]>05 w
S 4 ’.‘
< _ :
::: @ x+ 2 =5 Ans. {3’3} :::
% x—2 —_ :
& . :
::‘ 3x + 8 _4 s, {H %
(5 O | —|- :
8 2x n :
: as. {5} 5
':‘ (10, I3x +2|=5—x %
: —-11 11 *
. — (D
: ADS. {10 '?} s
% @ 9x|-11=x :
:.: Ans {8} :.:
::: @ 2x-7=|x|+1 _ :::
: —2 7 o
:’: Ans (—00, —) U (§, OO) :.:
S ® 5-6x/=9 | 3 %
w U (—1,2) %!
: Ans. (—6,—3) , S
% +2|<4 :
o D 1<ix o :
% Ans. (—0,—) U (E' 00) ':‘
s ® x-1+x+1=4 : :
: <
& 02
: 9
b :
& 02
’.‘ (>
X
(D
e

Pt
X
N A/ ‘
% 200~ O-O--O-O-OH-O-O--O-O-O--OAO- - O--O-O-O0K
23 OO0
SVa%2% %% %% %
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al <
(2 . . (2
& 2.1 Limits &
al al
:g Computing a limit just means computing what happens to the values of the :?
E:i function f(x) if f(x) is evaluated for values of x getting closer and closer to E:i
:z: (but does not equal) the number c, if these values of f(x) get closer and closer :::
(D (2
:z: to one particular number L. You say that :::
< <
(D (2
E:i The limit of f(x), as x approaches c, equals L. E:i
(D _ (2
I:I lim f(x) =L I:}
K &
o 211 Properties of Limits S
(D (2
< <
::: Suppose limf(x) = L and limig(x) = M :::
':‘ X—a X—a ':‘
& 1— lim[fG)+g@)] =1limf() +1im g() = L+ M 2
'.‘ X—a X—a X—a "‘
< <
':‘ 2— lim[f(x) —g)] =limf(x) —limg(x) =L—M ’:‘
:.: x—a x—a x—a :.:
(2 (2
E:i 3 - }{112 [cf(x)] =c }{1{2 f(x) =L (Where c is any constant) E:i
& 4— lim[f(x)-g()] = [lim fG)| [lim g(x)| =L-M 3
s im|f(x)-g(x)|=|lim f(x imgx)| = s
[ X—a X—a X—a ’.‘
2 lim / (x) %
( :
(2 X m jix L (2
* 5 limf( )=X__’C =—,Iflimg(x) # 0 »
’:‘ x-a g(x) }(lircl gx) M x—a ’:‘
03 3
al al
2 . w1 n 2
% 6— lim[f(x)]" = [llmf(x)] =L %
* +a e S
8 s 2
' ‘ n n . n
»:1 7 — limVf(x) ="|limf(x) = VL %
}.‘ X—a X—a }.‘
03 3
03 3
o 8- lim|f(0)] = [limf ()| = L] S
Pd X—a X—a ’.‘
::1 9—- limc=c (Where a is any constant) »:1
< x—a al
< — Tlima —
% 10 }Cl_rgx =a %

: S
ral
X000 OO Or-O-O-O-O-O-O-OXXOROXRX-O-O-O-O-Or-O-Or-Or-Or-0-0-0-0-O=O0-OXO-O-O-0-O0- OO OO
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& 28 Examp i =6 and If limg(x) = 4 , find: — 3
»q Example 1 If}(lrrzlf(x)—6an limg(x) = 4, find: %
’ -
(D <
»al &
3 @ lmlf@ +9@] @ liml3/ () - 29(0)] .
3 = %
% ) S
e 3 limyf(x) - g(x) @) lim |—= (3
"‘ X—2 X—2 g(X) ’.‘
::: Solution '::
< S
. . . . _ _ "
E:i @ lm[f(x) + g(0)] = lim,, f(x) +1im g(x) = 6+ 4 =10 :g
(2 . . .
I:I @ lim[3f (x) —2g(x)] = lim 3f (x) — lim 2g(x) = 3lim f(x) — 2lim g(x) I:}
< I = = . 3
::: =3(6)—-2(4) =10 :::
% Oliny/70 96 = Jliml/ (0 9] = Jlim £60] - [tim 9] = VE® = vz <
% | S
2 @i | fGo|  |lim fG) |6| |3| 3 8
— |l =llm——| = === == %
* =2 |g@0)| ~ [z g0 limg(x)| 141 121 2 &
S . S
2 (2
2 , (2
::: QEM& If lirréf(x) = 4 and lirr%g(x) = 8, evaluate }(irré[fz(x) - g(x)] %
X— X— - 4
0, 2 . <
Pal . 3 T 2 . 3 _ |- 3
§ i e ] = i r00] o 0) = ]| fimee0]
D ’al
bl (D
G2 = [4]2.[ V8] = 32 8
(D <
(D Pl
2 (2
2 (2
2 (2
o (2
* (2
2 (2
$ (2
2 (2
$ (2
2 (2
e (2
$ (2
2 (2
bal D
D Pl
S (2

(<
S -
AN XOXOXOXOXHOXOHO-OAHAAOOOLSSOSO-O-ON AR
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'8! . . . '8!
o 212 Techniques for Evaluating Limits *
::: 1 - Direct substitution method, %
< <
(2 (2
E:i 2 - Factoring method, E:i
(2 (2
(3 3 - The conjugate method, (3
2 2
»:1 Usually, only one of these techniques will work on a given limit problem, so »:1
al al
::: you should try one method at a time until you find one that works. :g
(D
al al
’ . . . .
& 1. Direct substitution method %
< el
:? Limits can be evaluated simply by plugging the x value you’re approaching :::
:.: into the function. :.:
e limc=c limx =a S
>.1 x—a x—a 7’1
S S
9 . S
o JWExample 1 :lim7 =7 8
3 = 3
: :
:’: W™ Example 2 :limx =3 %
S = S
S S
% ™Example 3 : lim x = -5 e
3 x5 3
E:: W Example 4 : Compute )1{11)1} (x? +x + 2) :::
e T : S
(3 Solution : }(1_r)ri(x +x+2)=D*“+1+2=4 (S
(RN [ i 5
S E 5 :Compute lim —— 8
O xample p S
al <
* =2 /2 1 .
{ oliution : lim = === [
E:: 2yZ+x 2+2 2 %
() (2
< al
(D 2 (D
P 3 +5y+3 <)
»:q W Example & : Compute lim 24 > 24 »:1
(3 3y (s
”1 &
%
§  Solution : lim [t 3 _2[@ 5@+ #27 3 s
& y-3 y?—1 (3)2 -1 8 2 (3
8 S
3 3
: &
P
%A'X’X’X’X’X’X'X'X’X'X’X’X’X’X’X’X'X'X'X’X’X’X’X’X’X'X’X'X’X’X'X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’2‘
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& . s
o 2. Factoring Method e
gl gl
'3* Some limits when we solving it by direct substitution the product yields to ':‘
S S

'8, (0/0) , that’s not allowed, because we can’t have 0 in the denominator of a '8!

