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Analytic Geometry

Rectangular Coordinates

The points in a plane may be placed in one-to-one correspondence with pairs of real numbers. A
common method is to use perpendicular lines that are horizontal and vertical and intersect at a point
called the origin. These two lines constitute the coordinate axes; the horizontal line is the x-axis and
the vertical line is the y-axis. The positive direction of the x-axis is to the right, whereas the positive
direction of the y-axis is up.

Thus, point P is associated with the pair of real numbers (xi, yi1) and is denoted P(xi, y1). The
coordinate axes divide the plane into quadrants I, I1, 111, and IV.

Distance between Two Points; Slope

The distance d between the two points P1(X1, y1) and Pa(X2, Y2) is

d=+(x;—x1)2 + (v, — 31)?

In the special case when P; and P, are both on one of the coordinate axes, for instance, the x-axis,

d =+/(x; —x1)% = |x; — x4]
or on the y-axis,
d =2 —y1)* = ly, — il

The midpoint of the line segment P1P; is
(xl +x; y1+ YZ>
2 T2

The slope of the line segment P1P,, provided it is not vertical, is denoted by m and is given by
Y2—N1
m =
X2 — X1

el

The slope is related to the angle of inclination a by

m=tana«a
Two lines (or line segments) with slopes m; and m, are perpendicular if m;=-1/m;
and are parallel if m; =m,.
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Equations of Straight Lines
A vertical line has an equation of the form
X=¢C
where (c, 0) is its intersection with the x-axis. A line of slope m through point (x1, y1) is given by

y—y1 =m(x —xq)

Thus, a horizontal line (slope = 0) through point (xy, y1) is given by

Y=wn
A nonvertical line through the two points P1(x1, Y1) and P2(Xz, Y2) is given by either
v — Y2—N (x — xy)

Y= X, — %X, 1

Or
Y20,

Yy—=X2 _Xz—x1(x X2)

Circle

The general equation of a circle of radius r and center at P(x1, y1) IS
(x—x)*+(y—y)? =12

Conic Sections
The conic sections are called conics because they result from intersecting a cone with a plane as shown
in figure

ellipse | parabola hyperbola

Parabola
A parabola is the set of all points (X, y) in the plane that are equidistant from a given line called the

directrix and a given point called the focus. The parabola is symmetric about a line that contains the
focus and is perpendicular to the directrix. The line of symmetry intersects the parabola at its vertex.
The eccentricity e = 1.

We obtain a particularly simple equation for a parabola if we place its vertex at the origin O and its
directrix parallel to the -axis as in Figure below. If the focus is the point (0, p), then the directrix has
the equation y = -p. If P(x,y) is any point on the parabola, then the distance from P to the focus is
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|PF|=Vx2+(y_p)2 y
and the distance from P to the directrix is |y + p| '\\ ' axy) /
The defining property of a parabola is that these distances are \\ Fio.p) 7 ’
equal: e ‘
VX2 + (—-p)? =y +pl "’ P
We get an equivalent equation by squaring and simplifying: \)- =—p

x>+ (—-p)i=ly+pl*=U+p)?
x2+y2—2py+p?=y2+2py+p

2

x? = 4py
An equation of the parabola with focus (0,p) and directrixy = - p is
2
X° = 4py

The distance between the focus and the vertex, or vertex and directrix, is denoted by p (> 0) and leads
to one of the following equations of a parabola with vertex at the origin.

——— e

(=]
F_——————

x?>=4py ,p>0 x> =4py,p<0

T T T T

>
i
4

y? =4px ,p >0 y? =4px,p <0

For each of the four orientations shown in Figures, the corresponding parabola with vertex (h, k) is
obtained by replacing x by x —h and y by y — k. Thus, the parabola in Figure below has the equation

3
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(v —k)? =—4p(x—h)

Example
Find the focus and directrix of the parabola y? + 10 x = 0 and sketch the graph.

Solution

If we write the equation as y* = - 10 x and compare it with Equation, we see that 4p = - 10 ,
so p = -5/2. Thus the focus is (p,0) = (-5/2, 0 )and the directrix is x = 5/2 .
The sketch is shown in Figure below

¥
y+1ar=0

~

-

Il
'-.l "

Ellipse

An ellipse is the set of all points in the plane such that the sum of their distances from two fixed points,
called foci, is a given constant 2a. The distance between the foci is denoted 2c; the length of the major
axis is 2a, whereas the length of the minor axis is 2b. The eccentricity of an ellipse, e, is < 1.

VA
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The x-intercepts are found by setting y = 0. Then x%/a® = 1, or x2=a% , sox = Fa . The
corresponding points (a,0) and (-a,0) are called the vertices of the ellipse and the line segment joining
the vertices is called the major axis. To find the y-intercepts we set x = 0 and obtain y2 = b?, so
y = +b. The line segment joining (0,b) and (0,-b) is the minor axis.

We summarize this discussion as follows

1- The ellipse has foci (F¢, 0), where c¢? = a* — b?, and vertices (¥a,0)

2 2 AR )
Al A >b>0
a? + bz a= ) (0. b)
\—da, :

2- The ellipse has foci (0, ¥c), where c? = a? — b?, and vertices (0, ¥a)

X2 y? "
ﬁﬁ'?—l a>b>0 0(0~")
/ w
{ \
s | |
( h.Ob‘L l(b,O)
1 0 | X
\ (Oy'
\_‘,__,
(0, —a)

An ellipse with center at point (h, k) and major axis parallel to the x-axis is given by the equation

_ h)? AN
x-h)" O=-b

a? bz 1
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An ellipse with center at (h, K) and major axis parallel to the y-axis is given by the equation
(y—k)?* N (x —h)®

a? b2 =1

-
L

Example Sketch the graph of 9x2 + 16y? = 144 and locate the foci.

Solution Divide both sides of the equation by 144:
x2 y2
— =1
6779
The equation is now in the standard form for an ellipse, so we have a? =16, b*=9,a=4,and b = 3.

Also, ¢ =a’—b?=7,s0¢c=+/7, the fociare (Fv/7,0). The graph is sketched as

Example Find an equation of the ellipse with foci (0, +2) and vertices (0, +3).
Solution we have ¢ = 2 and a = 3. Then we obtain b? = a2 — ¢2 =9 — 4 =5, so0 an equation of the
ellipse is

X

2

2

y

Tty =1

Another way of writing the equation is 9x2 + 5y? = 45.

9
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Hyperbola
A hyperbola is the set of all points in the plane such that the difference of its distances from two fixed

points (foci) is a given positive constant denoted 2a. The distance between the two foci is 2c and that
between the two vertices is 2a. The eccentricity of a hyperbola is (e > 1).

VA

When we draw a hyperbola it is useful to first draw its asymptotes, which are the dashed lines in
figures below

1- The Hyperbola has foci (F¢,0), where c? = a? + b?, vertices (¥a,0), and asymptotes y =

2- The Hyperbola has foci (0, ¥¢), where c? = a? + b?, vertices (0, ¥a), and asymptotes y =

()
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When the focal axis is parallel to the y-axis, the equation of the hyperbola with center (h, k)
y—k? x-h?_

a? b? 1

If the focal axis is parallel to the x-axis and center (h, k), then

I\

yZ

\
V4

Example Find the foci and asymptotes of the hyperbola 9x2 — 16y? = 144 and sketch its graph.
Solution

If we divide both sides of the equation by 144, it becomes
2 2

X y _
16 9
which is of the form witha =4 and b = 3. Since ¢ = 16 + 9= 25, so ¢ = 5, the foci are (¥5,0). The
asymptotes are the lines y = z xandy = —Z x. The graph is shown in Figure
=3y 7 =3
% ' 1- ' .‘.:’ A/{,
7/
N\ B
\(—4,0] 4,00/
! 1
=3,0)/ »0 \{3.0} x
/" 'I .\\
/
.".‘_ \-

Example Find the foci and equation of the hyperbola with vertices (0, +1) and asymptote y = 2x

Solution we see that a =1 and b = 2. Thus b = a/2 = 1/2 and ¢ = a’+ b? = 5/4. The foci are
(0, FV/5/2) and the equation of the hyperbola is y2 — 4x2 = 1
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Translated conics

1- Parabolas with vertex (h, k) and axis parallel to x-axis
(y = K)* = 4p(x = h) [Opens right]

(y - k)* = —4p(x - h) [Opens left]
2- Parabolas with vertex (h, k) and axis parallel to y-axis

(x = h)® = 4p(y - k) [Opens up]

(x-h)¥?=-4p(y-k)  [Opens down]
3- Ellipse with center (h, k) and major axis parallel to x-axis

(x=h)? | (y-k)
a? + be 1

4- Ellipse with center (h, k) and major axis parallel to y-axis

O-k? | (=h? _

-+ b <a]

5- Hyperbola with center (h, k) and focal axis parallel to x-axis

(x-h? (y-k?
a? b2 =1

6- Hyperbola with center (h, k) and focal axis parallel to y-axis

[b <a]

Example Find an equation for the parabola that has its vertex at (1, 2) and its focus at (4, 2).
Solution Since the focus and vertex are on a horizontal line, and since the focus is to the right of the
vertex, the parabola opens to the right and its equation has the form
(y — K)* = 4p(x — h)
Since the vertex and focus are 3 units apart, we have p = 3, and since the vertex is at
(h, k) = (1, 2), we obtain
(y—2*=12(x—1)

Example Describe the graph of the equation
y?—8x—6y—23=0

Solution The equation involves quadratic terms in y but none in x, so we first take all of the y-terms to
one side:

y> — 6y = 8x + 23
Next, we complete the square on the y-terms by adding 9 to both sides:

(y—3)*=8x+32
Finally, we factor out the coefficient of the x-term to obtain

(y=3)° = 8(x + 4)

9



Applied Mathematics - |

This equation is with h=—4, k =3, and p = 2, so the graph is a parabola with vertex (—4, 3) opening to
the right. Since p = 2, the focus is 2 units to the right of the vertex, which places it at the point (-2, 3);
and the directrix is 2 units to the left of the vertex, which means that its equation is x = —6.

‘-

\
\
\.

(=2.3)

T T T T T T T T T T

|!|I\_|||||

T Tt

Directrix
x=—6

Example Describe the graph of the equation

16x% + 9y* — 64x — 54y +1=0
Solution_ This equation involves quadratic terms in both x and y, so we will group the x-terms and the
y-terms on one side and put the constant on the other:

(16x° — 64x) + (9y? — 54y) = -1
Next, factor out the coefficients of x* and y* and complete the squares:

16(X> — 4x +4) + 9(y> — 6y + 9) =—1 + 64 + 81
or
16(x — 2)* + 9(y — 3)° = 144
Finally, divide through by 144 to introduce a 1 on the right side:
(-2 O-37*_
9 16

This is an equation with h = 2, k = 3, a® = 16, and b? = 9. Thus, the graph of the equation is an ellipse

1

with center (2, 3) and major axis parallel to the y-axis. Since a = 4, the major axis extends 4 units
above and 4 units below the center, so its endpoints are (2, 7) and (2,—1). Since b = 3, the minor axis
extends 3 units to the left and 3 units to the right of the center, so its endpoints are (—1, 3) and (5, 3).

