Introduction

Mechanics is the branch of physics concerned with the behavior of physical bodies
at rest or in motion when subjected to forces or displacements, and the subsequent
effects of the bodies on their environment. It can be divided to the following:

Rigid-Bedy Mechanics g~ Equilibrium of bodies
' Defmrable-ﬁudy Mechanics § Dynamn:s

Accelerated mitian

k Fluid Mechanics ] |

Statics is the study of bodies that are at rest or move with constant velocity. We can
consider statics as a special case of dynamics, in which the acceleration is zero

Fundamental Concepts:

Length: Length is the quantity used to describe the position of a point in space
relative to another point.

Time: Time is the interval between two events.

Mass: The amount of matter contained in a body. The mass of a body determines
both the action of gravity on the body, and the resistance to changes in motion. This
resistance to changes in motion is referred to as inertia,

Force: Force is the action of one body on another. Force may or may not be the
result of direct contact between bodies such as the gravitational, and
electromagnetic

Rigid Body: Rigid body - a body is considered rigid when the relative movements
between its parts are negligible.

Newton's 3 Fundamental Laws

1% Law - A particle remains at rest or continues to move in a straight line with a

constant speed if there is no unbalanced force acting on it {resultant force =
0).

™ | aw - The acceleration of a particle is proportional to the resultant force acting on it
and is in the direction of this force.
F=m.a where: ¥ force
m: Mass F  Reechion
a: Acceleration IS
39 Law - The forces of action and reaction between interacting L/ g'é@" R

bodies are equal in magnitude, opposite in direction,
and act along the same line of action (Collinear).

action
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Units:

Si Uus.
Mass M kilogram kg siug
Length L meter m feet ft
Force F Newton N pound Ib
Time T second s second sec

Mass vs. Weight:

The weight of a body is the force exerted on the body due to gravitational attraction
of the Earth.

W=mg

W is weight
m is mass
g is acceleration due to gravity = 9.81 mv/s” (Si units}
Also g = 32.2 fifs® (English units)

1 N = (1 kg) (1 mis?)
1 b= {1 slug) (1 ft’/sec? )

Weight is a force.

Example; The weight of 1 kg Mass is:
W=mg
W={1%kg)9.81 m/s?
W=981N

Unit conversion:

Ib = 4.4482N
asslsiug = 1lbs?/ft =145938 kg
1ft = 03048m
1 = 12in
imile = 5280ft
1kip = 10001b
1ton = 2,000'b

Scalars and Vectors
There are two types of quantities in physics Scalars and Vectors.

Scalars quantities has only magnitude such as length, area, volume, mass, density,
temperature, energy, ..etc

Vectors has magnitude + direction such as: dispiacement, direction velocity,
force,..etc
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Vectors: v

A vector quantity, V is drawn as in Figure 1.1, a /
line segment with an arrow head to indicate

direction. The length of the line segment -

indicates the vector magnitude, |V1 (printed as A/
¥9), using a convenient scale.

Figure 1.1: Vector drawing and
labeling conventions

A vector's direction may be described by an angle, given from a known origin and
line of reference, as in Figure 1.1.

/ ﬁ '“"“‘"“’“‘:j ’ ;
' v - L
v:l z -t - - -
- - v
- - a
¥, vl LY

B —— o

(a) (b} {©)

Figure 1.2: Paralleiogram law of combination

Using Vectors

Vectors obey the parallelogram law of combination

V=V, +V, V,+Vy=V,+V,

The vector sum is indicated by the addition sign between bold-faced vectors. This
should not be confused with the scalar sum of the two vectors, Vi + V2, Because of
the geometry of the parallelogram, clearly V£V +1;

Typically we use rectangufar components using Tand Yas coordinates.

Figure 1.4: Parallelogram law of combination

17
# = tan" ! X

Triangle law can be used in calculating vectors angles which is as folowing:
For a right triangle:

a*+ b? = ¢? : b

tan(o) = b/a, sin{(@) = b/c, cos(e) = alc
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For a general triangle:
a+B+y=180°

a _ b _ c
sin() sin(f)  sin(y)

Sine law:

Cosine law; ¢ = Jaz + 5 - 2abcos(y)

¥

Example: The force F has a magnitude of 800 N.
Express F as a vector in terms of the unit
vectors i and j. Identify the x and y scalar
components of F.

Solution:
{Fx = ~BOO 8jn FS°® = — 459 N

Fy = @00 cos 3IS®T = 55 N
F = —459i + 655§ ™
Unit Vector:

V=Ivin

N A :
Magnitude Dérection {dimensiontess)

7 = Umit vecterin drection of ¥

p ": 5 Vi o :/2_2
o il = = =F + =71
M MY

= FOSO{J +-¢0$D}J

]—!I = Co_§9£_= -tﬂ_iredh'on cosi'h."e.
cosax"-&corep2=r ‘

Taking V'as the vector magnitude, a vector may be described as its magnitude

multiplied by its unit vector. The value of Vdoes not change as a result, because the

unit vector indicates the proper direction and has a magnitude of one.

2
In order to describe a vector in 2 or 3 k% L

(orthogonal) dimensions, we use the P T

unit vectors, 1, 1. and k to indicate a A : v
vector's direction towards x, ¥, and 2, E \\ ;

respectively (as seen in Figure 1.5). Vil 8,

V=Vxi+twj+Vzk
Figure 1.5 .