< al
(2 (2
al al
% fraction, therefore we need another way to find the limit. »:1
< al
(2 (2
al a¢
»& The best alternative to substitution is the factoring method. In this method we »:1
< al
(2 (2

"%  must simplified before plugging x value. The simplified will be by using one of ¢}

(2 02
% the following: &
% 2
& %
.:: 1- a* —b* = (a—b)(a + b) :::
"
3 (2
::5 2- a> — b3 = (a—b)(a® + ab + b?) :::
b
3 (2
lgi 3- a3 + b3 = (a + b)(a® — ab + b?) :g:
b
62 %
::5 4- ax® — bx = x(ax — b) :::
"
(D (D
d <
::: 5- a> — 2ab + b?> = (a — b)(a — b) :::
b
(D (D
d <
& 6- a® + 2ab + b% = (a + b)(a + b) 2
02 (2
& 2 %
2 ¥ -1 &
% W Example 1 : Compute lim %
S x-»-1 x4+ 1 %!
b <
& %
(D 2 (D
e , ooxt=1 (x+DE-1) (3
8! Solution: lim = lim =lim@x—-—1D=-1-1=-2 ¢
%! x-—1x+1 x--1  (x+1) x——1 e
(3 (3
& 3 _ %
& x =1 %
>:< W Example 2 : Compute lim ,:‘
Pal -1 x —1 al
o %
2 2
(D 3 2 O
e , Coox*=1  x-Dx*+x+1) 5 !
S Solution: lim = lim = lim(x* +x + 1) %!
”‘ -1 x—1 x—1 x—1 x—1 Pd
0 02
»:1 =((D*+1+1)=3 »:1
- <
& %
& 0
Q %
& %
% (2
&
%AvXvX¢XvX'XOX%XvX¢XvX'XOX¢X%X'XvXvX¢X¢X%X%X0X'X'X'X¢XvX%X%X'X'XOX'XOXOX'XOX%X'X'X'X'2<
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< <
(D (D
::: X +x—2 :::
o S\ Example 3 : Evaluatelim ———— e
! 2 <
'0‘ x—1 X" —Xx ’Q‘
2 &
»:q ) oxt4+x-2 C (x+2)(x—-1) - (x+2) 1+2 »:1
8 Solution: lim————— =lim = lim = =3 g
e x>1 x%—x -1 x(x—=1) -1 x 1 S
(2 &
% ™ Example 4 : Evaluate lim ——— %!
< <
& =1l \fx — 1 02
S
’al ] x—1 x—1 x+1 3
;3} So(ut10m:lim—=lim( ) )=1im(\/§+1)=ﬁ+1=2;.1
% x—1 \/E -1 x-1 \/E -1 x-1 ’:‘
< <
. (2
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2.2 Limits at Infinity o
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& 23 One—Sided Limits S
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>:< W Example 4: f(x)={ x—4 l_f X >4 Determine where there Lim exist >:<
:.: 8—2x if x<4 x—4 :.:
(D . (2
::: Solution : fx) =vVx—4 forx > 4 right side :::
< el
':‘ lim f(x) = lim Vvx—4 =v4—-4 =0 ':‘
e x—4+ x—4% !
(2 &
Ez: f(x) = 8 — 2x forx < 4 left side :::
D D
al &l
& lim f(x) = lim 8 —2x=v4—4 =0 (<
y’q x—4 x—4 y’q
S S
&l _ el
3 |x - 2] 3
(D : . : O
s SExample 5: 1ff(x) = —— , determine the following: — el
::: x*+x—6 :::
el . . . el
& @ lm fG)  [b] m fG) [QlmfQ) &
) x—2 x—2 x—2 ’0‘
% @ lim Q)= lim — 2 = lim —— %y =1 *
»:: x—-27F _x—>2+x2+x—6_x—>2+(x+3)(x—2)_x—>2+x+3_5 :::
b

(D (2
< el
S ~(x-2) ~@-2) 11
hal X X "al
O li — lim —> 27 _ — __ 2 !
::: |E| xlgl—f(x) o x2+x—6 oo x+3)(x—2) oo x+ 3 5 :::
&l &l
(D (D
E:i }CILT% f(x) = does not exist E:i
(D (2
el el
(D T (D
< el
(S 2.4 Continuity S

'8 Continuity of a graph is loosely defined as the ability to draw a graph without (3

8! : : : S
)¢{  having to lift your pencil. %!
< <
(2 (2
al al
»:1 If f(x) is defined on an open interval containing c, then f(x) is said to be »:1
al <
(2 : : : . (2
:0: continuous at c if and only if the limit as x approaches c equals f (x) :0‘
3 (3
< <
2 - N
() lim £(x) = £(c) 9
(2 x-c (2
K K
% : : : :
,:‘ ¢ Can we say the function f is continuous at a number c if:- %
< <
(2 : : . : (2
:0: (D f(c) is defined (c is in the domain of f) :0:
(2 (2
al : : al
(2 ) lim f(x) exist (2
’.‘ X—C ’.‘
& Olimfx) =f(0) 5
CR o
: 2
%
P
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b
() . ol x4+ 3 x<2. . . _ O
J Examplel: given f(x) = { is the function continuous at x = 2?7 »«
::1 = p & &) 3x+2 x>2 »:q
S . %
::: Solution: :0:
;i: DAtx=2 fa)=x>+3 f(2)=2)?+3=[7] S
b M
':‘ ) lim f(x) = lim (x?+3) = »:q
;eq X—2 X—2 y.q
b P
» . _ 2) = C3
::: XIL%L fx) XIL%L (3x + 2) @ %
< N
>:< Therefore the function is not continuous at x = 2 :::
P
() 9
2 x 0sx<1 %
:0: ?&ExampleZ: flx) = is the function continuous at x = 1? :0:
£ 2—-x 0<x<?2 (3
S . ¥
% Solution: (3
b — — _ Do
,:: D) Atx=1f(kx) =x f(1)=1 :::
)
':‘ lim f(x) = limx=1 ':‘
P.‘ x—-1" x—1" ) '.‘
s @ lim f(x) =1 S
'8! lim f(x) = lim(2—-x)=1 x=1 !
s x-1t x-1% 0
S S
S . %
o @ fQ) =limf() "
S = S
* *
::: The function is continuous %
< Do
O O
::: ?&Examplesz What value should be assigned to (a) to make the function :::
:’: continuous atx = 37? :::
S 2_1 x<3 *
¢S ) ={ 2 (S
’0‘ 2ax x=3 ,Q
() ()
O . O
e Solution: <
8 !
::: Because the function is continuous at x = 3 :::
P2
(3 lim f(x) = lim f(x) o
() 53— 53+ (2
w x—3 X—3 ;"
N
::: lim (x2 —1) = lim (2ax) »:1
Y x—3 x—37t ;"
S S
S 8 _[* S
P.‘ 9—1 =ba=>a= E = § V"
% S

: S
ral
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4 <
::1 ?S\Example 4: What value should be assigned to (a) to make the function >:<

P <
::: continuousat x = —17? :::
»:q x+2p x<—1 »:1
S f(x) = 2 s
8 14 x> -1 S
S . S
:0: Solution: :0:
& 0
»:1 Because the function is continuous at x = —1 »:q
P P
8! lim_(x+2p) = lim p e
y’q x—->—1 x—>—1 y.q
S S
'8 —1 + 2p = p? '8
S S
S S
P 2 _ <
,0‘ p 2p+1=0 ,Q
O @,
* (P-D-D=0 =p=[1] &
P <
:0: ?&Example 5: Determine the values of A and B if the function is continuous at :0:
O O
::: x=2and x =57 :::
:0: 6x x <2 :.:
;:q f(x)={Ax+B 2<x<5 yzq
(3 —3x x>5 (3
() ()
S S 8
s Solution: !
O 8
::: Because the function is continuous at x = 2 :::
Pad <
0 lim f(x) = lim f(x) 0
;.1 X—2" x—27t ;"
(2 X
& lim (6x) = lim (Ax + B) &
}.‘ X—2 X—2 ;.‘
E:i 12 =2A+B=2A+B=12 u....(1) §
::: Because the function is continuous at x = 5 :::
O O
P . ) P
% lim f(x) = lim f(x) %
'.‘ x—-5 x—5 "‘
::: lim (Ax +B) = lim (—3x) :::
’.‘ x5 x—5 "‘
Dad <
,:: 5A+B=-15 ........(2) :::
5
::: By solving the equations (1) and (2) numerically ,we obtain :::
() ()
rad _ _ Pad
% A= and B = ’:‘
% P
()
<
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(D
: <
% C %
o Homework . S
3 .-\ 5
K &
b e
(2 Evaluate the following limits (3
9 q€/ Eva S
S %
':‘ 2x+1 S
(3 t? — 2) lim —— 2 '8!
::: (1) lim 7 _ t2 1 ( X—00 ‘/.X'Z + 3 :::
* o 2 1 5t O
3 ad -1 ) lim (— — —) =5 ¢
o [ 3 lim t-0 \3t2 ¢+ 2 3
;.‘ X—00 (x — 5)(3 - X) le ’.‘
f e L© tim o %
’:‘ () 1im 2x3 — 100x2 2 x-w4/p3 + 2n %!
"‘ X—00 L X 3 1 :.:
:0: 3vVx3 + 3x Ea (8) limx( /xz—l—x) _ = %
::: X—00 VZX ; :::
_ 1
o _ 8-s 1 (0) iy (AT AGHADT (S
o |9 lim—= 1 m\ T a2 *
(3 s—ow4/s2 + 5 %
':‘ 2_3 (12) 2x? 0 :::
d — : _
& |ay  vex-3 V2 lim | 2 - 5 S
2 m <
s x-0o x4+ 3 ”‘
& . 14) o t+?2 o &
& Jazn  Vex®-x Ve UM iime—s (S
% x—o x° 4+ 1 ”‘
8 3 3| T ’.‘
(2 a—>b 3 ’ x> + 3x A
P 16) O D
'3* (15) 1im (\/xz +ax —+/x% + bx) 5 (16) )}l_r)glo N NG :.:
}.1 X —00 '.‘
::: ) 3x3 — X2 3 ’:‘
bl X + sinx (18) . —
»:1 (17) lim —— 2 g}I—rEo Tx3 — 5x? n :.:
>’1 X —00 X 3 ’.‘
(3 - 20) | 3Vx3 + 3x kA %
(2 i 24+3—4/2x2-5 0 im ——— (2
| @9 lim (V2x7+3 /222 =5) lim = %
S 20x2 — 3x (3
8 3|1 + 8x2 2 (22) lim 0 :0:
:.: (21) lim > X —00 3x5 — 4X2 + 5 %
% ey 7/2 1/2 :’:
P 3x/4+ Tx” 9.
» . o
::: (23) lim (\/xz +2x =% + 3x) (24) ;}I—Eg x2 — x1/2 :::
X —00
(D bl
P (D
(2
(D