Since

c=+a?—b2=V16—-9=+/7
the foci lie v/7 units above and below the center, placing them at the points (2, 3 +V/7) and (2, 3 —/7)

10
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AV
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Example Describe the graph of the equation

X2—y?—4x+8y—21=0
Solution This equation involves quadratic terms in both x and y, so we will group the x-terms and the
y-terms on one side and put the constant on the other:

(x* = 4x) — (y* - 8y) = 21

(x=2)% _ (y—94)2 —1

This is an equation with h =2, k = 4, a®> = 9, and b = 9. Thus, the equation represents a hyperbola with

by completing the squares that this equation can be written as

center (2, 4) and focal axis parallel to the x-axis. Since a = 3, the vertices are located 3 units to the left
and 3 units to the right of the center, or at the points (—1, 4) and (5, 4). ¢ = 3v/2, so the foci are located
3+v/2 units to the left and right of the center, or at the points (2 — 3v2,4) and (2 + 3v/2, 4)

The equations of the asymptotes may be found

(x—2)% (y-4)?
9 9
This can be written as y — 4 = +(x — 2), which yields the asymptotes

0

y=x+2 and y=-X+6
With the aid of a box extending a = 3 units left and right of the center and b = 3 units above and below

the center,

11
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HYPERBOLIC FUNCTIONS

Definitions of Hyperbolic Functions

Certain even and odd combinations of the exponential functions e* and e™* arise so frequently in
mathematics and its applications that they deserve to be given special names. The function e* can be
expressed in the following way as the sum of an even function and an odd function:

N ex+e‘x+ex—e‘x
e =
2 2

Even Odd

These functions are sufficiently important that there are names and notation associated with them: the
odd function is called the hyperbolic sine of x and the even function is called the hyperbolic cosine of
X. They are denoted by

) eX¥ —e™X eX+e™*
sinhx = — and coshx = —

Where sinh is pronounced “cinch” or "shine™ and cosh rhymes with “gosh.” From these two building

blocks we can create four more functions to produce the following set of six hyperbolic functions.

Hyperbolic sine sinhx = ex_ze_x
Hyperbolic cosine cosh x = ex;e_x
. sinh eX—e™*
Hyperbolic tangent tanhx = — = ———
. cosh e*+e™*
Hyperbolic cotangent cothx=_—= ———
. 1 2
Hyperbolic secant sechx = ——=——
. 1 2
Hyperbolic cosecant cschx = ——=———+
Example
- e—e? 1-1 0
sinh 0 = = =
2 2
ho e+e? 1-1 1
cosh 0 = = =
2 2
eZ _ e—2
sinh2 = — = 3.6269

Note: The term "tanh", "sech”, and "csch" are pronounced "tanch", "seech", and "coseech"
respectively

12
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Graphs of the Hyperbolic Functions

' A ‘ y A \
\/
|
, s ; Evp— ~ F—
y=3C y=3&; ¥ N o
= .____—__.l - —
y =coshx y = lanh x
(a) (b) (c)
AY AN 4D
. /\ : .
_—iiu—_——
y=cothx v=sechx y=cschx
(d) (e) (f)

Observe that sinh x has a domain (—o, +) and range of (—oo,+o0) where cosh x has a domain of

(—o0,+0) and a range of [1, +o0).

Hyperbolic Identities

The hyperbolic functions satisfy various identities that are similar to identities for trigonometric

functions. The most fundamental of these is
cosh?x — sinh?x = 1 which can proved by writing

cosh?x — sinh?x = (cosh x + sinh x)(cosh x — sinh x)

2 * 2

2 2

(ex +e™* e*— e‘x> (ex +e™ e*-— e‘x)
The following theorem summarizes some of the more useful hyperbolic identities:

13
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cosh x +sinhx = ¢* sinh(x + y) = sinh x cosh y + cosh x sinh y

X

coshx —sinhx =& cosh(x + y) = cosh x cosh y + sinh x sinh y

cosh®x —sinh*x = 1 sinh(x — y) = sinh x cosh y — coshx sinh ¥
| — tanh® x = sech® x cosh(x — v) = cosh x cosh y — sinh x sinh y
coth’x — | = csch® x sinh 2x = 2 sinh x cosh x

cosh(—x) = coshx cosh 2x = cosh” x + sinh” x

sinh(—x) = —sinhx cosh2x = 2sinh®x + 1 = 2cosh”x — 1

Derivative and Integral Formulas

Derivative formulas for sinh x and cosh x can be obtained by expressing these functions in terms of e
and e ™

d - _d[ex—e‘x]_ex+e‘x_ h
dx [sinhx] = dx 5 = > = coshx
d b _d[ex+e‘x]_ex—e‘x_ -
dx [coshx] = dx 5 = 5 = sinh x
d .. ) d
d canh x| = d [sinh x] 3 COthﬁ[Smh x] — smhxa[cosh x] _coshzx — sinh?x
dx[ anhx] = dx lcoshx] cosh?x N cosh?x
1
= = 2
“oshix sech®x

The following theorem provides a complete list of the generalized derivative formulas and
corresponding integration formulas for the hyperbolic functions.

d d

—|sinh u] = cosh u &= /cosh udu =sinhu +C

dx dx

d : d :

—|cosh u| = sinh u o / simhudu =coshu +C

dx dx

d > d

— [tanh u] = sech- u o /sec:h2 udu =tanhu +C

dx dx

d 2 fu D)

—|cothu] = —csch™ u =2 /csch"’ udu = —cothu +C

dx dx

d du

—1 [sech u] = —sech wtanhu — sech utanh u du = —sechu 4+ C
dx dx

d du

:1—r|csch u] = —csch ucoth u T cschucothudu = —cschu +C

14
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Example

1- ;—x [cosh(x?)] = sinh(x?) .;—x [x3] = 3x%sinh (x3)

2 — % lIn(tanh )] = 2 tanh = SERE
dx tanhx dx tanh x

3 - j—x[Cosh\/}] = sinhﬁ_;_x[\/}] _ sinhyx

d d ; .
4 — E[tanh\/1+t2] =Sech2\/1+t2.a\/1+t2 =Sech2 /1+t2 z.sechzm

‘Vi+tz i+t

Example
1
1-— ]sinhsx cosh x dx = gsinh6 x+C

sinh x
2 — jtanhxdx=fc dx = In|coshx|+ C =Incoshx + C

oshx
T lcosh2x —1
3 — j smhzxdx=f —dx
0 0 2
_1f1 hox — 1\d _1[sinh2x ]1_sinh2 1 0.4067
—Zo(cos x )x—2 > 9= "3 5~ 0.
n2 In2 eX —e™X
4—j 4exsinhxdx=f 4e* —— dx
0 0 2

In2 In2
= [ @er-Dax =l - 21y = @ —2tn2) - (1 - 0) = 4~ 2in2 - 1
0

=3—-1.386 = 1.6137

Inverses of Hyperbolic Functions

The graphs of the six inverse hyperbolic functions in Figure below were obtained by reflecting the
graphs of the hyperbolic functions (with the appropriate restrictions) about the line y = x.

Useful Identities

1-sech™1x = cosh‘li 2-csch™1x = sinh‘li 3-coth™1x = tanh‘li
Example Prove coth 1 x = tanh‘li

y =coth™tx x = cothy

1 _ 1 _ tanh

x cothy anhy

y = tanh™1—

15
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Ay p Y Ay
X /r X
1 -1 1
y=sinh'x y=cosh'x v=tanh™' x
Ay Ay Ay
x X I
-1 1 1
y=coth!x y=sech ' x y=cschlx

Table below summarizes the basic properties of the inverse Hyperbolic Functions.

FUNCTION DOMAIN RANGE BASIC RELATIONSHIPS
P i Conibon) sinh'(sinhx)=x if —co<X<+oo
X —0C0, —o0, Too i . 3
sinh(sinh'x) =x if —c<X< 4o
e . , — cosh lcoshx)=x if x20
RS T 19, oo cosh(cosh'v) =x if x> 1
G i (o 4o0) tanh M(tanhx) =x if —eo< X< 4o
X —1, —oo, +oo X
tanh(tanh'x)=x if -l<x<l
~nth—n st .
Gkt Ys (o0, —1) U (1, 489) (=05, 0) U (0, 42) coth (coll:x) =X ff x<0orx>0
coth(coth™x)=x if x<-lorx>1
ey e
ookl ©. 1] [0, +00) sech™'(sechx) =x .1f xz0
sech(sech'x)=x if O<x<|
csch™(cschx)=x if x<0orx>0
sch™!. (—ee, 0) U (0, —eo, 0) U (0, 400 _ .
— etk ) T cschicsch'x)=x if x<Oorx>0

16
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Logarithmic Forms of Inverse Hyperbolic Functions

Because the hyperbolic functions are expressible in terms of ex , it should not be surprising that the
inverse hyperbolic functions are expressible in terms of natural logarithms; the next theorem shows
that this is so.

sinh'x = In{x + Vx2 4+ 1) cosh ' x=In(x+Vx2—-1)
tanh lln(l’x) oth ! Iln('r*,)
L R X X == =
2 ; l — 2 x — l :
§) IO P 1 Jii2
SeCh—lI :lﬂ (\—) CSCh I.l' :ln (—_* _\ )
X X -l'l
Example

Prove sinh™'x =1In (x + Vx2 + 1)
y =sinh™!x

ey — e_y

x =sinhy = >

ey —2x—e V=0 multiplying by e¥ — e?Y —2xe¥ —1=0

And applying the quadratic formula yields

2x ¥ Vix? + 4 _
ey = > =xF¥+x2+1 sincee’ >0,ThuseyY =x++x2+1

Taking natural logarithms yields

y=In (x +Vx2 + 1) or sinh™'x =1In (x + yx2+ 1)
Example

sinh™ 1 =1In(1+12+ 1) =In (1+V2) ~ 0.8814

Iy 1 [(1+35) 1
tanh™! (§> =—In = Eln 3 ~ 0.5493

H.W: Find sinh~1 2 = 1.443

tanh™10.25 = 0.255

17
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Derivatives and Integrals Involving Inverse Hyperbolic Functions
The following two theorems list the generalized derivative formulas and corresponding integration

formulas for the inverse hyperbolic functions.