1
I e vV Sy i e
BV 09 ‘ot -

¥ B :
A i
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Example:
For the vectors V; and V, shown in the figure,
(@) determine the magnitude § of thewr vector sum §= f’l + {72 \ = 4 units
{b) determine the angle a between S and the positive x-axis
€) write S as a vector in terms of ihe unit vectors i and j and then write a unit it
vector It along the vector sum 8 -
(d) determine the vector difference D= i’l_ - ﬂ

Solution:

{@) We construct to scale the parallelogram shown in Fig. a for adding V| and V..
Using the law of cosines, we have

52 =137 + 4% - 2(3H4) cos 105°

S = 5.58 units Ans.

(6) Using the law of sines for the lower triangle, we have

sin 105° _ sinf + 30°) V=3 units
5.59 4 {a}
snla + 30% = 0.692
g+ 30°) = 438° o =13.76° Ans.
{c) With knowledge of both S and g, we can write the vector S as =
S = Slicosa +  sin ad A

¥
= STi cos 13.76° + j sin 13.76°] = 5.43i + 1.328] units Ans. 3, /

Then E = § = M =091 + 0.238.]. Ans. 0 N P

{d) The vector difference D is Jj.:.(-t ,30{' P 14 ’j Vy
D=V, —V, = 4(i cos 45° + j sin 45°) — 3{i cos 30° — j sin 30°%
= 0.2301 + 4.33j units Ans.
The vector I} is shown in Fig. b as D= Vi+ (*'i;ﬂ.
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Force: is something which acts upon a body which is either a

push or a pull.

Force is completely characterized by its magnitude, direction,
and point of application, and therefore its vector.

Free-body diagrams

Force

A free body diagram is a sketch of the body and all the forces acting on it. They are
termed fee-body diagrams because each diagram considers only the forces acting

on the particular object considered.

Approach:

Samples of Free Body Diagrams:

Resolve force vectors in to appropriate components
isolate the body, remove all supports and connectors.
{dentify all EXTERNAL forces acting on the body.

Make a sketch of the body, showing all forces acting on it.

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS

Type of Contact and Foree Origin

Action on Body to Be Isclated

1. Flexible cable, belt,
chain, or rope

Waight of cable
negligible

Force exerted by
a flexible cahle iz

2. Rough surfaces

Rough surfaces are
capable of supporting
a tangential
compo-nent K
{frictional force’ as
well as a normal
component

N of the resultant

3. Roller support

Roller, rocker, or ball
suppoert transmits a
compressive force
normal to the
supporting surface.

4. Pin connection

B,

Pin fres to turn

S B S of supporting a force
; ;‘C/ in any direction in the
Fo plane normal to the
R, pin axis. We may

Pin not free to turn

A freely hinged pin
connection is capable

either show two
components 2, and
R, or a magnitude B
and dirvection 8. A pin
not free to turn also
supports a eouple M.

5. Bell crank == ,I‘:‘E___‘! A mg
SUpporting mass - Flexible LN
1 Wit in su t N SR AT | e .=
A P Ppor cable Ai f\m-,- A s
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Force analysis:

Resolution of forces into components

It is often to decompose a single force acting at some angle from the coordinate axes
into perpendicular forces called components. The component of a force parallel to the x-
axis is called the x-component, parallel to y-axis the y-component, and so on.

These forces, when acting together, have the same extemnal effect on a body as the
original force. They are known as compeonents. Finding the components of a force can

be viewed as the converse of finding a resultant.

Components of a Force in XY Plane:
Fy = Fros, = Fsinf,
Fy=Finy = Feasy

tanfy = =+
r=yvht +4
Fe = F{h/r)
F, = F(v/r)

Most forces on inclined surfaces, or inclined forces are resolved by solving

triangies. Another example of a force acting on an anchor is as follows:

Vertical force
A

50

Veﬁica[ force = 1 Gt lﬁ_,;isin(35l:|))
=.'41bs

Horizontal force = 1000 Ibs(cos(35%))
= §19 lbs

M. Sc. P. Eng. Khalid Ahmed { Engineering College
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Example:

The 500-N force F is applied to the vertical pole as shown. {11 Write F in
terms of the unit vectors i and j and identify hoth its vector and secalar compo-
nents, 121 Determine the scalar components of the force vector F along the
x'- and yaxes. 13+ Determine the scalar eomponents of F along the x- and y"axes,

Solution:

Part t1}, From Fig. a we may write F as

F = {F cos #1i — (F s 0]

= (500 cos 60°1 - (500 sin 60}

= {2501 ~ 4331 N Ans. N

i) id x

The scalar components are F, = 250 N and Fy = —433 N. The vector compo-
nents are Fy = 250i N and Fy = —433j N.

Part i2). From Fig. b we may write F as F = 5001’ N, so that the required
scalar components are

Fr=500N  Fy=0 Ans,

Part (3). The components of F in the x- and y"-directions are nonrectan-
gular and are obtained by completing the parallelogram as shown in Fig. ¢. The
magnitudes of the components may be calculated by the law of sines. Thus,

-

[F,] _ 500 : PR A

v : = = . = Y —Il-'-m-sa.:wsgu??.—-—x
gin 90°  sm 307 |5l = 1000 N P B 3057

Foo »7 7N\
i S5\
sin 60°  sin 30° Hyl 6N F=300N
1]
The required scalar components are then
Fe=1000N Fy, = 866N Ans.
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Components Forgce in 3D Space:

Many problems in mechanics require analysis in three dimensions,

and for such problems 1t 1s often necessary

to resolve a force into its

three mutually perpendicular components. The force F acting at point O
in Fig. 2716 has the rectangular components F., I, F,, where

F,=Fcosf, F=F +F*+F}
F,=F cos 8,
FZZFCOSHE F:in+ij+sz

Soecification by two angles which orfent the lire of action of the force.
1 g

Consider the geometry of the fig. We assume that the angles ¢
and & are known. First resolve F inta horizontal and vertical components.