bl
X
| \NAANANAAAAANAANA/
R XXXz ea!
VAAAVAA
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b <
(2 [a] lim f(x) Sol. : 2 (2
o i o
N 75 o
& : [ o
(3 |£| llr{’t_ f(x) Sol.: 2 (3
::: lim f (x) Sol.: 2 :::
b x>z <
2 > (2
& (1 &
'G‘ - x <0 ’0‘
2 x 2
X 02
() 2 ,0‘
’.‘ X 0<x<1 O

¢ @/ if 1) = (5

< Pa
Pal 2 x=1 K2
2 02
(2 02
2 L (2
& 2—x x> 1 *
% &
:0: Determine the following:- :’:
(3 . . . . (3
* [@ lim f(x) [b] limf(x) lm fG)  [d] lm f(x) :::
rat
::: Sol. - 1 Sol. 1 Sol. 0 Sol. — o0 :::
02 &S
' ‘ . . . . ’ ‘
& [e] lmf@) lim fG) - [g] lm ) e
2 &S
::: Does not exist Sol.0 Sol.0 Sol.0 :::
< P
::: qe: - Given the function f whose graph is below, determine the following:- :::
() _ 5
03 lim_f(x) Sol. 2 (3
s P { ¥
O 34 ¢S
* f=1 Sol. 3 3
S | P S
. im f@) sl f s
< x->-1 0
?" ® 1 P.‘
»:1 f Sol. %
(3 lim £ (x) <ol -— 8
;.q x-1 ol. \ i _' _' _' ' ! X ’0‘
* _ 4 3 2 - 1 2 3 *
& lim, f(x) Sol. 1 &
’:‘ x-1 ' %
< : <
£ | Jim, f (x) Sol. $
Pat P
X (2
(2 02
2 02
(D
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e

. . <
::: qe: - Given the function f whose graph is below, determine the following:- :::
. Sol 1 Y s
< _ 1 i S
s [b] F(3) Sol. un defined i *
< i o
3 ' : D
;:1 Jim Sol. 1 | | :::
02 i — 11 i <
s [d lim, Sol. 4 A
02 g : : : : e >.1
(2 ' ; 302 T2 345
9 [e] lim Sol. Not exist N : *
yzq x—>—2 1 i ’:‘
< i o
. ' 21 : (S
& ~1 ’ <
&S - _ : s
* s Sol.  —o ' i (S
3 S
'.‘ . |x - 2| . '.‘
2 q@ Show that the limit lim do not exist. *
’:‘ x=2 X — 2 %
% x*4+3 If x<1 (3
8§ @ 1f £(x) = { 5
% x+1 If x>1 %
:’: Find (a) lim f(x) (b) lim f(x) Answer: (a) 2 (b) 4 :.:
}’1 x—1% x-1" &
3 S
3 &
* A1 If x<—1 %
’:‘ q@lf fx) = %
'.: Vvx+1 If x=-1 :’:
' -
':‘ Find (a) lim_  f(x) (b) lim f(x) (c¢) lim f(x) %
"‘ x->—1% x——1 x—-—1 '.‘
< s
':‘ Answer: (a) 0 (b)2 (c) DNE %
(2 <
S 3 If x<-2 (3
S : 3
o q@if f(x) ={-1/2%* If —2<x<2 2
S o s
’Q: 3 If X = :.:
b
9 : : : X
8 b) lim f(x) (2
,:: Find (a) lim f(x) (b) lim_f %
( %
::: Answer: (a) — 2,3 (b) 3,—-2 :::
o o
03 2 <
D —4x +5 If x<2 3
% q@lff(x)={x i .
”: 4 — x If x=2 :.:
% Find () lim, () (b) lim £G) (0) lim, £(x) (d) £(2) <
7’1 x—-2% x—2 x— ”‘
::: Answer: (a) 2 (b)1 (c) DNE (d)2 %!

al

l \NA/ ":‘
NAA/
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ol <
(D (D
ol < — <
&S x+2 If x<-1 &S
< — <
8 /1 f(x) = { (3
::: qm ax? If x>-1 :::
:’: Find a so that lim f(x) exists Answer: a=1 :’:
:z} 2x+3 If x<1 ::}
< — _ <
* q®/1f F(x) =1 2 If x=1 *
e 7—2x If 1<x s
3 3
S Find (a) lim f(x) (b) lim f(x) (o) lim f(x) S
02 02
£ Answer: (2)5 (b)5 (©)5 I
S S
03 -9 If  x<-3 2
o< <
& a®/1ff() ={Jo—x2 If -3<x<3 &
:0: 2 If 3<x :0:
::} Find (a) lim_f(x) (b) lim f(x) (¢) lim f(x) ::1
'.‘ xX—— xX—— xX—— ’.‘
3 (@ lim £GO (o) lim, G (6) lim () 3
'.‘ X— X— X— '.‘
:0: Answer: ()0 (b)0 (c)0(d)0 (e)0 (O :0:
* 3x+2 If x<4 %
< — <
& /1f f(x) = { &
;:} 1D S5x+k If x=>4 ;:}
::: Find k so thatlin}L f(x) exists Answer: k = —6 :::
b< X <
(D (D
Pat — < — Pat
8§ a®irw={5 0 T =T &
::: x“+k If x>-1 :::
:0: Find k so that lim f(x) exists Answer: a = —2 :0:
G2 G2
& x? If x < =2 &
G2 G2
& a®/if () =Jax+b If —2<x<2 $
* 2x—6 If 2<x *
:0: Find a and b so that lim f(x) and lim f(x) are exist :0:
::: X—>—2 X—2 :::
G2 02
,f Answer: a——z,b—l R