4 (sinh™' ) = : i 4 (coth™ u) = S lu| > 1

dx 2 V1 +u2dx dx "l —wldx’

d | d d | du
—((.‘OSI'I—I u) = =i. T —(SCCh_I U) = ———, 0<cu <1
dx Ju? —1dx dx uy1 — 2 dx

d |1 d d | du

—(tanh" u) = = —L" |ll| < | —(CSCh-I U) = ————, Ul 7": 0
dx | —u dx dx ]/ 1 + u? dx

d u —_
/+=sinh"(—)+C or ln(_u+\/u2+a3)+C
va:+ u? a

+Cor mMu+vut—a*)+C, u>a

/—?u == cosh™! (%)
Vus —a*

1 U
s ;tanh (E)-FC. lu| < a l s
—_— = or —In lu] #a
as —u- | [ 2a |la—u
— coth (—)+C. | = a
a a
du 1 q|u 1 a++va?—u?
———=——=sech " |[-|+Cor ——In +C,. 0<|ul<a
uy a* — u® a a a e
du I u 1 a+va®+u?
/,:=——csch_l —+C or ——1In - +C, u#%0
uy'a* + u? a a Jue]
A reiphly] = ¢
Example Show that - [sinh™" x] = NereT
da da 7 1 1 _ VxZ+1+x 1
[Smh x] 1“(" V)] = s U+ ) = (Vi) (Va2+l)  Varil

H.W: Prove above theorem as Example

18



Applied Mathematics - |

Example:
. d — . 1 a . 1 cosx
1- Find — [tanh™! (sinx)] =————.—sinx = ———cosx = = secx
dx 1—(sinx)2 dx 1-sin?x cos?x

d 3
2- Evaluate fﬁ , X > >

Let u = 2x, Thus du = 2dx and

f dx _1f 2dx _1f du 1 h‘l(u)+C—1 h‘1<2x>+C
Vixi—9 2)Vaxz—9 2)Viz—3 2 \B/TET2N A3

3_ f dx :f dx :f dx :f dx
Vx2-4x+3 Vx2—4x+3+1-1 Vx2—4x+4-1 J(x=2)2-1

Letu=x-2 du=dx

= th%: cosh™*u+C =cosh™*(x—2)+C

2 dx 1 02 dx 1 —1Xq2 -1 -1 1
) —= - =—=-csch™=]%=—csch™1+4+csch -
fl xVa+x2 2 fl 2 2 ] 1 2

x /1+(’2—‘)2

Hanging Cables

Hyperbolic functions arise in vibratory motions inside elastic solids and more generally in many
problems where mechanical energy is gradually absorbed by a surrounding medium. They also occur
when a homogeneous, flexible cable is suspended between two points, as with a telephone line
hanging between two poles. Such a cable forms a curve, called a catenary (from the Latin catena,
meaning “chain”). If, as in Figure, a coordinate system is introduced so that the low point of the cable
lies on the y-axis, then it can be shown using principles of physics that the cable has an equation of the

form

y = acosh(g)+c

Where the parameters a and c¢ are determined by the distance between the poles and the composition of

the cable.

19
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AY
y =acosh (x/a) + ¢

Glen Allison/Stone/Getty Images
The design of the Gateway Arch near X

St. Louis is based on an inverted hyper-

Example:

A 100 ft wire is attached at its ends to the tops of two 50 ft poles that are positioned 90 ft apart. How
high above the ground is the middle of the wire?
Solution From above, the wire forms a catenary curve with equation

y= acosh(g)+c

Where the origin is on the ground midway between the poles. Using Formula for the length of the
catenary, we have

45 dy 2 45 dy 2
100 = f 1+ (—) dx = 2_]. 1+ (—) dx by summetry about y — axis
_as dx 0 dx

=2 f:s\/l-l-Thz(g)dx =2 -1:5 cosh (g) dx = 2asinh (2)] Lt)s = 2asinh (475)

Using a calculating utility's numeric solver to solve

45
100 = 2a sinh (;) for a gives a = 56.01 .then

45
50 = y(45) = 56.01 cosh (—) +c¢c~7508+c¢c soc=—-25.08

56.01
Thus, the middle of the wire is y(0) ~ 56.01 — 25.08 = 30.93 ft above the ground.

AY
50 -

il

| fg B |

I 2 l

| [is$
45 45
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PARTIAL DERIVATIVES

Definition

If is a function of two variables x and y, suppose we let only x vary while keeping y fixed, say y = b,
where b is a constant. Then we are really considering a function of a single variable x, namely,
g(x) = f(x, b). If g has a derivative at a, then we call it the partial derivative of f with respect to x
at (a,b) and denote it by f.(a, b).

Similarly, the partial derivative of f with respect to y at (a,b), denoted by f, (a, b), is obtained by
keeping x fixed (x = a) and finding the ordinary derivative at b of the function G(y) = f(a,y).

If f is a function of two variables, its partial derivatives are the functions f, and f, defined by

fx+hy)—f(xy)

i) = lim
o fy+h) - f(xy)
) = i I
Notations for Partial Derivatives If z = f(x, y), we write

o d 3Z

flx, y) = =f——7f(,r. y) = — = fi
ox X X
of o A

xy)=fL=—=—fx y=—"=4§%
dy ay ay

Rule for Finding Partial Derivatives of z == f(x, y)
1. To find £, regard y as a constant and differentiate f(x, y) with respect to x.
2. To find £, regard x as a constant and differentiate f(x. y) with respect to y.

Example 1: If f(x,y) = x® +x%y* — 2y?, find £, (2,1)and f,(2,1)
fe = 3x%+ 2xy3
fe(21)=3%224+2x2x1%=16
fy =3x%y* — 4y
fy(21) =3%22%12—-4%1=38

21



Applied Mathematics - |

Example 2: Find % and j—y if z=x*sin(xy®)

0z
Frie x* cos(xy3) x y3 + sin(xy?) = 4x3 = x*y3 cos(xy?) + 4x3sin(xy?)

0z
P x* cos(xy?) x 3xy? + sin(xy?) * 0 = 3x5y2cos (xy?)

) — cin (X 9f of
Example 3: If f(x,y) = sin (1+y),calculate > and %

%=COS(1j—y>'(1j—y>

g=—cos( ad > i

- H = Zy
Example 4: Find fx, fy for f(x,y) = y+cos x

_ (y+cosx)(0) —2y(—sinx)  2ysinx

fx (y + cos x)? ~ (y + cosx)?

(v + cosx)(2) — 2y(1)

fy (y + cos x)?

Example 5: Find g—i and 3_32, if zis defind implicity as afunction of x and y by the equation

x3+y3+z3+6xyz=1
To find g—i , We differentiate implicitly with respect to x, being careful to treat y as a constant:

3x2% + 322% + 6yz + 6xya—Z =0
0x dx

Solving this equation for Z_JZC , We obtain

0z x?+2yz

ax 22+ 2xy
Similarly, implicit differentiation with respect to y gives

0z y? + 2xz

@ T 2xy
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Example 6: If z = x2 + xf (xy) show that

0z az_ 2 4
Yox Yoy~ T
0z ,
a=2x+xyf (xy) + f (xy)
0z
Rl I
3y x*f'(xy)

x(2x + xyf'(xy) + f(xy)) — y(x2f'(xy))
= 2x% + x2yf'OY) + xf (xy) — yx*f'OV)
=x2+x?+xf(xy)=x%+z

Functions of More Than Two Variables

Partial derivatives can also be defined for functions of three or more variables. For example, if f is a
function of three variables x, y , and z , then its partial derivative with respect to x is defined as

f(x+ h:ylz) —f(x,y,z)

fx(x,y,2) = lim h
Example:
1-Find f,, f, and f, if f(x,y,z) = e Inz
fx =ye*¥Inz fy =xe¥lInz and f; = ?

2-1f f(x,y,2z) = x3y?z* + 2xy + z, then
fo(x,y,2) = 3x%y%z* + 2y
(x,v,2z) = 2x3yz* + 2x
f(x,y y

fi(x,y,2) = 4x3y?z® + 1
3-If f(p,0,0) = p? cos@Psin O, then

f>,(p,0,0) = 2pcos@sinb

fo(p,6,0) = p?cos@cos O

f0(p,6,0) = —p?sin@sin b
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Higher Derivatives

If f is a function of two variables, then its partial derivatives f, and f, are also functions of two
variables, so we can consider their partial derivatives(fy),, (fx)y » (fy)x » and (£;),, which are called
the second partial derivatives of f. If = f(x, y) , we use the following notation:

(s = Frx = (o) = g=%
A R
e )

Warning: Observe that the two notations for the mixed second partials have opposite conventions for

the order of differentiation. In the “0” notation the derivatives are taken right to left, and in the

“subscript” notation they are taken left to right. The conventions are logical if you insert parentheses:
i of

3y 9x = @ (£> Righ to left. Differentiate inside the parentheses first

(fx)y = fxy Left to right. Differentiate inside the parentheses first

Third-order, fourth-order, and higher-order partial derivatives can be obtained by successive
differentiation. Some possibilities are

¥f @8 ( a%f P af _ a (a.*_f') f

ax?  Bx .U-t'l) s ayt oy \ay?)
’f _ 8 (S ) f af _a ( af \ _ f
("_\':H,r dy \ dyvox Y H}-I;,_‘-I ay «")_\‘f"_l‘z Jxxyy

Clairaut’s Theorem Suppose f is defined on a disk D that contains the point (a, b).
If the functions £, and £, are both continuous on [, then

fAa b) = f,.la, b)

Using Clairaut’s Theorem it can be shown that f,,,, = fyx, = f;,x if these functions are continuous.
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Example: Find the second partial derivatives of f(x,y) = x3 + x%y3 — 2y?
fe(x,v) = 3x% + 2xy3
fy(x,y) = 3x%y* + 4y
fex = 6x + 2y3 fry = 6xYy?
fyx = 6xy? fyy=6yx* — 4

Example: Find the second —order partial derivatives of f(x, y) = x2y3 + x*y

af_ 3 3 af_ 2.,2 4
ax—ny + 4x°y and ay—Bxy +x
a (of\ 0 _ . ,
3z (90) =32z = 2" +125%
6(6f> 0*f
— (=) = == = 6x2
dy\ay/ dy? Y
a af\  %f L
£<_y>_ax6y_6xy +4x
6(6f>_ 9> — 6rv? 4 dy?
ay\ax) " ayoax Y x
Example:
1-Let f(x,y) = y*e* +y find fyyy
03f
feyy = dy20x = 2e”

2- Calculate fiy,, if f(x,y,2) = sin(3x + yz)
fx = 3cos(3x +yz)
fex = —9sin (3x + yz)
frxy = —9z cos(3x + yz)

feyz = =9 cos(3x + yz) + 9yz sin(3x + yz)
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Interpretations of Partial Derivatives

To give a geometric interpretation of partial derivatives, we recall that the equation z = f(x,y)
represents a surface S (the graph of f). If f(a, b) = c, then the point P (a,b,c) lies on S. By fixing = b,
we are restricting our attention to the curve C1 in which the vertical plane y = b intersects S. (In other
words, C; is the trace of S in the plane y = b.) Likewise, the vertical plane x = a intersects S in a
curve C,. Both of the curves C; and C; pass through the point P. (See Figure)

Notice that the curve C; is the graph of the functiong(x) = f(x, b), so the slope of its tangent T, at P
is g'(a) = f,(a,b). The curve C, is the graph of the function G(y) = f(a,y), so the slope of its
tangent T, at P isG'(b) = f,(a,b) . Thus the partial derivatives f,(a,b) and f,(a,b) can be
interpreted geometrically as the slopes of the tangent lines at P(a,b,c) to the traces C; and C, of S in
the planes y = b and x = a.