Fi‘)" = Feos eh
Fa=Fsind

Then resolve the horizontal component ny

into x- and y-components.
Fy=F, cos@¢=Fcosgcost

F,=F,,sin8 = Fcos¢$sing

”
Specitication by two points on the fine of action of the force, “
£ auon oy F : # /{IBﬂ)'z?:
If the coordinates of points A and B of Fig the figure are known, { /Fa" | |
the force F may he written as | al
il i+ —yi 20 PTIR OS
~XlHyy ) T Ey 2 A ?
F = Fnp = FALB o L A
J(fz -ty -ty -4t PR
- / ! a4
Where: F; Vector PR S i
. ;/_ . ’ o T~ :){(j
F: The magnitude of the vector » e (%1%}
fh-n
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Resultant of force system:

The resultant is a representative force which has the same effect
on the body as the group of forces it replaces. One can
progressively resolve pairs or small groups of forces into
resultants. Then another resultant of the resultants can be found
and so on until all of the forces have been combined into one
force. Resultants can be determined both graphically and
algebraicaily.

Example:

Forces Fy and Fy act on the bracket as shown. Determine

the projection Fj of their resultant R onto the b-axis.

Solution:

The parallelogram addition of F, and F: 13 shown in the figure.
Uzing the law of cosines gives us

Ril

i

(8012 — (1002 — 208011100} cos 130° R =1634N

The figure also shows the orthogonal projection Fp of R onto the b-axis. Its
length is

Fp = 80 + 100 cos 50° = 144.3 N Ans.

Note that the components of a vector are in general not equal to the projec-
tions of the vector onto the same axes. If the ¢-axis had been perpendicular to
the b-axis, then the projections and components of R would have been equal.
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Example:

The tension in the supporting cable AB is 10 kN,
Write the force which the cable exert: on the boom
BC as a vector T. Determine the angles 4., 4,, and
fi. which the line of action of T forms with the posi-
tive x-, v-, and z-axes.

‘\"‘

",

4m

. T=10kN

o :_,,N:__,_‘_f.‘;?',‘::;-—
b T 8E ‘B
L.25m 7

Solution:

:l:

il

T_4gi4 7S ek
= ‘D‘ s ? S“i *,«Sk !

" (42 4 (75) 4 5%

= 10 (0.406( + 0.761j + O.S07k) ¥ ans
CoS ex = ~0.406 , Oy= 066.1° Ans.
CO% @\& = t0.%61 ) e\j = 139, 5° Amns,
Cos B, =-0,507 : O, = 59.5° Ans,
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e [ Moment, Coples and Equlibrium ]

Moment of a force:

The Moment of Force (F} about an axis through Point {0) or for short is the product of
the magnitude of the force and the perpendicular distance between point {0) and the

{ine of action of force (F)

M= Fd
The units of a Moment are:  N-m in the Si system
ft-bs or in-fbs in the US Custor
M: Magnitude of the moment of F around point O

d: Perpendicular distance from O to the line of action of F

Direction of the moment in 2-D:

The direction of the moment is given by the right hand
{CCW) is out of the page, Clockwise (CW) is into the page.

0 Q
N Y,
LY LY

Y F

CCW-out of the CW-into the page

Moving a force along its line of action:

rule; Counter Clockwise

Moving a force along its line of action, results in a new force system which is

equivalent to the original force system.

-

Line of action of force F’“}/’

’

Note: moving a force along its line of action does not change its moment

M = Fd = FrSin (&)
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Example:

Calculate the magnitude of the moment about the
base point O of the 600-N force in five different
ways.

Solution:

fI) The moment arm to the 600-N force is
d=4cos40°+2s5m40°=435m
By M = Fd the moment is clockwise and has the magnitude

M, = 600¢4.35) = 2610 N-m ' Ans.

fII) Replace the force by its rectangular components at A
F, = 600 cos40° = 460 N,  F, = 600 sin 40° = 386 N
the moment becomes

M, = 460(4) - 386(2) = 2610 N-m Ans.

Moment of a Couple:

A couple can be defined as two parallel
forces, having the same magnitude, opposite al
directions and separated by a perpendicular __gus
distance d

The monient of a conple is the product of the magnitude of one
of the forces and the perpendicular distance between their lines
of action. M = F x d. It has the units of kip-feet, pound-inches.
KN-meter, efc.
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Example:

During a steady right turn, a person exerts the forces
shown on the steering wheel. Note that each force
consists of a tangential component and a radially inward
component. Determine the moment exerted about the
steering column at O.

Solution:
$ N TaM=Fa = 3 (O.S'Ib Cos 30%)
BoA T ZboMim ov
1 \\
A {’j_ O35 g
g::"“- 36° ﬂ
4 4;/ ;
’ } 20°;
g N

Moving a force off its line of action:

if a force is moved off its line of action, a couple must be added to the force system
so that the new system generates the same moment as the old system.

C = ap=F

r
-

Example:

Replace the horizontal 400-N force acting
on the lever by an equivalent system
consisting of a force at O and a couple.