: S
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q al
::1 q@®@ F(x) = is the function continuous at x=2 ? »:1
::} x>2—6 If 2<x<5 :::
::: Answer: The function is continuous at x=2 :::
al al
(3 x3—27 If x#3 !
3 il S
& q®/f(0)=3 x2-9 is the functi t] tx =32 o
,’: qed) /f(x) =<1 x* — is the function continuous at x = 37 :’:
%
S 6 If x=3 S
>:< Answer: The function is discontinuous at x=3 >:<
I’l 2 &
2 (* <
& ——a if 0<x<a &
:.: q@/ f(x) =4 0 if x = a isthe function continuousatx = a? :.:
el a—— if xX>a S
(3 v (3
::: Answer: The function is continuous at x=a :::

q al
::1 q@ / Find c such that the function :::
al
(D (D
8! 1—+x 8!
£ —— if 0<x<1 %
'8 f)=4x-1 '8!
S S
al - _ al
(2 C if x=1 (2
(2 (2
S 1§
:.: is continuous for all x € [0,1] ? Answer: c = — > :.:
(2 (2
< <
::: qEl/ Find a and b such that the function :::
S 2x+1 If x<3 S
»:1 f(x)=43ax+b If 3<x<5 »:1
::: x> +2 If 5<x :::
:0: is continuous every where ? :0:
(S 2
(3 Answer:a =10 ,b = =23 %
:.: g /Find a and b such that the function :.:
S x+1 If x<1 S
,:‘ fx)=3ax+b If 1<x<?2 ;:‘
al al
() 3x If x> 2 ()
::: is continuous every where ? :::
(2 (2
:0: Answer:a =4 ,b = -2 :0:
2 2
Q (2
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¢ .
::: q\ find the discontinuity of the given functions:- ,::

ha
(3 x+4 If —-6<x<-2 (2
::: [a] f(x)={ X If —-2<x<2 :::
yzq x—4 If 2<x<6 :.:
:z: Answer: The function is discontinuous at x = —2,2 ;:q
P %!
e 3 If x<1 S
'z‘ = 2 <10 3
S |E| f(x) =1 —4—x% If 1<x< :’:
(3 6x?+46 If x> 10 (2
::: Answer: The function is discontinuous at x = 10 :::
(D hal
2 X+ 2 If 0<x<1 (3
® f(x)={ x If 1<x<2 :::
£ x+5 If 2<x<3 S
::: Answer: The function is discontinuous at x = 2 :::
S %
>:< q‘ / Find the values of ¢ and d such that the function f is continuous on [—3,3] :.:
3 _ 03
() c If x=-3 (2
Pal 2 ()
8 oy =] ——2 I |x<3 %
Pat X) = X O
£ 4—VxT+7 S
& d If x=3 3
(D Pl
K &
< (D
’:‘ Answer:c=8,d = 8 :.:
K &
* (2
$ &
K &
% (2
& &
K &
% (2
& &
K &
* 02
K &
K &
% (2
& &
K &
K (2
3 &
* 02
3 &
3 &
* 2
& &
K &
* 02
< (D
S S
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& 2
§ Chapter Three 3
'8 o o '8
ral Pal
5 Derivatives 5
s 31 Introducion S
& (D

®  The derivative of a function f is that function, denoted by f , whose &
% function (functional) value at any limit point x of the domain of the ¢
¥  function f which is in the domain of the function f, denoted by £(x), is *

% given by the limit of the incremental ratio as the increment in the ¢

< <
(D (D
< <
>:< independent variable tends to zero. That is in notation, »:q
< <
G2 02
':‘ f(x+Ax)-f(x) A ':‘
(3 F(0= lim = im =9 (S
’:‘ Ax—0 Ax Ax—»0 AX ;:‘
& 3.2 Rules of derivatives &
< <
D o
< <
D 9
::: Constant Rule ;:j
::: The derivative of a constant is zero; that is, for a constant c: :::
b <
'8! —o =0 3
< dx <
S W Examples: ¢S
::: 1. y=7=y=0 , 2: y=a=y'=0 , 3: y=5+/3=y=0 :::
% [ The Power Rul S
S ower Rule S
& (D
(3 If f(x)=x", then (3
G2 02
G2 o d G2
(2 f (%)= ——x"=nx"* (2
02 dx 02
G2 G2
& DD Examples: o
::: 1:y=x"g=7x8 ,  2: y=xPPg=13x*2 , 3B y=xTg=-5x° :::
'8, 1,1 2 53, 5 2 '8
8 4 y=VkgExegE X2 5: Y=xag= X2 (3
::: 6: Y= N y= - =>g-x'§=>g'- e 7: y=x=y'=1 :::
O s y= === = === s y= = O
: (D

e
, el
3 7O 0-O-O- - O- - OO O-O-Or-O-O--O- - O-O-O0-O- -0 O- - - O--O-O-0-O- - -0 O
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& . ¥
& The Constant Multiple Rule *
Pal Pal

! The derivative of a constant multiplied by a function is the constant g

< S
::: multiplied by the derivative of the original function: :::
5 a ' 3
(S —¢ f)=e £ (3
& X S
§ n - S
S Examples: (S
)

9 : %
& 1 f09=3x" = F(0=3.2=6x 2
(3 <
Pal . =__y7 =— 6)=___ o S
::: 2: F(x)-sx = f(x) 3(7x ) 5 X :::
Y y=-2x* = y'=-8x> e
* o
* The Sum Rule 3
::: If f(x) , g(x) and h(x) are differentiable functions, then :::
(3 &
3 d . , , Y
::: T [ F()+g () +h(x)]|=f () +g (%) +h (x) :::
(3 <
&S o
® W Examples: 2
::: 1: f(¥)=5x°-3x%+6x+1= f(¥)=25x*-6x+6 :::
4 . <
::: 2: f(x)=3x9°-24x3+7x*-x-2= f(x)=300x 17-72x?+14x-11 :::
':‘ x* , 1 %
8 3 y=V2xT-—+5x k2= y'=5V2x - (4x3)+15x 241 ¢S
s n 4 &
8 = y'=5vV2x*-=(4x>)+15x%+1 e
'8 4 '8!
(3 <
::: 4 H_x3-2.x 2+x -4 =>y_x3-2.x2+x-4 :::
’ . - - 1 .
::j 2+x 2x2 :::
:.: 1 5 3 1 12 2z :’:
’:‘ =>H_Zx2-x2+zx2-2,x 2 ’:‘
(3 <
* 3 o
’:‘ R '—1(5x§) 3x%+1(1x—%) 2 1)( > ':‘
s 972\2%7)7 2722 2 s
:.: _5 ; 3 % 1 _% _; :’:
’:‘ =>y—Zx -ZX +ZX -X ’:‘

P.1
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s 3
* The Product Rule o
I S
<
»al ] ) (D
::: If f and g are differentiable functions, then :::
% S
% d . ' S
(S Ix [ F()g () ]|=f(x)g () +g()f (x) %
(D Pal
S .
bal 9
>:< W Examples: 9
02 (2
::: 1: f0O)=(3x*+1)(7X>+X) :::
bal (>
(D ; P
I:: f (1)=(3x2+1)(21x2+1)+(7x3+X) (6X) :::
bal (>
(D bal
::} 2: y=3x(8x>-2) %
<) e
(D bal
{] (
::: f (x)=3x(24x*)+ (8x3—2) (3)=72x>+24X>-6=96X>-6 :?
)
(D <
bal (D
(2 . . <
::: If f.g and h are differentiable functions, then ,:‘
0
& &
* d , , , %
::: Tx| F0Og0OR0O|=f (g (0h (0+F(0g (ORI + (0g()h(X) :::
% W™ Examples: &
::5 1: f(g9)=xyz == f(g)=xyz+xyz+Kyz :g
)
(D bal
X 2 g2 -1) :g
(D bal
::3 y'=(2x-5)(x+2)(2x)+(2x-5) (1) (x*-1)+(2) (x+2) (x*-1) :?
)
(D , Pt
:g} The Quotient Rule :g:
§
d ) . .
E:: If f(x) and g(x) are differentiable functions and g(x)#0, then :::
(D bal
hal (D
(2 ' ‘ bal
::} d [ Fe]_gLof (0-fx)g (%) :::
b - 2 G
& &
< (D
() . £
::: wExample: 3
::1 X? . (P+7)(2%)-(x*)(3x*) _14x-x* :::
:.: Y= X3+7 = Y= (>+7)2 (>+7)? ’:‘
02 03
)
3 X’X'X’X’X’X'X'X'X'X’X’X’X’X’X’X'X'X'X’X’X’X’X’X’X'X’X'X’X’X'X’X’X'X'X'X’X’X’X’X’X’X’X’X’X’X’X’X’2‘
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< <
D D
§ The root Rule §
::: The derivative of a root is equal to the derivative of the radicand :::
< <
O &
@ divided by the index times the root, with the radicand raised to the (3
63 7 o
:&: index minus one. :.:
»:: If f(x) and g(x) are differentiable functions and g(x)#0, then :::
)