As we have seen in the case of the heat index function, partial derivatives can also be interpreted as
rates of change. If z = f(x,y) , then Z—i represents the rate of change of z with respect to x wheny is

fixed. Similarly, g—; represents the rate of change of z with respect to y when x is fixed.

Example: If f(x,y) = 4 —x? — 2y?, find f,(1,1) and £,(1,1) and interpret these numbers slopes.

fo = —2x

fy = —4y
fo (1) = -2
(1) = -4

The graph of f is the paraboloid z = 4 — x? — 2y? and the vertical plane y = 1 intersects it in the
parabola z = 2 —x2,y = 1. The slope of the tangent line to this parabola at the point (1,1,1) is
f:(1,1) = —2. Similarly, the curve C, in which the plane x =1 intersects the paraboloid is the
parabola = 3 — 2y?,x = 1, and the slope of the tangent line at (1,1,1) is £,,(1,1) = —4.
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Example:

Recall that the wind chill temperature index is given by the formula

W = 35.74 + 0.6215T + (0.4275T — 35.75)v%1¢
Compute the partial derivative of W with respect to v at the point (T , v) = (25, 10) and interpret this
partial derivative as a rate of change.

ow
M (T,v) =0+ 0+ (0.4275T — 35.75)(0.16)v%16~1 = (0.4275T — 35.75)(0.16)p =084
Substituting T = 25 and v = 10 gives

o

mi/h

ow

%(25,10) = (—4.01)107%8 ~ —0.58
Example:
Let f(x,y) = x?y + 5y3
a- Find the slope of the surface z = f(x, y) in the x-direction at the point (1,-2).
b- Find the slope of the surface z = f(x, y) in the y-direction at the point (1,-2).

a- Differentiating f with respect to x with y held fixed yields
fe(x,y) = 2xy
Thus, the slope in the x-direction is fx(1,—2) = —4; that is, z is decreasing at the rate of 4 units per unit

increase in X.
b- Differentiating f with respect to y with x held fixed yields

fy(x,¥) = x* + 15y

Thus, the slope in the y-direction is f,(1,—2) = 61; that is, z is increasing at the rate of 61 units per unit
increase in'y.
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Example: Suppose that D = ,/x2 + y?2 is the length of the diagonal of a rectangle whose sides have
lengths x and y that are allowed to vary. Find a formula for the rate of change of D with respect to x if
x varies with y held constant, and use this formula to find the rate of change of D with respect to x at
the point where x =3 and y = 4.
Solution. Differentiating both sides of the equation D? = x* + y? with respect to x yields

oD

2D—=2
0x x
oD
ox "
Since D =5 when x = 3 and y = 4, it follows that
SOD—3 tx=3,y=4
ox awx=sy=
6D_3
ox 5

Thus, D is increasing at a rate ofz unit per unit increase in x at the point (3, 4).

Total Differential

Definition:
If we move from (Xo,Yo) t0 a point (X, +dx,y,+dy) nearby the resulting change

df = f+(x,,¥,) dx + f,(x,,¥,) dy

In the linearization of f is called the total differential of f
Oftenwetake dx = Ax =x —x,and dy = Ay =y —y,

Example: Estimating Change in Volume
Suppose that a cylindrical can is designed to have a radius of 1 in and a height of 5 in. but that the
radius and height are off by the amounts dr = +0.03 and dh = - 0.1. Estimate the resulting absolute
change in the volume of the can.
Solution:

V =mnr?h AV =dV =V, (r,, h,)d, + V,,(1,, h,)dh
Vr=2nrh and Vh=nr?

dV = 2nr,h,dr + nr2dh

= 2m(1)(5)(0.03) + m1%(—0.1)
= 0.37 — 0.17r = 0.2m ~ 0.63 in3
The relative change is estimated by
aF  dv. 02r 02w
f(0,¥0) V(o ho)  mr2h,  m(1)2(5)
Giving 4 % as an estimate of the percentage change.

0.04
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Example: Sensitivity to Change

Your company manufactures right circular cylindrical molasses storage tanks that are 25 ft high with a
radius of 5 ft. how sensitive are the tanks volumes to small variations in height and radius?

V =mnr?h dv =V,.(5,25)d, + V,,(5,25)dh
= 2nrh(5,25)d, + (nr?)(5,25)d,
= 250mnd, + 25ndh

Thus a 1 unit change in r will change V by about 2507 units. A 1 unit change in h will change V by
about 257 units. The tanks volume is 10 times more sensitive to a small change in r than it is to a

small change of equal size in h.

The Chain Rule

(Chain Rules for Derivatives) If x = x(t) and y = y(t) are differen-
tiable at t, and if z = f(x,y) is differentiable at the point (x, v) = (x(t), y(t)). then
z = f(x(t), ¥(1)) is differentiable at t and

dz 9dzdx 9zdy

T T T

where the ordinary derivatives are evaluated at t and the partial derivatives are evalu-
ated at (x, v).

If each of the functions x = x(t), y = y(t), and z = z(t) is differentiable at t, and
if w= f(x,y.z) is differentiable at the point (x.y,z) = (x(t), ¥(t), z(t)). then the
function w = f(x(t), ¥(t), z(t)) is differentiable at t and

dw dwdx o dwdy dwdz
dt  dxdt " dydt ' 3z dt

where the ordinary derivatives are evaluated at t and the partial derivatives are evalu-
ated at (x. v, 7).

az / Jz

ax 4.4_\'

' / \

N
x y
e dy
dt dt
t 4

dt ax dt ay di
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Example:
1- Suppose that z = x?y, x=1t% y=t3Find %

0z Bzdx_l_azdy
ot  dxdt Odydt

= (2xy)(2t) + (x?)(3t?) = (2t>)(2t) + (t*)(3t?) = 7t°

Alternatively, we can express z directly as a function of t,
z=x%y = (t?)?(t3) =t’

2- Suppose that w = \/x2 + y? + z2, x=cosO, y=sinb, z=tan@

Use the chain rule to find Z—';’ when 0 = %

dw awdx_l_awdy_l_awdz
de  06d0 0dydo 09zde

1 1
= E(xz + y% + 2z%2)72(2x)(—sin )
1 1 1 _1
+ > (x%2 + y? +2z%)"2(2y)(cos 9) + E(x2 +y% 4+ z%2)72(2z)(sec? 9)
Whenx=cos§=1/\/7 y=sin%=1/\/§ z=tan%=1

dw
=2

Chain Rules For Partial Derivatives

(Chain Rules for Partial Derivatives) If x = x(u,v) and vy = y(u.v)
have first-order partial derivatives at the point (u, v), and if z = f(x.,y) is differen-
tiable at the point (x.y) = (x(u, v), y(u.v)), then z = f(x(u, v), y(u,v)) has first-
order partial derivatives at the point (u, v) given by

dz dzdx 9z dy d dz dzdx 3z dy

%N G o T v oxdv  dydv

Ifeach functionx = x(u,v). v = v(u,v),andz = z(u, v) has first-order partial deriva-
tives at the point (u, v), and if the function w = f(x, v, z) is differentiable at the point
(x.y.2) = (x(u,v), y(u.v), z(u, v)), then w = f(x(u,v), y(u,v), z(u. v)) has first-
order partial derivatives at the point (u, v) given by

dw Jwodix OJwdy Jw dz dw dwdx dwdy dwadz

an e

dv  dx dv +Wa+ 3z dv

du  Ox du +§E+3:_E
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A
N
9z / \ &
x/ \ a3y
54 \?
,/ \
Yo
(H / t‘\' l_'l / ;_‘\_
du / au au / dv
4 d
u v o v
az a7 dx az dv
u axau Iy ou
Example: Given that z = e*¥ x =2u+v, y = %
. 0z 0z
Find 7 and I
dz 0z ax 0z 0y 1 X
e Tt A xyY (2 xy (_)z 2v + = exy
u " xau oy VeI H e (G |2y +-]e
— Z_u w] e(2u+v)(%) — [4_u + 1]e(2u+v)(%)
v v v
dz 0z ax 0z ay
—~ - = (1 ) (— = — x(—) | eV
v " axaw Tayap - eI+ (xe )( 2) =y x( e

[_ — Qu+v) (l)] ePUIG) = g2z o2unE)
v v?

2

H.W: Suppose that w = e*Y#, x=3u+v, y=3u—-v, z=u‘v
. ow ow
Find— and —
u v
w
/
w \, w
;‘_l‘/ /'/ ﬂ»i \\.(“':
// “)' \\
/ }
x v 2z
(u A& ay [/ \ dy 9z [ \\ a7
Ju v au / \av  du / \Jv
\ / \
é b é b
u v " v
dw_ dwax | awdy | owdz
du  dx du  dydu Iz ou
ow _ Jdwdx | dwdy 3 aw dz
av dax av ay dv Jz av

31



Applied Mathematics - |

Example: Suppose that w = x2 + y? — z% and

x=psin@cosf y= psin@sinfd z=pcosP

w
% = 2xsin @ cos O + 2y sin @ sin 6 —2z cos @

= 2p sin?@ cos?0 + 2p sin? @ sin?0 — 2p cos*@
= 2p sin?@ (cos?0 + sin?0) — 2p cos?@

= 2p(sin?@ — cos?@) = —2p cos2@
ow

37 = (2x)(—psin@sin B +(2y) sin @ cos O = —2p?sin?@ sinb cos + 2p?sin?@ sinh cosd = 0

w
/N
/ N
J P \ n
ax / W\ g
// av N
¥ “WE
as I\ N S
I\ %X %2 S\ 2
.‘c;;« 3 .‘\'\{"? .";7 \ &
/ ~ryg, / \
é e\ {
p o 0 9 @

Jw _ ow dx aw ay dw aZ

ap ax dp ay dp az dp

dw aw ax + aw ay
a0 ox 00 ayv i

Example: Suppose that w = xy + yz, y = sin x, z=e*
Find dw/dx

dw

I y+(x+z)cosx+ye* =sinx+ (x+e*)cosx +e*sinx
This result can also be first expressing w explicitly in terms of x as

w = xsinx + e*sinx

w
/°
aw /| \ w
(',‘.k",,/ Jw \ 9z
; dy N\
Y %
X & * Yy y 2
dy dz
dx dx
PA
x

dwo _dw  dwdy | dwdz

e e
de  d9x Ay dv  dz dx
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Implicit Differentiation

1- If the equation
f(x,y) = cdefines y implicitly as a dif ferentialble function of x,and if Z—; # 0,then

dy  0f/ox
dx  0f/dy

2- If the equation

f(x,v,2) = c defines z implicitly as a differentialble function of x, and y, and if g—’; # 0,then

dz  0f/ox 0z af /0y
ax  0f]oz dy  9f/oz

Example:
1- Given that x3 + y2x — 3 = 0 Find %

dy  0f/ox  3x*+y?
dx  0f/dy 2yx

Alternatively, differentiating implicitly yields
dy  3x*+y?
dx 2yx

212

2- Consider the sphere x? + y2 + z? = 1 Find dz/0x and 0dz/0dy at the point G335

dz  O0f/ox  2x  x

ox~ ofjoz 22z 1
dz  of/oy 2y 'y 1
dy  0f)0z 2z  z
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Maxima and Minima of Functions of Two Variables

Definition: A function f of two vanables is said to have a relative maximum
at a point (xg, vp) if there 1s a disk centered at (xg, yp) such that f(xq, vp) = f(x, v) for
all points (x, y) that lie inside the disk, and f is said to have an absolute maximum at
(xp. yo) if f(xp, yo) = f(x, y) forall points (x. y) in the domain of f.