Vi
S ya,
v ' poe
/. // e L/
. ,":1'3/ SO o)
Solution: = 400 I 400 IN 400 N -
HO3 Noan
We apply two equal and opposite 400-N forces at (O and identify the
counterclockwise couple
(M = Fdl M = 40000200 sin 60" = 6.3 N-m Ans,

Thus, the original force is equivalent to the 400-N force at O and the 69.3-N-m
couple as shown in the third of the three equivalent figures.
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Example:

Determine and iocate t
I-beam.

he resultant R of the two forces and one couple acting on the

10 kN
e — - x 5-%1 4
E\”}
3m ‘t 3m . 3m
6 kN
Solution:
Fovce — Couﬁ?‘se :S\Q&tam at Pwiﬁ't 0
R= =¥ = (b-\o) = - 4 kN
¥ M= 6(2) —16(9) + 52 = - 20 KN'wm |
TETY BB oy
3 L x = Me 2.0
19 v - = —a
F—F’x'}‘if - R 4 |
f = 5 on bfam
4 M 4 KN - C )

Eguilibrium:

A bady is in equilibrium if the resultant of all the extemal forces and moments acting

on the body is zero.

250

. Balance Beam

250 /
d = . - d oz g
1 150 E1(30 Tso n ] 50 f 100 180

Weights .
Weight
/ Reds /

/

Balancing Fulcrum

>M=0

F_?/

F.
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o Equilibrium equations in component form:

In a rectanguiar coordinate system the equilibrium equations can be represented by
three scalar equations:

Y F =0
2. F =0
i > F,=0

Sumn of AH Moments (Mz) =0

{5um of All Moments (=10}

(Sum of Al Moments (Mx) =10)

Example:

Determine the magnitudes of the forces C and T, which, along with the other three
forces shown, act on the bridge-truss joint.

The given sketch constitutes the free-body diagram of the isolated
section of the joint in question and shows the five forces which are in equilibrium.

For the x-y axes as shown we have

[LF, =10] 8+ Tcos40°+ Csin20° - 16=90

0.766T + (0.342C =8 ta)
[Eﬂ.=0] Tsmd4(d® — Ccos 200 — 3 =0

0.643T — 0.940C = 3 (b}

Simultaneous solution of Eqs. {a) and (b} produces

T =9.09 kN C =3.03kN Ans.
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Introduction

Eriction is a force that resists the movement of two contacting surfaces
that slide relative to one another. This force aiways acts tangent to the
surface at the points of contact and is directed so as to oppose the

Friction

possible or existing motion between the surfaces. R\ R, Rs

There are two types of friction: dry friction and fluid friction. Fluid friction applies to lubricated

mechanisms.

The present discussion is limited to dry friction between non-lubricated surfaces.

Dry friction:

From experiment, its found that the frictional force:

i - is proportional to the normal force
« is independent of the area of contact
- depends on whether the object is stationary or sliding

Three regions of Static — Motion Friction: [mpending
pastion
my |
' ~ Static Kinetic
g Fo friction {riction
g......_a.._ p © (no metion: (motfon)
- i ~Fraw= s ¥ A o FrobuN
F B A v Tk
l . ///\ T
mg: weight of the block N % :

N: Reaction of the weight

} P: Small horizontal force applied to block. S S

‘ F: is a static-friction force

White applying the horizontal force P, the block to remains stationary, in equilibrium, which is
the stage of static friction:

F < Frax.

—

F<psN Where: s coefficient of static friction

But when P increases, the static-friction force F increases until it reaches a maximum value

Fmax.

F- = Fmax.

—

F=psN

Further increase in P causes the block to begin to move. Once the body starts to slip, then its

in the stage of has kinetic {dynamic or slipping) friction:

F=|JKN

In general the coefficient of kinetic friction is smaller <
than the coefficient of static friction, which explains uk "Ls
the initial difficulty of getting an object to slide.

Where M : coefficient of kinetic friction
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The Resultant of the friction and normal forces;

S
R= " N+F’

At the point of impending motion: R= ) N2+F2mm{

tan (I)SZ F/N = ].LSNfN =K,

¢s is the angle of static friction

Gravity forces in inclined surfaces :
Consider block of weight W resting on board with variable inclination angle ( 0 )

8 .
P = Wiin 8

* No friction * No motion * Motion impending * Motion

When the friction force reaches the max value, the friction force reaches the max vaiue then:
tan g, = p,

Some appropriate coefficient of friction:

}15 Hr
Steel on steel 0.74 0.5%
Almininm on steel 0.61 0.47
Copper on steel 0.53 0.36
Rubber on congrete L0 0.3
Wood on wood 0.25-0.5 0.2
Glass on glass 0.94 0.4
Ice onice 0.1 0.03
Teflon on Teflon 0.04 0.04
Synovial joints in humans 0.01 0.003
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Example:

_ Determine the maximum angle 8 which the adjustable incline may have with
the horizental before the block of mass m begins to slip. The coefﬁclent of static
friction between the block and the inclined surface is u,. -

y
v W=mg

Solution:

at the moment of slipping, frictionis F = gy N upward

E'ZF, = 0] N -mgcos?=0

| > E =0] pN-mgsind=0

f =tand or 6= tan'l,u,

— 0
when the friction force reaches max value,tan ;és = T

by equilibrium, R=Wand g =6 . F=tan"' g
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Example:

Determine the range of values which the mass mo may
have so that the 100 kg block shown in the figure will
neither start moving up the plane nor slip down the plane.
The coefficient of static friction for the contact surface is
0.30.