* d u 02
’:‘ d Vu=— ’:‘
:.: (x) k+ uk-* :.:
(D (2
b< <
% 2RExampled: s
9 '8
'8! '8!
& 1 y=\5xr2 = S 3

:oy=v = b

$ Y I oexiz 2
2 2 &
(D 2: =% 2X-4 = [ — (D
< Y=+ Y <
.:: 4/(2x-4)3 :::
)

(D (D
< , 12x+7 <
>:1 2: y=3\/ 6X*+TX+2 = y= »:1
s 3./ (6X*+7x+2)? ¢S
s 3-3 Slopes *
::1 To calculate the slope of a line you need only two points from that .:q
ha! [ b} p) d p) . * S
::: hne Pl(xl 91) an PZ(XZ 92) PZ(XZJ 92_) :::
':‘ Therefore Pi(X1, y h : ':‘
:’: 1(X1, change in y :.:
D &
::: m =ﬂ=yz—91 change in x :::
(S DX Xp-X; > X (S
'8 '8!
'8 !

% While the slope for curve can be found by derivative the curve to 8

al . . . . . . [~
& obtain the line or the first derivative which represented the slope &
i where this slope will cross the curve at one point only. (S
$ :
o
)
3 ROV VL VRVRDRL VDLV DR DR VLRV RV
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e !
(D ' d (D
(3 The slope=m=F(x)=d—g (3
o X o
' Therefore to find the slope we need the equation of curve and one ¢S
w point. [~
2 2
e W Example 1 : Find the slope of the line tangent of the curve y=x>-2x+1 o
(D (2
:‘: at x=1 :’:
2 2
2 w2 N
&  Sol. m= y'=3x*-2 0
I:l at x=1 = =n8(1)*-2 =1 I:l
! !
2 5 N
®  WExample 2 :Find the slope of the curve at point (1,1): y=— -2x+1 (3
& .1 3 2
X Sol. m= y'==3x2-2=m="x2-2 o
2 4 4 2
2 N
£ - cn2 (120 =2 0277 o
& atpoint (1,1) = -m4— (1)*-2 —Z—Z—T &
< o
o o
2 . 2
s 3-4 Tangent lines S
S S
! !
::: The tangent line for any curve can be found if we have slope m and :::
@ point using the equation (3
(D -1 (D
¢S J o y-y=—-x) *
(D = A . (D
:.: Y-Y,= m(x-x,) Normal line i) :.:
(D o (2
a !
%! Notes. '8
’é Tangent line '.‘
'8 \ (uy ) g: mix-x) @
::: 1: If the line horizontal the slope is zero yoh ! :::
2 : 2
% 2: If two lines orthogonal o
E:i (Perpendicular one to another) E:i
7.1 1 Y >.1
< - o
(D m=—— (D
'8 m s '8!

P.1
ral
20000V VVOVIOVVVOVVOVVVVVOVVVVIVVOVVVVVIVVVVVOVVLS
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::: 3: If two lines parallel :::
(3 m=m , (3
¥ o
::: Therefore the normal line for any curve can be found by equation :::
¥ o
o o
& - -i( ~x,) %
’.‘ g 91— m X=Xy A
o o
o o
(2 . . . 2 (2
::} mExample 1: Find the equation of tangent line to the curve f(x)=4-x %
< gt
'3* at the point (1,3). >:<
< <
o *
D . (D
% Solution (3
$ .a
o : *
& m=f()=-2x %
o *
3 3
D ; - &
P at point (1 ,3) m=-2 b
gt <
S Y=y, =m(x-X,)= -FF-2(x-1)= =4px+S S
>:< W Example 2: Find the equation of tangent line and normal to the curve >:<
gt gt
% y== at the point (1/2,2). (3
QS X (3
< g
o o
(D . (D
®  Solution (3
o o
(D (D
< <
o -1 o
N msy=— o
o x* o
o o
& . 1 _ -1 (2
& atpoint (= ,2 m= > =-4 (2
() 2 (1) &
D 2 &
>:< The equation of tangent line with point (1/2 ,2) and m=-4 >:<
gt et
(D (D
gt o= Ay - el
::: y-2=-4(x-1/2)=>=ytx+4 :::
»:1 The equation of normal line with point (1/2 ,2) and m=1/4 »:q
< <
::: ot ( 1) X 15 :::
(2 9722 \*72)7 4 (2
o o
o o
02 o
G2

50000000V VRV VDDV VDRV VRV
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a ) , <
»:q 2B Example 3:If f(x)=2x*-x determine the points on the curve at which »:q
M a
(D (2
E:i the slope is parallel to 3x-y-4=0 ,and then find the E:i
':‘ equation of tangent line at this point. ':‘
'8 '8
'8! o 3
w(  Solution: el
€ The slope of line  3-y=0 2y'=3 =>m,=3 (3
(D

::j The slope of curve  m=m =3 (parallel) ::j
a a
(D , (2
I:l m=f (x)=4x-1= 4x-1=3= x=1lsy=1 I:l
% The point is (1,1) !
a a
o <
o o
::: The equation of tangent line with m=3 and point (1,1) :::
% y-1=3(x-1)=> y=3x-2 ,:‘
M a
o o
" L 1] . . "
s 3-5 Implicit differentiation (3
& 2
»:q Sometimes functions are given not in the form y=f (x) but in a more »:1
2 (e
(D (2

% complicated form in which it is difficult or impossible to express y ¢

@ explicitly in terms of x. Such functions are called implicit functions. In ¥

e e
»& this unit we explain how these can be differentiated using implicit >:<
% <
@ differentiation. *
o o
o o
§ B le 1 : Find y' for th tion x*+y?= %
s = xample 1 : Find y for the equation x“+y-=1 e
* - *
% Sol. x2+yP=122x+2yy'=0m2yy'=-2x=y'= — o
R Yy =0=24y = 9= (3
£ B Example 2: Find the slopes of the tangent lines to the curve x*+4y*=4 (<
e <
(D ) (D
::} at the point (V2, -1/V2). ::}
0> (3

(>
<

ROV VL VRVRDRL VDLV DR DR VLRV RV
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<
E:i Solution :g
’:‘ 2 8 d_y-0=>8 d_y—_ZX = ﬂ:-i:m :::
::: 29k T 9 dx dx~ 4y s
< (2
s nt (vZ, -2 o X V22 S
¢S At poin ( 2, —\/_Z) = 4y 3 1) 2 &
¥ vz %
:z: wExample 3: Find the slopes of the tangent lines to the curve y*-x+1=0 :?
<
(D Ya
< (2
::: at the points (2, -1) and (2, 1). :::
a (2
(2 : <
% Solution (3
(2 &
& <
& dy dy 1 &
<
’ — 1= —_—=—=m Pat
(3 290710 F Ak 2y £
(D al
¢S 1 1 o
% At point (2,-1) m,= =-= (2
o P ’ T2 2 *
(D Yl
(3 : . _ 1 1 &
::: At point (2, 1) m,= 20 2 :::
(2 : <
::: wExample4: Find the tangent line to the curve x*(x*+y?)=y? at the %
< 8
(D a
Pat . O
>:< point (V2/2 ~2/2). (S
(D Yal
< (2
(D ; a
s Solution s
2 &
K 4y 24%_ 2 ’:‘
& x'+x*y -y*=0 2
% %
8 dy dy (2
Pal 2 —~ +y?3. - —~ =0
% 4x +<x 2y ax Y 2.x> 2y dx :’:
S dy S
8 2y(*-1) - =2x(2x7+y?) *
(D a
S dy_x(aey)
% dx yi*-1) %
(D Yal
< ; V2 .
& At point (? ’ 2) the slope is (2