Definition: A function f of two variables is said to have a relative minimum
at a point (xy, vy) if there is a disk centered at (x;. vy) such that f(xg, vp) < f(x, y) for
all points (x. y) that lie inside the disk, and f is said to have an absolute minimum at
{xp, yo) if f(xp.w) < fix,y) forall points (x. y¥) in the domain of f.

Absolute

AZ maximum -

z=f(x, y)
Relative f&y
maximum

.

-

Relative minimum
Absolute minimum

Extreme-value theorem:
If f(x,y)is continuous on a closed and bounded set R,then f has both an absolute maximum

and absolute minimum

Definition: If f has a relative extremum at a point (xo, Yo), and if the first-
order partial derivatives of [ exist at this point, then
felxo,y0) =0 and FH(xo, yo) = 0
Definition: A point (xg. yp) in the domain of a function f(x, y) is called

a critical point of the function if fi(xo.yp) =0 and f(x0. yp) = 0 or if one or both
partial derivatives do not exist at (xp, yp).
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Definition: (The Second Partials Test)y Let | be a function of two variables with
continuous second-order partial derivatives in some disk centered at a critical point
(xp. yo), and let

D = fry(x0, Y0) fyy(x0. Y0) — ff(f‘.(.l'(a. Yo)
(a) If D = 0and f,:(xo. vo) = 0, then f has a relative minimwnm at (xg, yo).
(b) If D = 0and f,y(x0, yo) <0, then [ has a relative maximum at (xg, o).

(¢) If D <0, then f has a saddle point at (xg, yp).

(d) If D=0, then no conclusion can be drawn.

Example: Locate all relative extrema and saddle points of
f(x,y) =3x%—2xy+y?—8y
fr=6x—2y and f, = -2x+ 2y — 8

The critical points of f satisfy the equations

6x—2y =0

—2x+2y—8=0

x =2,y =6,s0(2,6)is the only critical point.
fx(,¥) =6, fry(0,y) =2, fiy(x,y) =2

D = fux(2,6)f,y(2,6) = fi)"(2,6) = (6)(2) — (-2)* =8>0

flr,y) =32 - 2y + v2 — 8y

fex(2,6) =6 >0 sof has arelative minimum at (2,6)

Example : Locate all relative extrema and saddle points of
fGy) = dxy —x* = y*

fr(x,y) =4y —4x® and f,(x,y) = 4x — 4y?
The critical points of f satisfy the equations
4y —4x3 =0 or y=x3
4x —4y3 =0 orx =y3
x=x3%? - x°—x=00rx(x®*-1)=0 x=0x=1x=-1
y=0y=1Ly=-1

fox(x,y) = =12x%,  f,,(x,y) = —=12y%,  fi,(x,y) =4

35



Applied Mathematics - |

CRISTIS | fee G300 | By o 0) | Fy R 30) | D = fenlyy = 1, Notes
(0,0) 0 0 4 -16 Saddle point
(1,2 -12 -12 4 128 Relative Maximum
(-1,-1) -12 -12 4 128 Relative Maximum

fry) =dxy-xi—y*

Finding Absolute Extrema On Closed And Bounded Sets

How to Find the Absolute Extrema of a Continuous Function f of Two
Variables on a Closed and Bounded Set R

Step 1. Find the critical points of f that lie in the interior of R.
Step 2. Find all boundary points at which the absolute extrema can occur.

Step 3. Evaluate f(x. y) at the points obtained in the preceding steps. The largest of
these values is the absolute maximum and the smallest the absolute minimum.

Example Find the absolute maximum and minimum values of
f(x,y)=3xy —6x—3y+7

on the closed triangular region R with vertices (0, 0), (3, 0), and L

(0, 5). (0.35)¢

The region R is shown in Figure ,We have

of of

a—Sy—6 and@—?,x—?) -
. . | | ;

So all critical points occur where (0. 0)
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3y—6=0and3x—3=0
Solving these equations yields

x=1landy =2, So(1,2) is the critical point
* The line segment between (0, 0) and (3, 0): On this line segment we have y = 0, so f(x, y) simplifies
to a function of the single variable x,

ux) =f(x,0)=-6x+7, 0<x<3
This function has no critical points because u'(x) = —6 is nonzero for all x. Thus the extreme values of
u(x) occur at the endpoints x = 0 and x = 3, which correspond to the points (0, 0) and (3, 0) of R.
* The line segment between (0, 0) and (0, 5): On this line segment we have x =0, so f(x, y) simplifies
to a function of the single variable y,

v(y) =f(0,y) =-3y+7, 0<y<5b
This function has no critical points because v'(y) = —3 is nonzero for all y. Thus, the extreme values of
v(y) occur at the endpoints y = 0 and y = 5, which correspond to the points (0, 0) and (0, 5) of R.
* The line segment between (3, 0) and (0, 5): In the xy-plane, an equation for this line segment is

y = —zx +5 0<x<3

so f'(x,y) simplifies to a function of the single variable X,
5 5 5
w(x) = f(x, —3x + 5) = 3x<——x + 5)— 6x — 3(—§x + 5) + 7
= —5x% + 14x — 8, 0<x<3
Since
w'(x) = —10x + 14, the equationw’(x) = 0 yieldsx = gas the only critical point of w. Thus,
the extreme values of w occur either at the critical point x = gor at the endpoints x =0 and x = 3. The

endpoints correspond to the points (0, 5) and (3, 0) of R, and from the critical point corresponds to

5)

®y) | ©0) (3,0) 05) 78 (12)

f(x,y) 7 -11 -8

Absolute Absolute

Maximum | Minimum
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Example: Determine the dimensions of a rectangular box, open at the top, having a volume of 32 ft*,

and requiring the least amount of material for its construction.

Solution: Let

x = length of the box (in feet)

y = width of the box (in feet)

z = height of the box (in feet)

S = surface area of the box (in square feet)

We may reasonably assume that the box with least surface area requires the least amount of material,

S0 our objective is to minimize the surface area
S =xy + 2xz + 2yz

The volume requirement  xyz = 32

We obtainz = 32/xy, so S can be rewritten as

g +64+64
= xy —_ 4 —
y

X Two sides each have area xz
Two sides each have area yz
a_S — v — % Q =x — % The base has area xy. -
ox YT x2 dy y?
64 64
- F = 0, X — ? =0
64
Y=
64
(64/x2)°

x=0 andx =4 y =4
Ifx=y=4,z=2 soS =48

So the box using the last material has a height of 2 ft and a square base whose edges are 4 ft long.
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Lagrange Multipliers

Joseph Louis Lagrange (1736-1813) French—Italian mathematician and astronomer. Lagrange, the
son of a public official, was born in Turin, Italy. (Baptismal records list his name as Giuseppe
Lodovico Lagrangia.) Although his father wanted him to be a lawyer, Lagrange was attracted to
mathematics and astronomy after reading a memoir by the astronomer Halley. At age 16 he began to
study mathematics on his own and by age 19 was appointed to a professorship at the Royal Artillery
School in Turin. The following year Lagrange sent Euler solutions to some famous problems using
new methods that eventually blossomed into a branch of mathematics called calculus of variations.

Definition Three-Variable Extremum Problem with One Constraint
Maximize or minimize the function f(x. v. z) subject to the constraint g(x, y, z) = 0.

Definition 7y, Variable Extremum Problem with One Constraint
Maximize or minimize the function f(x. y) subject to the constraint g(x, y) = 0.

Let us assume that a constrained relative maximum or minimum occurs at the point (Xo, Yo), and for
simplicity let us further assume that the equation g(x, y) = 0 can be smoothly parametrized as
X = X(8), y=Y(s)
where s is an arc length parameter with reference point (xo, yo) at s = 0. Thus, the quantity
z = f(x(s), y(s))
has a relative maximum or minimum at s = 0, and this implies that dz/ds = 0 at that point.
From the chain rule, this equation can be expressed as

dz _ of dx afd_y_<6f. af.>_(dx- dy-):o

ds axds Tayds \ay' Tay))\as' T as)

It then follows that there is some scalar A such that

V f(xo, Yo) = AV g(Xo, Yo)

This scalar is called a Lagrange multiplier. Thus, the method of Lagrange multipliers for finding
constrained relative extrema is to look for points on the constraint curve g(x, y) = 0 at which Equation
above is satisfied for some scalar 1.

The notation V£ is read "grad f* as well as "gradient of f* and "del f*. The symbol V by itself is read
"del". Another notation for the gradient is grad f, read the way it is written.

Theorem (Constrained-Extremum Principle for Two Variables and One Constraint) Let f and g be
functions of two variables with continuous first partial derivatives on some open set containing the
constraint curve g(x, y) = 0, and assume that Vg # 0 at any point on this curve. If f has a constrained
relative extremum, then this extremum occurs at a point (Xo, Yo) on the constraint curve at which the
gradient vectors V f(xo, Yo) and V g(xo, Yo) are parallel; that is, there is some number 1 such that

Vi(x0,Y0) = AVg(x0,Y0)

39



Applied Mathematics - |

Example: At what point or points on the circle x?2 + y2 = 1does f(x,y) = xy have an absolute
maximum, and what is that maximum?

Solution: The circle x* + y? = 1 is a closed and bounded set and f(x, y) = xy is a continuous function, so
it follows from the Extreme-Value Theorem, that f has an absolute maximum and an absolute
minimum on the circle. To find these extrema, we will use Lagrange multipliers to find the constrained
relative extrema, and then we will evaluate f at those relative extrema to find the absolute extrema.