Solution:

Case |

bounded m, values > block start moving > F = ¢ N
[SF,=0] N-100gcos20=0, N=922 N

Case |: max m,, start moving up, friction downward
[z F = G] m g— 4 N-100gsin20=0, m_=62.4kg

Case [I: min m,, start moving down, friction upward
g_z F, = 03 m,g+ # N —-100gsin20=0, m_ =6.0 kg
S6.0<m £62.4Kkg and F<F__, =277 N up/downward
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Center of Mass {CM):

The center of mass is a point which locates the resultant
mass of a system of particles or body.

It can be within the object (like a human standing straight)
or outside the object like an object of an arc shape.

Center of Gravity:

Simitarly, the center of gravity (CG) is a point which locates
the resultant weight of a system of particles or body. The
sum of moments due to the individual particles weights
about center of gravity is equal to zero.

when CG extends beyond its support base

I
~3m ¥ I
|
: )
A. L g * e'.'l
I N G 3N~ B
. w,
Center of Mass and gravity of a System of Particl ég y
Consider a system af n particles as shown in the figure. The
net or the resultant weight is given as Wr= IW.
Summing the moments about the y-axis, we get: w, Wy
X WR =xyWi + W + ... + Xp Wn i *g i
y
where. X4 represents X coordinate of W, etc.. £ T x
W: weight of practical bz
WR: resultant weight (Total weight) x
Similarly, we can sum moments about the x- and z-axes to find the coordinates of G.
By replacing the ( W } with a { M) in these eguations, the coordinates of the center of
mass can be found as the following:
& 2 m;x,; - Zm iYi m; is the mass of each particle
Y =/ Y = T
M o M M: is the sum of the masses of all
¥ particles
m.2. - - =
Z = _Z:__.“L.L X; Yi Zp is the position of each
M particle with respect to the
origin
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Example:

corners of a square of side a. Locate the centre of mass. Y
Aon 3m
D c
A B
Solution: Lm 2m *
Take the axes as shown in figure. The coordinates of the four particles are as follows.
Particle Mass x-cootdinate y-coordinate
A m 0 0
B 2m a 0
c 3m a a
D 4m 0 a
Hence, the coardinates of the centre of mass of the four particle system are
¥ = mO+2ma+3ma+4m.0 _ a
B m+ 2m+ 3m+ 4m T2
v = mO+2m0+3ma+dma _ 7a
B m + 2m + 3m + 4m T 10
s 3%)
The centre of mass i1s at 710
2
Center of Mass and Gravity of an Object }
I
A rigid body can be considered as made up of an infinite ! > G
number of particles. Hence, using the same principles as | $dw NAw
in the previous section, we get the coordinates of G by | | RSN S
simply replacing the discrete summation sign { I ) by the I ] | ¥
continuous summation sign { {) and M by dm. I B }t —~ 7L
Lo ") CRD
_ j'xdW _ _[ydw Izdw RS ¥ y)
X=Fg——y ¥= 3 = Se— Y ot
Jow faw Jaw S
ta

With the substitution of W = mg and dW = g dm, the expressions for the coordinates
of the center of gravity become:

fxdm _ jydm
m ¥Y="m

Jzam

m

x= 7 =

The density p of a body is its mass per unit volume. Thus, the mass of a differential
element of volume dV becomes dm = p dV. We may then write these expressions

szdV deV L{dl’ Jza‘V

z-_—"—"'-*“_, :....._‘—{-— y: V z:T
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Example; Find the distance from the vertex of the right circular cone to the centroid
of its volume.

Solution:

~

f

[fDiiak - shaped element viewed, edge,—qonf}

M. Sc. Khalid Ahmed / Engineering College - University of Diyala



Centroid:

The centroid C is a point which defines the geometric
center of an object. The centroid coincides with the
center of mass or the center of gravity only if the
material of the body is homogenous (density or
specific weight is constant throughout the body). If an
object has an axis of symmetry, then the centroid of
object lies on that axis.

its location with respect 1o the origin { X y and z ) can be determined using the same
principles employed to determine the center of gravity of a body. In the case where the
material composing a body is uniform or homogeneous, the density or specific weight
will be constant throughout the body, i.e. When a body of density p has a smalt but
constant thickness t, we can model it as a surface area A. The mass of an element
becomes dm = p t dA. These values will be factored out from the integrals in finding the
center of mass and center of gravity and simpiifying the expressions, and in this specific
case, the centers of mass, gravity and geometry coincide.

Example:

Determine the distance from the base of a triangle of altitude /4 to the centroid
of its area. ¥

j —
-/

E ' \1 dy

|

[\ i
| /& f
/g
Solution:  The x-axis is taken to coincide with the base. A differential strip of
area dA = x dy is chosen. By similar triangles x/(h —~ y) = b/h.

45 = | . dAl

bh_ (" bh -y 2
TR

S 1

o
e e

s_k
¥=3

M. Sc.  Khalid Ahmed / Engineering College - University of Divala



Centroid of some common areas:

FIGURE CENTROID

Rectangular Area

Yo
{

]-t.w o)

——
*_;4£wp#xb

[ S SR —— x

.
Trigngular Avea “_x_ -y

)
PRI SN, |
Kol
M|
'
oft
>

Y
i
r/ ] }“.
dooh o
Circular Arc¢a | .CL____ — -
h'\-\kw- | _____f-.; /,r
y
T, ' — _ ar
Sem:ircular i/.‘\r d;_g,r' : ' y = Eye
ved N R __
SEERANE SR T

y
;
X =y =4
Quarter-Circular x
Avea
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Centroid of composite area:

We can break this figure up into a series of shapes and find the location of the local

centroid of each as shown in the foliowing;
y

deA-i- XdA + di

[dA+ Lda ¥ jdA
Ay Ay A3 S .
7 . |
o El — P
R ; e
26 =
1
] .
L 4 - x
gt e 3
¥ y
2
e | o 25H
il B NI g
“(Sannl
Example.
Locate the centroid of the T-section shown in the Fig.
i —
Solulion. Selecting the axis as shown in Fig. , we can T A j %
sav due to symmetry centroid lies on ¥ axis, ie. ¥ = 0. ¥ ! l_?‘ _
Now the given T-section may be divided into two rectan- l | r
gles A; and Ay each of size 100 x 20 and 20 x 100. The 16|
centroid of A, and A; are g,(0, 10} and £,(0, 70) respectively. i
. The distance of centroid from top is given by: . 100

10 x20x 10420 x 10070
' 100 x 20+ 20 x 100
= 40 mm

yv=

Hence, controid of T-section is on e synimetric axis at d
distance 40 mom from the dop. Ans.

-ﬂ:fl‘—

All dimensions in mm
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Example:
Cetermine the centroid of the area

Solution:

Rectangle [100  |{200)(280) |(100)[(200){280)]

Semi-circ’le-M -41—7((100)2 —M —1—}1'(100)2
3 2 Ar 12

(too(200)280 ] H1oo) | —z{100
- — I{Al +XIAJ _ 31: 2

A+4, {2&0)[280)—%::{1{}&]:

=122mm

M. Sc. Khalid Ahmed / Engineering College - University of Divala



Moment of Inertia:

I’y
The moment of inertia can be considered as a ¥

shape factor which indicated how the material is
distributed about the center of gravity of the cross-
section. Its also defined as the capacity of a
cross-section to resist bending. It is usually
guantified in m4 or kgm?2

So, the moment of inertia has a significant effect
on the structurai behavior of construction
elements. The formulas used for determining the

dA=c¢dx)dy)

moment of inertia are: O

2
1=y da ~ ,
" ¥ Id or by using calculus IX - J’y dA
[,=Lx d4 1 = an
| x2 Moment of inertia about x axis

| y2 Moment of inertia about y axis

The physical meaning of moment of inertia:

0.5

Area 1m? 1m2 12 1m?2
Moment of 0.02 m¢ 008m*  033m#é 0.55mé
Inertia

M. Sc. Khalid Ahmed f Engineering College - University of Diyala
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2.79m#*



Example:

» Moment of Inertia of a Rectangular Area.

V4 - dA= bdy

% L dy
ST
A2 Ly,

I'-h:\

- dA = (bi)d
p )ay

hJLI W *‘a‘y

% o

<
£

‘I — 1o — - dA = (hi2)dx
a2l | ] %
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Moment of inertia of some common areas:

AREA MOMENTS
FIGURE - OF INERTIA

Rectangular Area J = b
o

y
|
;'f

2

x

h

XY

o A L
€ iix LY

s 2 Ay
: N

— X ¥ bil . O ¥
I = 1z (0% +h%)

Triangulor Mrea

Circular Area | _ “ C,Js’

[
’Il

Semicireular
Aread

e I.Jn
Sl

)
p——
i RE |

i
» [®
“—1“
Y

TR

Quarter-Circular K= i1 senm
Arca
art
fe= %
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Moment of inertia of composite areas:

Maoment of inertia Break into simpler Add (or subtract)
of a complex area shapes, then compute m.o.i. of simple
moment of inertia of shapes

them {using the table)

b

b e
A T,

2
use eg, 4o Gmpute. T

Il

)
N

Parallel Axis Theorem:

if you know the moment of inertia about a centroidal axis of a figure, you can
caiculate the moment of inertia about any parallel axis to the centroidal axis using
a simple formula;

_ 2
I=1_+Ay
i 2 : moment of inertia around z axis, I - moment of inertia around z axis
4

A area of the figure

y : distance from the centroid to z axis along y axis

Example: find the moment of inertia using parallel axis theorem

3
hiz - br?
. Ao e = 12
/2 3

b

Ly =T, +.a0?

-5 h_,
=53 +(bh)<3—>
_bh* _bh?
12 4
_ bh?

e ="3

M. 5c. Khalid Ahmed / Engineering College - University of Diyala
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Example:
Compute the moment of inertia of the composite area shown.

100 mm

220

TR

25 mm| ' 75 mm
o]

"\ +
=1

75 mm
Y x

Solution:

100 mm

PSmm| %75111111

75 nun = (a’}.'}cir

"
bh* -
Ix = (T)Rect - (Ix + Adyl)ar

= {% (100)(150)° Tzt —{% 7(25) +(rx254)(15)% ],

=101x108 mm? <

M. Sc. Khalid Ahmed / Engineering College - University of Diyala
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- Strength of Material

Strength of a material is the ability of that material to withstand an applied stress without
failure. Different types of stress can be defined within this field like tensile stress,
compressive stresses beside shear stresses. In addition materials could be failed by another
types of failures like fatigue stress, thermal stress and/or creep failure. Hence, strength of
materials is a subject which deals with loads, deformations and the forces acting on the
material.

The main objective of the study of the mechanics of materials is to provide the engineer with
the means of analyzing and designing various machines and load bearing structures.

Definitions:

The main objective of the study of the mechanics of materials is to provide the engineer with
the means of analyzing and designing various machines and load bearing structures.