P.1
'P q
> -0 O-O-O-O-- - O-O-O- OO O-O-O-O-- -0 O-O-O0-O-O- - O-O-0-Or-O-O-O-O-O- - O-O0-O0- OO0
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K 2 2 &
% dy_V2/2(2(v2/2)" +(v2/2) )23/2=3 5
S dx  yvz/2((2/2)"-1) /2 I§1
(D
< <
5 2
& The equation of the tangent line at this point is &
< <
S Y-y, =mx-x3) %
)
D D
02 V2 V2 *
== - (2
G2 5| <
(D 2 2 (2
'8 '®
: :
d -
% y=3x-V2 %
)
::: wExample 5: If the equation of the curve given by x>+y>=3xy :- :::
<
::: (a) Find the slope of the curve :::
9 o
E:i (b) Find an equation for the tangent line to at the point (z,z) :::
o o
E:i (c) At what point(s) in the first quadrant is the tangent line E:i
>:< horizontal? :::
<
S . 3
& Solution (<
< <
(D (2
< d d <
(D Y Y (D
8! 3x*+3Yy* = =3X.—.—+3 8!
§ @ e g3y :
(D 2 (2
el d d -X el
(2 2.\ e %99 (2
::: (y*-x) dx J7X dx  y2-x %
< <
(D (2
< ] <
% (b) At the point (3/2 , 3/2) the slope m of the tangent line at this (3
S S
S S
» ‘ . . }.‘
&% point s (2
' dy (3/2)-(3/2)* 3
'8! m=—>= =-1 '8!
¢S dx (3/2)*-(3/2) ::j
o
< <
(D (
::: The equation of the tangent line at the point (3/2, 3/2) and m=-1 :::
<
::: y > :L(x 3) =X+Yy=3 :::
< -5 =1 |x-2 =
D (D
;:4 2 2 S

e
8!
7 00O OO OO O-O-O-OO- OO OO-O-O-O--O-O-r- -0 OO



University of Diyala / College of Eng. AR Lecturer

Civil Engineering Department. o2 )z Qusay Al-Mandalawi
Class: 1st Year / Mathematics | 2@11‘6-2@2L7
:.: h t line is horizontal at the points where m=ﬂ=0 :::
¢S (¢)The tangent line is horizon p dx (2
S 3
9 y-x* 2 (3
< =0 y:x ’q
2~ <
5 S
;21 Substituting this expression for y in the equation x>+y>=3xy ::j
S S
et et
S K2 +(x2)>=3%(x?) :::
S S
S xé-2x>=0 S
S S
I:} x3(x®-2)=0 (2
<
< .
>:< =0 and x=V2  the first quadrant :::
'8, QS
<
Pal . O
& At x=0=y=0 the point (0,0) S
::: ’:‘
gt
s 3 2/3 . 1/3 52/3 O
At x=32=y=2 the point (2%/2, 2%/?) S
o o
gt
<
gt
<
<
gt
<
et
<
<
<
gt
gt
et
gt
<
<
gt
gt
et
<
<
<
et
<
gt
gt
<
<
gt
gt
et
<
<
<
gt
et
et
<
<
<
gt
<
el
<
<
<
gt
et
et
<
<
<
gt
gt
el
gt
<
<
et
gt
<
<
<
<
gt
gt
<
<
<
<
S S
I~ O

P.1
NAAN/ ""
> -0 O-O-O-O-- - O-O-O- OO O-O-O-O-- -0 O-O-O0-O-O- - O-O-0-Or-O-O-O-O-O- - O-O0-O0- OO0
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3 f 1 S
$ %
2 Homework. :
b \ ) s
s <
b . . s
::: Q j'/ Find dy/dx the following functions :::
s <
b s
. 10 x5 4
b s « X
3 =—x%-qx* =—+—+6 <
[~ —u5_ 3 =2 —aqx 2
& Y=x°-3x>+1 Y= X Y= +3 3
::: 3 4 1 1 @ fo 1 3 ,:‘
! = = -—+1 X)=—-—> <
::: F(X)—?Jr? fG) 3x3 2x2 X X :g
b
s <
* 2 V2 s %
3 2-7x [9] fCO=V3(x*-x) &
< —zy-2_ 71 _2 _vZ s
% [ y=ax-7x fo0=2. - 22 :
: )=(x?+3x) (- 9X) F0=(ex*+7)°
—(y2 3 =(x?+ _ - (S
::} y=(*+1)(2x>+5)  [11]g(x :::
b o7 X
3 2 = -
% @31f00=(5+3)(3+7) [T F0=0-9) (3- oo 3
3 =(=+3) (S 14] f(9=(>-2) (< -1) - 9
::: EF(X)—(X +3) (x +7) ()=( X 3x-1 :::
b , .
. 1 2 2X“+X+1 C
b 2 _ 0
| 022 GG e f
:’: F(X)': -2 F(X) 2 + x> x2_3x+2 ’:‘
:§: 1 1 X2-17 :::
< 3x%+7 = ( 2 _ _) (X- _) 21| uy= R
::: f(x)= 21 20] 9()=(x X X2 Y= 217 :::
s ) P
< s
& = Xy>+2y>=x*-4y J :
::1 4xy*+3x2y=2 y +2y 8
'8 2/3, ,2/5 = 4 -3 &
S - K22y 221 Kty /g s
I:} xty —xy? +x* =7 Y [27] :::
b s
3 = <
* -y= xJy+y\x=10 O
s - JRrgHX=g=6 0] %/9+y s
% 28] Ve 5= g+ %9 :
3 = —+-=5 <
'8 =53 Lryg+yy1x=4
% (53] Y5g-3y=53% T 53] 5+ :
b
S -
(2 = /niyt/n=1 .
(2 3 4 5 =4x X +y 3
() I 2= [9+3/9+3/d :,‘
(3 x|y S
2 S
3 <
$ K
$ &
$ %
% 0
$ %
$ %
% (2
b s
3 <
b ’:‘
3 7-0- -0~ == - ORO- =R - - OO O- OO - O-O-O-O-O0- OO O-O- OO0 O
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< S
(2 : : 54
::: Q 2 /Devivative the following functions :::
o 1 S
::: D] y=(x?+2) (x-4) (2x*-5) @) y= ()?u) (3x-1)(x2-5%) 8
(D Ya
a (2
(D al
::5 Q 3 /Find the equation of tangent and normal line for the following: :?
)

(D Ya
< (2
(2 _ <
Egi f()=2x*-7 , (2,1) Sol. y=8x-15 , x+8y-10=0 :g
(D _ Pl
E:i f(x)=5+2x-x*> , (0,5) Sol. y=2x+5 , x+2y=10 :g
(2 _ <
::: fF()=x*+x+1 , (1,3) Sol. y=3x , x+3y-10=0 :::
::: 2 2 -1 - :::
::: x*+xy+2y*=28 , (2,3) Sol. y=— x+4 , y=2x-1 :::
’al (2
(D Ya
E:i f0)=3x , (8.2) Sol. x-12y+16=0 , 12x+y=98 :?
(D hal
val (D
::} [e] fly=ZV4-x* , (0,3) Sol. y=0 , x=0 :::
’al (D
(D a¢
::: Yy=x>-8x*+qx+20 , (4,-8) Sol. y=-7x+20 , x-7yYy=60 :?
<

::1 x*-1 = = :::
P" F(X)‘-‘z— > (1)0) SOl H—X"j— ’ y—l‘x ’.‘
’al (2
62 - - <
E:i [4] Vax+/3y=5, (2,3) Sol y=-x+5 , y=x+1 :g
(D a

4 .