We want to maximize f(X, y) = xy subject to the constraint

gix,y) =x*+y*=1=0
First we will look for constrained relative extrema. For this purpose we will need the gradients

Vi=yi + xj and Vg= 2xi + 2yj

From the formula for Vg we see that Vg =0 ifand only if x =0 and y = 0, so Vg # 0 at any point on
the circle x* + y* = 1. Thus, at a constrained relative extremum we must have

Vi=AVg or yi+ xj = A2xi + 2yj))

Which is equivalent to the pair of equations y = 2xA and x=2yl

It follows from these equations that if x = 0, then y = 0, and if y = 0, then x = 0. In either case we have
x* +y? = 0, so the constraint equation x* + y* = 1 is not satisfied. Thus, we can assume that x and y are
nonzero, and we can rewrite the equations as

~c=035
= e

A==
2x
From which we obtain

y X
or y? = x?

and 1 ==
2y

ﬂZZy

Substituting this yields
2x2 -1 =0

From which we obtain x = F1/v/2. Each of these values, when substituted in Equation, produces y

values ofy = F1/v/2. Thus, constrained relative extrema occur at the points
1

(%%) , (% —%) , (— %%) ,and (—% — ﬁ). The values of xy at these points are as follows:

() (A/N2,1/2) | (A/N2,—-1/J2) | (=1/N2,1/2) | (-1/N2,-1/2)
Xy 1/2 -1/2 -1/2 1/2
Point Absolute Maximum | Absolute Minimum | Absolute Minimum | Absolute Maximum
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Example: Use the method of Lagrange multipliers to find the dimensions of a rectangle with perimeter
p and maximum area.

Solution: Let

X = length of the rectangle,

y = width of the rectangle,

A = area of the rectangle

We want to maximize A = xy on the line segment

2x + 2y = p, 0 <xy

that corresponds to the perimeter constraint. This segment is a closed and bounded set, and since
f(x,y) = xy is a continuous function, it follows from the Extreme-Value Theorem. That f has an
absolute maximum on this segment. This absolute maximum must also be a constrained relative
maximum since f is 0 at the endpoints of the segment and positive elsewhere on the segment.

If g(x, y) = 2x + 2y, then we have

Vi=yi+xj and Vg= 2i + 2j
Noting that V g # 0, it follows that
yvi + xj = A(21 + 2j)
at a constrained relative maximum. This is equivalent to the two equations

y =24 and x = 21
Eliminating 2 from these equations we obtain x = y, which shows that the rectangle is actually a
square. Using this condition and constraint, we obtain x = p/4, vy = p/4.

Theorem (Constrained-Extremum Principle for Three Variables and One Constraint) Let f and g be
functions of three variables with continuous first partial derivatives on some open set containing the
constraint surface g(x, y, z) = 0, and assume that Vg # 0 at any point on this surface. If f has a
constrained relative extremum, then this extremum occurs at a point (x,,v,,z,) on the constraint
surface at which the gradient vectors Vf(x,,¥,,2,) and Vg(x,,y,,z,) are parallel; that is, there is
some number A such that

vf (xo'YO'Zo) = AVg(x0,Y0,20)
Example: Find the points on the sphere x 2 + y2 + z? = 36 that are closest to and farthest from
the point (1, 2, 2).

Solution: To avoid radicals, we will find points on the sphere that minimize and maximize the square
of the distance to (1, 2, 2). Thus, we want to find the relative extrema of

foy.z) = (x — D> + (y — 2)* + (z — 2)°
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Subject to the constraint
x%?4+ y? + 22 = 36

If we let g(x,y,z) = x?2 + y2 + z%,thenVg = 2xi + 2yj + 2zk. Thus, Vg = 0 if and only if x
=y =12z=0. It follows that Vg # 0 at any point of the sphere, and hence the constrained relative
extrema must occur at points where

Vi(x,y,z) =4AVg(x,y,2)
That is,

2 — Di+ 2y — 2)j + 2(z — 2)k = A(2xi + 2yj + 2zk)
Which leads to the equations
2 — 1) = 2x1, 2y — 2) = 2y}, 2(z — 2) = 222

We may assume that X, y, and z are nonzero since x = 0 does not satisfy the first equation, y = 0 does
not satisfy the second, and z = 0 does not satisfy the third. Thus, we can rewrite
x—1 y—2 z — 2

= 1, — =1,
x y z

=2

The first two equations imply that

from which it follows that

Substituting, we obtain
9x%2 =36 or x = F2
Substituting these values in equation yields two points:

(2,4,4) and (—2,—4,—4)

Since f(2,4,4) = 9and f(—2,—4,—4) = 81, it follows that (2,4,4) is the point on the sphere
closest to (1, 2, 2), and (—2,—4,—4) is the point that is farthest.
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Example: Use Lagrange multipliers to determine the dimensions of a rectangular box, open at the top,
having a volume of 32 ft*, and requiring the least amount of material for its construction.

Solution: the problem is to minimize the surface area
S =xy + 2xz + 2yz
subject to the volume constraint
xyz = 32
Ifwelet f(x,y,z) = xy + 2xz + 2yzand g(x,y,z) = xyz, then
Vi= (y + 22)i + (x + 22)j + (2x + 2y)k and Vo= yzi + xzj + xyk

It follows thatV g = 0 at any point on the surface xyz = 32,since x,y,and z are all nonzero on this
surface. Thus, at a constrained relative extremum we must have Vf = AV g, that is,

(y + 22)i + (x + 22)j + (2x + 2y)k = A(yzi + xzj + xyk)
This condition yields the three equations
y + 2z = Ayz, x + 2z = Axz, 2x + 2y = Axy

Because X, y, and z are nonzero, these equations can be rewritten as

1 2 1 2 2 2
_+_=/11 _+_=/11 _+_=A
zZ 'y Z X y X
From the first two equations,
y =x
and from the first and third equations,
1
zZ = 2x

Substituting (y) and (z) in the volume constraint yields

12x3 = 32
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MULTIPLE INTEGRALS

Double Integrals

DEFINITION (Volume Under a Surface) If f is a function of two variables that is continuous and
nonnegative on a region R in the xy-plane, then the volume of the solid enclosed between the surface
z = f(x, y) and the region R is defined by

V= nl_igloo f (e yi)AAy = ff f(x,y)dA

k=1
T' z=f(x.y)

Height

' i vE)
|
y ¥

/-‘\\ /ﬂ_
V7 \,
oisisrsrs / J - Volume
- .1‘ . 7 fih vHAA

2 { -
Area AA; (x v Area AA, \ (= ¥)

The partial derivatives of a function f(x, y) are calculated by holding one of the variables fixed and
differentiating with respect to the other variable. Let us consider the reverse of this process, partial
integration. The symbols

b d
[ fenax  ana [ feonay

denote partial definite integrals; the first integral, called the partial definite integral with respect to X,
is evaluated by holding y fixed and integrating with respect to x, and the second integral, called the
partial definite integral with respect to v, is evaluated by holding x fixed and integrating with respect
to y. As the following example shows, the partial definite integral with respect to x is a function of y,
and the partial definite integral with respect to y is a function of x.

A partial definite integral with respect to x is a function of y and hence can be integrated with respect
to y; similarly, a partial definite integral with respect to y can be integrated with respect to x. This two-
stage integration process is called iterated (or repeated) integration. We introduce the following

notation:
d pb d pb 5
/ ] f(x,yv)dxdy = / f(x,yv)dx | dy
C a c a

b pd b d
f f flx,y)dydx = / f(x,v)dy| dx
a “ Ja [~
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Example
a:

f3 f4(40 —2xy) dydx = f3 U4(40 - 2xy)dyl dx = f3(40y — 2xy)]3-, dx

3 3
= j [(160 — 16x) — (80 — 4x)]dx = f (80 — 12x)dx = (80x — 6x2)]3 = 112

j: L3(4O —2xy)dxdy = f: U:(ALO — 2xy)dx

- j [(120 — 9y) — (40 — y)dy = f (80 — 8y)dy = (80y — 4y?)]4 = 112

Theorem (Fubini’s Theorem) Let R be the rectangle defined by the inequalities

as<x<b,c<y<d
If f(x, y) is continuous on this rectangle, then

f(x,y)dA = ' bf(x,y)dxdy= b df(x,y)dydx
[[rimu=| '

4
dy = j (40x — x2y)_, dy
2

Example Use a double integral to find the volume of the solid that is bounded above by the plane

z=4—x—y and below by the rectangle R = [0, 1] x [0, 2]
Solution:

[ —x—ydxdy or [} [(4—x—y)dydx

2

21 2 x 1

V=[ J,(4—x—y)dxdy = | [4x - - xy]x=0 dy =
2(7 7 2

Js (E_y)dy =Ly-215=5

H.w check this result by evaluating the second integrals

Example Evaluate the double integral

ffyzx dA
R

Over the rectangle R = {(x,y): -3 <x <2,0<y < 1)}

1 2 1 1 1
ff y2x dA = f f y2x dx dy = f [zy2x?])2__3dy = f
R 0 -3 0 2 0

45
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Properties of Double Integrals

// cf(x,y)dA =c / f(x,y¥)dA (c aconstant)
R R

f[lf(x v) + g(x, v)]dA = /[}(\ \)(11-{-//('(.\',\')11.4
/[ll(\ y) — glx, \)IdA—f/ flx, \)dzi—f[?(\ V) dA

It is evident intuitively that if f(x, y) is nonnegative on a region R, then subdividing R into
two regionsR; andR; has the effect of subdividing the solid between R and z = f(x, y)
into two solids, the sum of whose volumes is the volume of the entire solid.