Stress: is the internal resistance by a unit area of the
material from which a member is made to an _
externally applied load. A0Gts 00 | 100hs”

When a force is applied to an elastic body, the body deforms.
The way in which the body deforms depends upon the typs of force applied to it.

Normal stress:

* normal stress is caused by internal forces that are
perpendicular o the area considered

* tension in a cable is perpendicular to the cross-sectional
area of the cable; this is normai tensile stress

« compression in a fruss member is perpendicular to the
cross-sectional area of the truss member: this is normal
compressive stress

A tensile force makes the body longer.
A compression foree makes the body shorter,

Area




Normal stress is determined using the following equation:

0 = Applied L.oad/Original Cross Section Area

o = P/A This has a unit of (Pa) or (N/m?).
Where g: stress (Called Sigma)

P: Applied load (Newton or pound force)
A: Area
The units of stress are the units of load divided by the units of area. In the Sl system the unit

of stress is "Pa" and in the U.S. system it is "Ps”. Pa and Psi are related to the basic units
through the following relations.

10° Pa =1 MPa
1 Psi=—-"o_
Examples:

Assuming a Force of 500 1bs acts on an area of 10 in” the stress will be equal to 500/10= 50 Ibs / irt’

Increasing the area to 20 mnches will decrease the stress to 500720 = 238 tbs 7 i,
If area is doubled the stress will be halved,

Conversion of MPa and N/mm?:

1MPa = 10°% pa
109 N
—)
10° N
(1{)3 mm)
10° N
105 mm?=2

2

1MPa = 1N/mm?



Example:
Two solid cylindtical rods AB and BC are welded together at B and
loaded as shown. Knowing that d; = 50 mm and d, = 30 mm, find average
normal stress at the midsection of (a) rod AB, (b} rod. BC.

a) rod AB: —

_ P @ Pa
A (;-;;2) 300 mm

_ __70*10°
Cm (25%107°3)
— 35.65* 108 Pa t
= 35.65 MPa |

b) red BC:
P 1 cl
E—é{% Pa

30 *103
7 (15 *1073)°

= 42.4%*%10% Pa

= 42.4 MPa

&

250 mm

(o

Shear stress:

When the material is subjected to a set of equal opposite forces, there is a tendency for
one layer of the material to slide over another to produce the form of failure, if this failure
is restricted then shear stress (1) is set up.

Shear stress is the stress tangent to a surface. If in the foliowing figure the shear stress T
(tau) that results in the shear load { F ) is uniformly distributed over the surface, then the
shear stress can be calculated by dividing the shear force by the area it is applied on.

F: Force
A: Shear Area




Shearing stresses are commonly found in:

1- Bolts, pins, and rivets.

Corresponding internal forces act in the plane of section C aEd are called fjhean'ng forces.

G

FORCE
when a pin carries a load,

F

Single Shear 7 = —

2- a material is punched: Force




Example:
A pin is used to attach & clevis to a rope. The force in the rope will be a
maximum of 60 kIN. The maximaun shear stress allowed in the pin 15 40 MPa.
Calculate the diameter of a suitable pin.

Solution:
The pinis in double shear so the shear sressis r = ;F:
A= F __ 680000 _ cox10°m?

2t Zx40x10°

2

A =750 mm’ =
j 4 x 750
d= ————
v =
Example:

A 3 mm thick aluminum sheet is cut with a 4 cm diameter round
punch. If the punch exerts a force of 8 kN, what is the shear
stress in the sheet?

=30.@nun

Solution:

The punch will create a round slug, where the cut edge is around
the circumference of the slug. Think of the cut edge as the wal! of
a cylinder with a height of 3 mm and a diameter of 4 cm. The &=
area equals the circumference of the circle times the thickness of
the sheet metal:

A=mdt
) ; ; i 3
-1:=£: P _ 6N 100 cm 10 mzlS.B-MPa
A mdt =-4om-3mm m l 1 '
Example:

Two A-36 stee] plates are joined with two splice plates and
zight 7/8 in. diameter A323 bolts. The plares are 6 in. wide and
1.5 in, thick: the splice plates are the same width. and 7/8 in.
thick. Bolt threads are excluded from the shear plane. Calculate P,
the foad that the bolfs.can support in order o resist shear “*+=E
faiture. Report the result in kips.

Solution From the Bolt Shear Strenpth table, A325 bolis with

threads excludad from the shear plane have a shear strength of 30 ksi. The problem P,
is symmetrical, 5o either the four bolts in the left plate will fail in shear first, or the -
four bolts in the right plate will fail first. Therefore, we can erase haif of the

diagram, and focus on four bolis, and N =4

The load is carried by two shear planes per bolt. so n=2.

T in gmein 12
<{0.875n.
shear planes 4 { )

bolt ' shear plane . in?

Pi=ndgt ;N=2 - 4bolts=144kips
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Stress thin Cylinder:

A pressure vessel is a container that holds a fluid (liquid or gas) under pressure, like,
propane tanks, and water supply pipes.

Cylinders can be divided to the thin and thick cylinder. Here we will study the stresses in the
thin cylinder {such as pressure vessels). In thin wall cylinders the wall thickness is less than
1710 of the radius of the container.