::1 Q 4/ Find the points where the tangent line to the graph of f(x)=2+x and :g
<

(D . . Ya
::: (1,2) crosses (a) the x-axis and (b) the y-axis &
< S
(D Ya
<

£ Sol. (-1,0) ,(0,1) :::
(3 &
(2 . : 2
% Qs / Find the points where the normal line to the graph of f(x)=% ¥
< S
s . b . 9
* and (1,2) crosses (a) the x-axis and (b) the y-axis %
"al (2
P:‘ SO{- ("3)0) )(0)3/2) :.:
(D "l
S (D

P.1
'P q
> -0 O-O-O-O-- - O-O-O- OO O-O-O-O-- -0 O-O-O0-O-O- - O-O-0-Or-O-O-O-O-O- - O-O0-O0- OO0
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< S
() . . P<
::: Q 6/ At what point on the curve y=x*+8 is the slope of tangent line %
< S
() <
P< . . . O
::: 16? Then write the equation for this tangent line? :::
b2 0
£ Sol. (8,72),16x-y-80=0 (S
(3 o
& . : e
»:: Q 1 /Find a point where the tangent line to the graph of f(x)=x-x* s :::
)
() <
a . (D
:i: parallel to the line x+y-2=0. Then write the equation for this tangent :::
< S
:.: line? Sol. (1,0) , y=1-x %
8 Qg - 3
,:‘ Q / Find all points on the graph of f(x)= (x-S) (x-z) at which the :’:
® tangent line is horizontal. Sol. (3.,—=) %
3 (3
"‘ . . i '.‘
::: Q 9/Find all points on the graph of f(x)=x+x* at which the tangent line is &
< S
() D
Pal . ()
>:< horizontal. Sol. (1,2) 3
() P<
P i 3
»:: Qw/Find all points on the graph of f(x)=x>-6x*+ax+4 at which the :::
)
() <
Pal &
::: tangent line is horizontal. Sol. (1,8), (3,4) :::
S S
S S
S S
S S
S 3
S S
S S
S S
S S
S S
S 3
3 S
S S
S 3
S 3
S S
S S
3 S
S S
P .
() P<C
P (3
0
; R OO OO OO OO OO OIS



University of Diyala / College of Eng. 7o Lecturer

Civil Engineering Department. o ] Qusay Al-Mandalawi
Class: 15t Year / Mathematics | 2036-2017
'8 . . e
' 3.6 Velocity and Acceleration s
o o
(D (D

¢ Derivatives can be related very easily to physics applications. We can relate it 6
< <
»:q to the position function, usually denoted as s(t) , the velocity function denoted »:q

"¢ v(t), and the acceleration function denoted a(t). Notice that are a function of g

:z: time Make sure you understand the difference between average and :::
< al
::: instantaneous. The average velocity can be described as the change between :::
(2 (2
::: two points, thus giving you the slope of the line connecting these two points! :::
al al
»:q While the instantaneous velocity gives you the slope at a single point in time, »:q
< al
’:‘ thus giving you the slope of the tangent line ’:‘
S | S
< al
() ()
::: |5 Average formulas :::
< al
»:1 A . As  s(tz) —s(ty) »:1
K verage velocity = — = WX
S At t, —t (2
(2 Ay v(ty) —v(ty) 02
(2 : (2
)e{  Average acceleration = — = %!
?.: At tz — tl :’:
%

::: Where "s" is the position at any time "t" :::
(2 (2
< al
:g [ Instantaneous Formulas :g
"8 ! ! n "a
::: v(t) = s(t) a(t) = vi(t) = s"(t) :::
::: Where v(t) is the first derivative of the position function and a(t) is the first :::
(2 (2

% derivative of the velocity function. Also note it is the second derivative of the (3

S S
! . : S
».: position function. :.:
%

s Notes !
S S
% v(t) =( 0) means the object is not moving. 3
S S
::: v(t) = (+) means the object would be moving forward (positive) :::
< <
::: v(t) = (—)means the object would be moving backward (negative) :::
(2 (2
::5 a(t) = (0) means there is no change in the velocity E:i
%

::: a(t) = (+) means the object is going faster (positive) :::
(2 (2
:0: a(t) = (—) means the object is slowing down. :::

% 20000 -O- =D O-O--O-O-0r-O-O--OR-ORO-O-D-0- OO O- -0 OO0 O
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al <
>:< ?S\Example 1:If s(t) =t2 — 20. Find the average velocity fromt=3to t = 5. >:<
al <
::: Solution: :::
::: 2 locit _AS_S(S)—S(B)_5—(—11)_16_8 :::
::: verage velocity = = = —F——— = > =5 = :::
al al
:z: E\Exaw\ple 2: Find the velocity function and the acceleration at t = 2 for :::
(D (2
E:i the function s (t) = 23 + 5t - 7. E:i
2 e 2
% Solution: (3
o o
.:: v(t) = s'(t) = 6t + 5 :::
%
;i: v(2) = 6(4) + 5 = 29 :?
al ] Pal
::: a(t) = v'(t) = 12t :::
S a(2) = 12(2) = 24 S
() (2
al al
::: ?&Example 3: If a ball is thrown vertically upward with an initial velocity :::
(D (2
::: of 128 ft/sec, the ball's height after t seconds is s (t) = 128t - 16t2. :::
< <
»:q a) What is the velocity function? »:q
al al
(2 (2
& Solution: v(t) = 128 — 32t (2
ral al
(2 (2
E:i b) What is the velocity whent=2,4, 6 E:i
(2 . (2
E:i Solution: v(2) = 128 — 32(2) = 64 §
::: v(4) = 128 — 32(4) = 32 ;::
(2 (2

{ al
E:: v(6) = 128 — 32(6) = —64 :::
::: c) At what time is the velocity 48 ft/sec? 16 ft/sec? —48 ft/sec? :::
(D (2
::: Solution: Set the velocity function to each of the above values! :::
< <
() (2
::} 48 = 128 — 32t 16 = 128 — 32t  —48 = 128 — 32t ::}
al <
»:: —80 = —32t ~112 = —32t ~176 = —32t :::
%

(D (2
(3 25 =t 35 =t 55 =t (3
() (D
S S
03 S
8 S
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s 3
:0: d) When is the velocity zero? :.:
(2 (2
al . al
»:1 Solution: Set the velocity function to zero and solve »:q
al <
(2 (2
$ 0 = 128 — 32t 2
03 S
6! —128 = —32t *
S S
3 4 =t 3
::: e) What is the height of the ball at the time the velocity is 0?7 :::
(2 (2
< , <
::: Solution: lett =4 in the position function :::
(2 (2
< <
.:: s(4) = 128(4) — 16(16) = 512 — 256 = 256 :::
%
:i: f) When does the ball hit the ground? :?
al . al
>:< Solution: Set the position function to zero and solve! >:<
< al
o 128t — 16t2 = 0 e
S S
% 16t(8—¢t) =0 (3
(S o
::1 Att=0,ort=8. Att=0, youhaven't thrown the ball yet! The ball will hit the yzq
::: ground in 8 seconds. You could have reasoned that it took 4 seconds to reach :::
::: maximum height and another 4 seconds to come back down. :::

q al
::1 g) What is the velocity when the ball hits the ground? »:1
al <
(2 (2
E:i Solution: Find v(8) wv(8) = 128 — 32(8) = —128 ft/sec. Itis negative E:i
::: because the ball is coming back down! Notice it has the same velocity as when :::
»:q it was thrown upward! rzq
::: h) What is the acceleration function? :::
al <
(2 . (2
::: Solution: Find a(t) by finding the derivative of v(t). :::
< <
(2 (2
::: a(t) = —32 ft/sec? :::
::: j) What is the acceleration att=3, 5, 8? :::
< <
(2 . (2
;:} Solution: a(3) = —32 a(5) = —32 a(8) = —32 ;:j
"%  No matter what time it will always be -32. (This is the effect of gravity.) O
S S
< al
S S
8 S

: S
ral
A'X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X'X’X’X’X’X’X’X’X’X’X'X'X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’X’A‘