This suggests the following result, which holds even if f has negative values:
f/ f(x.y)dA = /f filx,y)dA + // flx,y)dA
R Ry Rz

Double Integrals over Nonrectangular Regions

Iterated Integrals with Nonconstant Limits Of Integration

Later in this section we will see that double integrals over nonrectangular regions can often be
evaluated as iterated integrals of the following types:

b g21(x) b 220x)
/ / flx,y)dydx = [ [ / f(x,y) d_\'] dx
a gix) Ja Jgi(x)

f

ha(y) d ha(y)
/ f flx,y)dxdy = / [/ f(x.y) d.t] dy
hiiy) c hi(y)

Example: Evaluate

(a) fol f_x; y2x dy dx (b) fon/g focosyx siny dx dy

1yx

Solution: (a) fol f_x; y2x dy dx = f f y*x dyldx = [ T]y:_x dx

1
j‘x d_x8+x5 .13
3 *=\22%15 )0 = 120

0
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x=0

(b) fon/3 focosyx siny dx dy = fon/g[focosyx siny dx]dy = fon/gxz—zsin YISV dy =

3L 0Py = _ 1.8y =L
fo [Zcosysmy]dy— 6cosy]0 =

Double Integrals over Nonrectangular Regions

Definition

(a) A type I region is bounded on the left and right by vertical lines x = a and x = b and is bounded
below and above by continuous curves y = gi(x) and y = g2(x),

where g1(X) < g2(x) fora<x<b

(b) A type Il region is bounded below and above by horizontal linesy =c and y = d and is bounded on
the left and right by continuous curves x = hs(y) and x = hy(y) satisfying hi(y) < ha(y) forc <y <d

¥
|
|
|
l\\
=

Atype Tmaka A type Il region

(a) B

(a) If R is a type I region on which f(x.y) is continuous, then

b g2(x)
/ / f(x,y)dA = f / f(x,y)dvdx
a vgeix)

R

(b) If R is a type Il region on which f(x.y) is continuous, then

d ha(¥)
/f flx,v)dA = f / flx.y)dxdy
¢ Jhiy)

R

The integral in Example () is the double integral of the function f(x, y) = y*x over the type | region R
bounded on the left and right by the vertical lines x = 0 and x = 1 and bounded below and above by the
curves y = —x and y = X°.

The integral in Example (b) is the double integral of the function f(x, y) = x sin'y over the type Il region
R bounded below and above by the horizontal lines y = 0 and y = z/3 and bounded on the left and right
by the curves x =0 and x = cos y
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'h4§

Y-

Determining Limits of Integration: Type | Region

Step 1. Since x is held fixed for the first integration, we draw a vertical line through the region R at an
arbitrary fixed value x. This line crosses the boundary of R twice. The lower point of intersection is on
the curve y = g:(x) and the higher point is on the curve y = g»(x). These two intersections determine the
lower and upper y-limits of integration.

Step 2. Imagine moving the line drawn in Step 1 first to the left and then to the right. The leftmost
position where the line intersects the region R is x = a, and the rightmost position where the line
intersects the region R is x = b. This yields the limits for the x-integration.

Example: Evaluate
p Y
x=2 x=4 r
ff xy dA v v =
R ,///’,_/
/"V; _\' =X
over the region R enclosed between y = gx, y = +/x and /,/),// (4.2)
/,/'
Xx=2and x=4 / X
] =
A 2 X 4 =

2 x/2

4 Vx 4 S VE
_ I I 24
xydA = xydydx = > dx
R 2 y=x/2
4

2
_ (64 256) (8 16) _ 11
B 6 32/
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Determining Limits of Integration: Type Il Region

Step 1. Since y is held fixed for the first integration, we draw a horizontal line through the region R at
a fixed value y. This line crosses the boundary of R twice. The leftmost point of intersection is on the
curve x = hy(y) and the rightmost point is on the curve x = hy(y). These intersections determine the x-
limits of integration.

Step 2. Imagine moving the line drawn in Step 1 first down and then up. The lowest position where the
line intersects the region R is y = ¢, and the highest position where the line intersects the region Risy =
d. This yields the y-limits of integration.

Example: Evaluate

— 2 3 ‘ /
JJ(ZX Y )da y = —.r+¥"—//\' =x+1

Over the triangle region R enclosed between the lines
y=—-x+1y=x+1andy =3

A A

We view R as a type Il region. The region R and a horizontal line corresponding to a fixed y are shown
in Figure. This line meets the region R at its left-hand boundary x = 1 — y and its right-hand boundary x
=y — 1. These are the x-limits of integration.

Moving this line first down and then up yields the y-limits, y = 1 and y = 3. Thus,

3 y-1 3
ff(Zx —y?)dA = f f 2x—yHdxdy = f [x* = y*aiZy, dy
R 1 1-y 1
3
- f[(1 —2y+2y*—y*) — (1 -2y +y*)ldy
1

3

3

2 ak 68

= f(Zy2 —2y%)dy = Il—y—l =——
1

3 2 3
1
H.W Resolve above example as type | region A
N\ R R;[ /7
y=—x+1 N Vy=x+]1

Y -
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Example: Use a double integral to find the volume of the tetrahedron bounded by the coordinate
planes and the plane z = 4 — 4x — 2y.
Solution. The tetrahedron in question is bounded above by the plane
zZ =4 —4x — 2y
and below by the triangular region R shown in Figure. Thus, the volume is given by

V=ﬂ(4—4x—2y)dA

The region R is bounded by the x-axis, the y-axis, and the line y = 2 — 2x [set z = 0], so that treating R
as a type | region yields

V = ffR(4 — 4x — Zy) dA = fol fOZ—Zx(4 — 4x — Zy)dy dx =

1 1

4 |
j[4y —4yx —y*2 5 dx = f(4 — 8x + 4x?)dx = 3 4
0 0

z=4-4x-2y

(B8]

Example: Find the volume of the solid bounded by the cylinder x? + y2 = 4 and the planes
y+z=4andz = 0.

Solution. The solid shown in Figure is bounded above by the plane
z = 4 — y and below by the region R within the circle x* + y* = 4.

The volume is given by 1=4-y

V=ff(4—y)dA
R

Treating R as a type | region we obtain

R >
2 V4—x2 2 1 [4—xZ ""—' 3. 4
V= f f (4 —y)dy dx = f[4y——y2] dx
27 ly——va=x?

_2 - 4_x2 _2 V B .\1 — t..
) g

= f8wl4—x2dx=8(2n)=16rr -2 i

= \ ‘

12
[
]
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Reversing the Order of Integration

Sometimes the evaluation of an iterated integral can be simplified by reversing the order of integration.
The next example illustrates how this is done.

Example: Since there is no elementary antiderivative of e*’, the integral

2 1

f fexz dx dy

0 y/2

cannot be evaluated by performing the x-integration first. Evaluate this integral by expressing it as an
equivalent iterated integral with the order of integration reversed.

Solution: For the inside integration, y is fixed and x varies from the line x = y/2 to the line x = 1.
For the outside integration, y varies from 0 to 2, so the given iterated integral is equal to a double
integral over the triangular region R.

To reverse the order of integration, we treat R as a type | region, which enables us to write the given
integral as

47

Area Calculated as a Double Integral

We stated that the volume V of a right cylinder with cross-sectional area A and height h is

V=A-h
Now suppose that we are interested in finding the area A of a region R in the xy-plane. If we translate
the region R upward 1 unit, then the resulting solid will be a right cylinder that has cross-sectional area
A, base R, and the plane z = 1 as its top. Thus, it follows that

ff 1dA = (areaof R).1

Which we can rewrite as

areaofszfldAsz dA
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Example: Use a double integral to find the area of the region R enclosed between the parabola
y = %xz and the line y = 2x.

Solution: The region R may be treated equally well as type | or type II.

(a) Treating R as type | yields

4 2x 4

areaofR=f dA=f fdydx—f[y]zx dx
x/2 0 2
4
f [, %" 16
2x — x x—x—6 =3
: 0

(b) Treating R as type 1l yields

areaofR=.£ dA = ffdxdy J ]gdy

0 y/2

[(5-bho=iEe 2]

p ¥ B
4.5 (4. 8
g ) s /
l/"" “‘.
y=2// r=2y //
/ J i
|/’ y,l’
f /‘ Vi ~—
) At 0 I =42y
1 1 : 1 :
x 1 \" 1
(a) (b)
Hint
1,
y==Xx° y = 2X
2
1,
2x=§x - x=0 y=0, x=4 y=28
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Double Integrals in Polar Coordinates

Such integrals are important for two reasons: first, they arise naturally in many applications, and
second, many double integrals in rectangular coordinates can be evaluated more easily if they are
converted to polar coordinates.

Some double integrals are easier to evaluate if the region of integration is expressed in polar
coordinates. This is usually true if the region is bounded by a cardioid, a rose curve, a spiral, or, more
generally, by any curve whose equation is simpler in polar coordinates than in rectangular coordinates.
Recall from Figure shown that the polar coordinates of a point are related to the rectangular

coordinates by the equations YA
: (r.8) = Plx,
r?2 = x%+ y? X = rcos 9, y _ =1 sin® 8} =iy
A region R in a polar coordinate system that is enclosed between two . y
rays, 0 = o and 6 = 3, and two polar curves, r =r1(0) and r = r,(0). ”
\ 6
0 X X
0=p =g
\Y — \ e =Ly
ol \ 1 = ralf) & \\ r=ralt) A N r=rl)
\ \ \\\ // \\\\
Rr= r,m) R / R
‘. N — =« — =« —~B=a+2x
Ih, }c\z/\L \(? %
0 0 A
<
(a) (h) (c)

Definition A simple polar region in a polar coordinate system is a region that is enclosed between two
rays, 0 = o and € = £, and two continuous polar curves, r = ry(6) and r = rp(8), where the equations of
the rays and the polar curves satisfy the following conditions:

(Ya<p (i)p-a<2n (iii)) 0 < ry(8) < 12(0)

The volume problem in polar coordinates Given a function f(r, #) that is continuous and
nonnegative on a simple polar region R, find the volume of the solid that is enclosed between the
region R and the surface whose equation in cylindrical coordinates is z = f(r, 6)

p < 3
z=flr.0)

Height

FopE
Volume flrg %)
Flrd 05)AA]

= ¥

L —
= = \ 0=p8

R
. . .‘.,v.r‘ . x xf.\yea “_\.,-\‘
r=rf) X &2
2 (rgZ 0F)

b=«

r=r(@)

x =«
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Which is called the polar double integral of f(r, 6) over R. If f{r, 6) is continuous and nonnegative on
R, then the volume can be expressed as

n
V= ff £(r,0)dA = lim Zf(r,:,e,z)AAk
R " k=1
The volume V can be expressed as the iterated integral

V=ﬂf(r,@)dA=Lﬁf::)f(r,0)rdrd0

Determining Limits of Integration for a Polar Double Integral: Simple Polar Region

Step 1. Since 6 is held fixed for the first integration, draw a radial line from the origin through the
region R at a fixed angle #. This line crosses the boundary of R at most twice. The innermost point of
intersection is on the inner boundary curve r = r1(0) and the outermost point is on the outer boundary
curve r = rp(0). These intersections determine the r-limits of integration.

Step 2. Imagine rotating the radial line from Step 1 about the origin, thus sweeping out the region R.
The least angle at which the radial line intersects the region R is & = o and the greatest angle is 6 = .
This determines the 6-limits of integration.

=8 =8
I' \ ,/’“‘\\
\ N\,
\\
\Kr\zr:(f)l \\
o ™ b \‘\‘
'.l“\ . ‘r - fl(()) \\ " \\_\- \\ g
\ P cid = \ “\‘\ / -
\ D \
\‘. j --: / "" N -:: e o
o i
0 0
(a) (b)
Example: Evaluate
JI,sin6 dA
.3 r=2(1+cost)

il | —

Where R is the region in the first quadrant that is outside the £
circle r = 2 and inside the cardioid r = 2(1 + cos ). r=2y,

]

,'ﬂ:“'
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Solution:

2(1+4cos 0) 2(1+cos 9)
ffsdeA f f (sm@)rdrd@—f [Zr sm@]

/2 1 n
= 2]0 [(1+ cosB)?sinf — sinf] dO = 2[—§(1 + cos0)* + cos 0] ¢

_2[ 1 ( E)]_§
B 3 3/1 3
Example:

The sphere of radius a centered at the origin is expressed in rectangular coordinates as
x* +y? +7* = a?, and hence its equation in cylindrical coordinates is r? + z2 = a®. Use this equation and
a polar double integral to find the volume of the sphere.

Solution:

In cylindrical coordinates the upper hemisphere is given by the ] *

equation =Na -
z =a* —1r?

So the volume enclosed by the entire sphere is & R | = ,?.,—’

= fo a? — r2 dA ;
R
Where R is the circular region shown in figure. Thus,

= Z.I-f a?-r? dA 5 J " RS
L0
R ,
2w ra 1 T
=f f va? — r2(2r)dr do
o 5 a o 2 <E '__-._,"".
f [——(a - rz)f] dg = f §a3d9
r=0 0
[3 ] _”a3

Finding Areas Using Polar Double Integrals

areaofszfl dAzf dA
R R
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Example: Use a polar double integral to find the area enclosed by the three-petaled_rose r = sin 36.

Solution: The rose is sketched in Figure. We will calculate the area of the petal R in the first quadrant
and multiply by three.

A=3[,dA=3[["""rdrdo =

x
="
o 3
r=sm il
T ( e e

3 (3 . j ,
—j sin? 30 d6 = : \ | £ R

—T1T

sin 69]"/3 1
6 1, 4

/3 3
Zjo (1 —cos66)do =Z[0_

Example: Use polar coordinates to evaluate

1 ,V1-x2
J J (x? + y?)32dy dx
-1Jo

Solution: In this problem we are starting with an iterated integral in rectangular coordinates rather than
a double integral, so before we can make the conversion to polar coordinates we will have to identify
the region of integration. To do this, we observe that for fixed x the y-integration runs fromy =0 to
y =1 —x2,which tells us that the lower boundary of the region is the x-axis and the upper
boundary is a semicircle of radius 1 centered at the origin. From the x-integration we see that x varies
from —1 to 1, so we conclude that the region of integration is as shown in Figure. In polar coordinates,
this is the region swept out as r varies between 0 and 1 and 6 varies between 0 and w. Thus,

1 pV1-x2 3 3
f f (x2 + y?)2dy dx = ff(xz + y?)2dA
-1J0

R
T 1 TL'1 T
=f f(r3)rdrd9=f —df =—
o Jo 0 O 5

x=rcosf, y=rsinf, x*+y*=r y=yl-x2
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Example: Evaluate
ff (3x +4y?)dA
, Where R is the region in the upper half-pl:ne bounded by the circles x? + y? =1 and x? + y? = 4.
Solution The region R can be described as
R={(x,|y=0,1< x?2+y?<4}

It is the half-ring shown in Figure, and in polar coordinates it is given by 1<r <2,0<6 <.
Therefore,

T 2
j (Bx +4y?)dA = f f (37 cos 0 + 4r?sin?0)r dr d6
: 0o J1

y

= f:[r3cos 0 + r*sin?6]7Z2d6 _
x“+y=4

™ 15

=.[ [76056+7(1—c0529)]d9 R
0

i 150 15 15T 0] lay.a_y

=7 sin > 7 Sin 16 = > ,

Example: Use a double integral to find the area enclosed by one loop of the four leaved rose =
cos 26.

Solution: From the sketch of the curve in Figure, we see that a loop
is given by the region P
| //
'd
T T 2
R ={(r0) |_ZS0SZ'OerCOSZQ} “ L
W
N\
LN\
% cos 26 \\
Areaofsz dA:fnf r drdf Ng=—=%
R "2

1 (™4 1 1 /4
=— 1 40) dO = —[6 + —sin 46 =—
f—n/4( + cos 40) 4[ +4sm ]_n/4 8
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Centers of Gravity Using Multiple Integrals

Moments and Centers of Mass

An idealized flat object that is thin enough to be viewed as a two-dimensional plane region is called a
lamina. A lamina is called homogeneous if its composition is uniform throughout and
inhomogeneous otherwise. The density of a homogeneous lamina was defined to be its mass per unit
area. Thus, the density ¢ of a homogeneous lamina of mass M and area A is given by é = M/A.
The density at a point (X, y) can be specified by a function 3(x, y), called the density function,

Y=

The thickness of a

lamina is negligible. Area = AA _
Mass = AM

Mass of a lamina If a lamina with a continuous density function J(x, y) occupies a region R in the xy-
plane, then its total mass M is given by

M = hm Z S (xp, yi)AA, —J S(x,y)dA

Example: A triangular lamina with vertices (0, 0), (0, 1), and (1, 0) has density function
6(x,y) = xy. Find its total mass.

Solution: the mass M of the lamina is

M= [[,6(x,y)dA = [[ xydA

1 —x+1 1 1 -x+1 d
= xy dy dx = f [— xyz] dx :
fo fo o L2 y=0 (0, ln\

f[zx —x%+= x]dx— (unit of mass) R\

(0. 0) (1.0)
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The Center of Gravity of a lamina occupying a region R in the horizontal xy-plane is the point (x,¥)
such that the effect of gravity on the lamina is “equivalent” to that of a single force acting at(x,y). If
(x,¥) is in R, then the lamina will balance horizontally on a point of support placed at (x, y).

Suppose that a lamina with a continuous density function d(x, y) occupies a region R in a horizontal
xy-plane. Find the coordinates (x,y) of the center of gravity.

Center of Gravity (x,y) of a Lamina

JI x6(x,y)dA _ /I, ¥y 8(x,y)dA
J[,6(x,y)dA Y=l 8(x,y)dA

x =

Alternative Formulas for Center of Gravity (x,y) of a Lamina
M, 1 M, 1

i e R A o R
R R

My is called the first moment of the lamina about the y-axis
Mx is called the first moment of the lamina about the x-axis.

Example: Find the center of gravity of the triangular lamina with vertices (0, 0), (0, 1), and (1, 0) and
density function o(x, y) = xy.

Solution: The lamina is shown in previous Example, we found the mass of the lamina to be

M=ff6(x,y)dA=ffxydA=21—4
R R

The moment of the lamina about the y-axis is
1 —x+1
MyszxS(x,y)dAszxzydAzf f x%y dy dx
R R 0 YO0
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1 1 -x+1 1 1 1 1
= | |5x? 2] dx =f [—x4 —x3 +—x2] dx = —
fo [2 . . 12 2 60

The moment of the lamina about the x-axis is

1 —x+1
Mx=ﬂy6(x,y)dA=ﬁxy2dA=f f xy?dydx
: /: 0o Jo
1 1 -x+1 1 1 1 1
— 3 — 44 .3 2 —
= —xy] dx—f [——x +x°—x +—x]dx——
jo [3 y=0 0 3 3 60

M, 1/60 2 M, 1/60 2
*TMT124a" sy YT MT1/247 5

So the center of gravity is (E, g)

the center of gravity of a homogeneous lamina is called the centroid of the lamina or sometimes the
centroid of the region R. Because the density function ¢ is constant for a homogeneous lamina, the
factor 0 may be moved through the integral and canceled. The centroid (x,y) is a geometric property
of the region R and is given by the following formulas:

fffo;: area of R ff xdA

]
Il

y fffRyd‘f:lq area ofR J.fydA

Example: Find the centroid of the semicircular region in Figure.

Solution: By symmetry, x = 0 since the y-axis is obviously a line of balance.

y:areaofR ff ydA ff ydA
A
1 T ra s
=7 f f(rsin@)rdrd@— f [3r sm@] - .
inaZ 0 Jo T[a2 '// R \\l
[ | =
r
= 5a sin =— (g3 =—
%ﬂa2 3 0 %naz 3 3
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Example: Find the mass and center of mass of a triangular lamina with vertices (0,0), (1,0), and (0,2)
if the density functionis 6(x,y) =1+ 3x + y.

Solution: The triangle is shown in Figure. (Note that the equation of the upper boundary is

y = 2 — 2x) The mass of the lamina is Vi
0,2}
M=]J6(X,y)dA=f(1+3X+Y)dA v=2—2x¢
R R 3
2-2x y2]’~ 2-2x ,.--"(%wl_l,)
] ] (1+3x+y)dydx—f ly+3xy+2 dx . <
y=0 D
L x3] 8 . 1o *
=4j [1—x?%]dx =4 x—7|=3 (unit of mass)
0

1 3 1 2—-2x
f=—ﬂx6(x,y)dA=—jj (x +3x% + xy) dy dx
M 8Jy Jo
R

3 (1 v 3 (1 3[x2 x*]" 3
8,[0 lxy+3xy+x2y= dx Zj;(x x3)dx 513 3

1 3 1 2—-2x
_=—ffy6(x,y)dA=—ff (v + 3xy +y?)dy dx
M 8Jy Jo
R

32 2X 1
1
f —+3x—+— dxz—f (7 — 9x — 3x?% + 5x3)dx
3| 4),
y=0
1 2 1t 11
4[7"‘97"‘ +5ZO=E

The center of mass is at the point (3 %)
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Example: The density at any point on a semicircular lamina is proportional to the distance from the
center of the circle. Find the center of mass of the lamina.

Solution: Let’s place the lamina as the upper half of the circle x% + y? = a?. Then the distance from a
point (x,y) to the center of the circle (the origin) is \/x2 + y2. Therefore the density function is

§(x,y) = K /x? + y?

Where K is some constant. Both the density function and the shape of the lamina suggest that we

convert to polar coordinates. Then \/x2 + y2 = r and the region R is given by 0 <r < q,0 <4 < 7.
Thus the mass of the lamina is

M=ﬂ6(x,y)dA=ij\/mdA

T ra ™ a r3 Kma3
= f f (Kr)r dr do = Kj de r’dr =Kn—]§ =
o Jo 0 0 3 3

Both the lamina and the density function are symmetric with respect to the -axis, so the center of mass
must lie on the y-axis, that is x = 0. The y-coordinate is given by

y 1ﬂ 5, y)dA = — fnf in O(Kr)r dr do !
y—MR y8(x,y)dA = 13 i Orsm r)rdr u Al 5o
D 3
3 T a 3 7,.4‘1 <(0'2_‘1)
=— sin@d@f r3dr=—3[—c050]g[—l
ma® J, 0 ma 4], -
-d 0 a X
3 2a* 3a

“mad 4 2n

Therefore the center of mass is located at the point (0, :—z).
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