University of Diyala / College of Eng. 7o Lecturer

Civil Engineering Department. Qusay Al-Mandalawi
Class: 15t Year / Mathematics | 2036-2017
gl gl
% Homework . &
S .- - (S
& 2
& iy : o 3 ) o
% qc/The position of a particle on a line is givenby s (t) = t°—3t*— 6t+5, %
::: where t is measured in seconds and s is measured in feet. Find :::
al a¢
(2 (2
::: a. The velocity of the particle at the end of 2 seconds. Sol.—6 ft/sec :::
al a¢
(2 (2
::: b. The acceleration of the particle at the end of 2 seconds. Sol. 6 ft/sec? :::
al al
(2 (2
al al
::: q@/ The formula s(t) = -4.9 t 2 + 49 t + 15 gives the height in meters of an :::
(2 (2
::: object after it is thrown vertically upward from a point 15 meters above the :::
al al
»:1 ground at a velocity of 49 m/sec. How high above the ground will the object »:1
< al
(2 (2
::: reach? Sol. 137.5m :::
:0: qe/ A ball is hit straight upward with an initial velocity of 256 feet per :0:
(2 (2
::: second. the ball's height after time t seconds is s(t) = 256t - 16t2. :::
al al
(2 (2
::: a) What is the velocity function? Sol. 256 — 32t :::
al al
(2 (2
::: b) What is the velocity att=6,t=8,t=10? Sol. —64 :::
al al
::: c) What is the acceleration function? Sol. =32 :::
(2 (2
al al
::: d) At what time does the ball hit the ground? Sol. 16 :::
(2 (2
::: e) What is the velocity of the ball when it hits the ground? Sol. —256 :::
< al
(2 (2
::: f) What time does it reach maximum height? Sol. 8 :::
al <
:i: g) What is the maximum height? Sol. 1024 :?
& &
;:q qe/ Find the velocity and acceleration at t = 0,1,2 for the following : ;:q
¥ S
(> 1 e
o a)s=—— Sol. -1,-1/4,-1/9 ,  2,1/4,2/27 S
:.: t+1 :.:
;g b)s=t>+2t+5 Sol. 24,6 , 222 ;g
I:I ¢)s =t2(t — 1) Sol. 0,1,8 ,—2,4,0 I:}
Q
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' qe/ A point moves in a straight line so that its distance s (in meters) after :0:

(> S
¢ time t (in seconds) is s = 4t? — 16t + 12, Find ¢S
2 &
::: 1: the average velocity in the interval [1,7] Sol. 16 :::
’3‘ ':‘
< . <
% 2: the velocity at t=3 Sol. 8 %
al <
':‘ 3 2 ’:‘
::: q@/ The position of a body (in feet) at time of t seconds is s = t°> — 6t~ + 9t :::
::: Find the body’s acceleration each time its velocity is zero. :::
S S
::} Sol. -6 ft/sec? ,6 ft/sec? ::}
< <
(2
< <
(2
< <
()
S S
< <
(2
S S
3 3
ral <
(2
S S
< <
(2
< <
(2
< al
(2
S S
al <
(2
S S
< al
(2
< <
(2
S S
al al
(2
al <
(2
S S
al <
(2
< <
(2
S S
al al
(2
< <
(2
S S
< al
(2
al <
(2
S S
al <
(2
< <
(2
S S
< al
(2
< <
(2
S S
< <
(2
< <
(2
S S
< <
(2
< <
(2
S S
S S
S S
S S
o 3
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S . %
5 3-7 Chain rule %
< <

(D
:g If y is a differentiable function of u, y = f(u) and u is differentiable function :::
E:i of x, u = f(x) then y is a differentiable function of x : E:i
::j dy dy _ du %
::: dx du dx ::}
S S
S S
:.: Ify is a differentiable function of u, y = f(u) and x is differentiable function of :Q:
(D (2
E:i u, x = f(u) theny is a differentiable function of x : E:i
::: dy dy dx :::
Ya' - - "l
$ dx du du £
S S
S %
3 3 2 it &
::1 &Examp(e 1:Ify=u andu = x + 5xfind — yzq
< dx <
o o
S S
S S
3 _dy du 3
o Solution :—=2u* ,—=2x+5 s
O du dx s
S S
$ dy _dy du 2
& —=—"—-—=Qu*)(2x +5) = 2(x* + 5x) 2(2x + 5) X
& dx du dx %
S S
(> dy (S
e 3 2 . s
e WExample 2 :Ify =t and x = 2t" + 3t — 1find el
& dx &
(2 (2
S S
* - dy ) dx *
% Solution :— =2t ,—=2t+3 (3
'0‘ dt dt ’0‘
% e P &
:.: dx dt dt 2t+3 2t+3 :.:
g y ; S
® S Example 3 :find — atx = Ofor y = and u = (3x + 1) (3
;:1 dx 1+u »:1
S S
S S
S S
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% S
9 Cdy A+w0) - -1 3
o Solution :— = = %!
8 dt (14 u)? (14 u)? ¢S
g du : : ¥
& —=30Bx+1)%3) =9Bx + 1) &
o X (s
P

o d dy du -1 (0
(3 —y=—y-—=—2-9(3x+1)2 (3
% dx du dx (1+u) %
b e
:g atx=0 =2u=0+1)3=u=1 :::
< e
;31 dy —9(0+1)* -9 ;::
§ dx (A+D? 4 3
S S
$ .
::i Note: If y is a differentiable function of v, y = f(v) and v is differentiable :::
b

r:: function of u, v = f(u) and u is differentiable function of x, u = f(x) then y isa :::
b

»:1 differentiable function of x : yzq
Py P
%! dy dy dv du :.:
Py — . )

S dx  dv du dx S
haq P
& dy &
(D 3 2 .. &
:0: ?S\Examp(el:lfyzv,v= uandu = 1 + x" find — (3
0 dx 0
() ()
8 !
8! S
e Soluti dy 32 dv 1 dv ) S
Py olution :—=3v* ,—=— ,—=2x <
}3: dv du 2\u 'du :::
b

() ()
b P
S VLR ) (=) @0 S
::: dx dv du dx 2\Vu :::
::: Ju 2 1 :::
(O =(2(vVu . (—) - (2x ()
§ (20w)) - (575) @ ¥
% o
3 (31 +x9) - () - (22) = 3xyT 1 2 3
< =(3(1 + x -(—)-2x=3x 1+x O
::: 2V1 + x2 :0:
S S
S S
S S
S S
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* dy (3
’:‘ qc Using chain rule to find — :.:
(3 dx %
::: N ) . Sol dy 2x + 1 :::
=vVu ,u=x""+x+ ol. — =

:g @l dx  2VxZ+x+1 :::
3 3 yl/2 2 Sol. 2 _ (61— ) + 220 - 22 %
(D =y’ — =x°+4+ 2x ol. —=(6x—6)(x X) — T—=——
. @y =vw’ -u'* u=x dx VT 2x
::: s 4 Sol dy —20x3 :::
:.: @y:u au=x"+1 O.dx—(x4+1)6 ’:‘
bal o
¥ 24 2)2 t = x1/2 S(d—y—Z( +2) (3
e [ D|y=(*+2)?* t=x ol. — =2(x S
’al &
% %
D Pt
rat d »
0 . y <
:’: B)|y =sin(3x+1) ,u=3x+1 Sol.a=3cos(3x+1) %
2 dy . 3
»:1 ®)|y =cosV3x ,u=+3x So(.a=—\/§sm\/§x :’:
:0: sinx 2 sinx dy  2sinx ,:‘
2 @}’=<— ,u=———— Sol. == > &
() 1+ cosx 1+ cosx dx (14 cosx) &
* . dy o *
:0: y = cos(sinx) ,u = sinx Sol. i sin(sin x) cos x %
bl (D
3 @ find 4y 1f 52 oy E mdx=2e—5 o
< ind —att=1fory=u>—u“,u= and x = — &S
>:< 1 dx Y 1+ x :.:
Pat d 9
(2 y (<
02 Sol. —==-16 (3
(2 dx e
(D bl
* 3
* &
* 3
2 3
% %
* 3
* 3
% %
% 3
* 3
3 %
»al D

<
' 9
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