When a thin-walled cylinder is subjected to internal pressure, three mutually perpendicular
principal stresses will be set up in the cylinder.

a) Longitudinal stress Oy . ' ~ ° *\

b) Circuinferential or hoop stress Op. /;.f% f/\,,/*g‘ §
¥ 1 ) 1
¢j Radial stress O 4 \\\\ WJ&\/’) /
i B Y [ s F
e,. i ] Woo i Vi
2 i d ] j
15 * .
T ! ,i O :/
) o H }: k.f"'/’r
S g S R . Ij, . e
f St
N

Longitudinal (Axial) stress: is a normal stress parallel to the axis of ¢cylindrical symmetry:

if the pipe has a cap on the end, pressure would push the cap off the end. If the cap is
firmly attached to the pipe, then a stress develops along the length of the pipe to resist
pressure on the cap.

Imagine cutting the pipe and pressurized fluid transversely. The force exerted by the fluid
equals the force along the length of the pipe walls. Pressure acts on a circular area of fluid,
so the force exerted by the fluid is:




We can estimate the cross-sectional area of a thin-walled pipe pretty closely by multiplying
the wall thickness by the circumference, as shown in fig. a:

Fig. a

The stress along the length of the pipe is:

Where: O;. Longitudinal stress
P: is the internal pressure

R: is the internal radius = df2 , (where d: is the inside diameter of the cylinder)

t . it the wall thickness



Circumferential stress or hoop stress (OH):

S S
; E

i

Figure b

Imagine cutting a thin-walled pipe lengthwise through the pressurized fluid and the pipe wall:
the force exerted by the fluid must equal the force exerted by the pipe walls (sum of the
forces equals zero).

The stress in the walls of the pipe is equal to the fluid force divided by the cross-sectional
area of the pipe wall. This cross section of one wall is the thickness of the pipe, {, times its
length. Since there are two walls, the total cross-sectional area of the wall is 2f L . The stress
is around the circumference or the “hoop” direction,

Notice that the length cancels

where: gy : circumferential stress or hoop stress
d; . is the inside diameter of the pipe, and

L : is the length of the pipe
R . Radius of the pipe

Radial stress: a stress perpendicular to the symmetry axis,

The radial stress for thin vessels is so small in comparison with the hoop and longitudinal
stress that it can be neglected. This is cbviously an approximation since, in practice; it will
vary from zero at the outside surface to a value equal to the internal pressure at the inside
surface.



In Inch-pound-second system (IPS) units for Pare in pounds-force per square inch (psi).
Units for ( ¢}, and ( d ) are in inches (in). Sl units for P are in Pascals (Pa), while { and d =2r
are in meters {(m).

Example: A thin wall pressure vessel is shown in Diagram 3. It's cylindrical section has a

radius of 2 feet, and a wall thickness of the 1". The internal pressure is 500 Ibfin?.
Determine the longitudinal and hoop stresses in the cylindrical region.

Diagram 3

P = 500 /i<
i=1"

Solution:

We apply the relationships developed for stress in cylindrical:



Example:

A pipe carrying steam at 3.5 MPa has an outside diameter of 450 mm and a wall thickness of
10 mm. A gasket is inserted between the flange at one end of the pipe and a flat plate used
to cap the end. How many 40-mm-diameter bolts must be used to hold the cap on if the
allowable stress in the bolts is 80 MPa, of which 55 MPa is the initial stress? What
circumferential stress is developed in the pipe? Why is it necessary to tighten the bolt initially,

and what will happen if the steam pressure should cause the stress in the bolts to be twice
the value of the initial stress?

Solution:

i

F=gAi
= 3.5[47(2309]

=508 270.42 ¥

i}

{80 — 553[ 4. w(40%n = 508 270.42
1= 1619 sav 17 bolts

Circumferential stress  (consider 1-m suiph:
F= pﬂ = 35%43‘&{%%@3%

F=15305800N

2T=F

Hoa{( 103010y = 1 503 000
Discussion:

It is necessary to tighten the boits initially to press the
gasket to the fange, to avoid leakage of steam . If the
pressure will cause 110 MPa of stress to each bolt
causing it to fail, leakage will occur. If this is sudden,
the cap may blow.
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As we load the material, there will be a change in the length of the matenial.

Strain

Strain is the total change in length divided by the original length of the material under tensile or
compressive load.

Longitudinal strain is calculated using the following equation:

£ = Changing in length/Original length = ~-——--
Where €: Strain

Lo: Original length

AL: Change in lengthor ( &)

Unit of Length/Unit of Length] and therefore it is a dimensionless quantity.

Percentage Strain = AL/L,; x 100%

It is to be expected that the tensile stress and strain cause positive increase in length
(dimensions), whereas the compressive stress and strain translated to negative change or
decrease in dimensions.

Example:
A 6 inch long copper wire is stretched to a total length of 6.05 inches. What is the strain?

Solution:



Relationship between stress and strain:

To establish a relationship between stress and strain, we can perform tests on a given
specimen, one such test is the tensile test, where the specimen is loaded in tension in a
machine (Tensile Test Machine) and the stress and strain are recorded.

The graph looks like the one in figure bellow:

i
y, Fc, [d  Strain Hardening |
l Fu Ultimate
PIABHC [IMIE | s =™ 5 gty
Fy - Yleld Polnt | ..., ) T
Proportional limit |- /ﬁ““* - ™
/ Fracture -
/
Ao
/
/
O -
| nar
Elastic H.ang'e Plastic Range ”

Stress — Strain curve

The slope of the stress strain curve at the elastic stage is termed the Modulus of Elasticity, or

Young's Modulus, in which here is a linear relationship between stress and elongation of a bar
in tension.

. .o

Gag Therefore, 6=E. ¢ —> E—?

Where: E Modulus of Elasticity or Young's Modulus.

Substitute the definition of stress

and E: E — i

£ A

P PL —

Substitute the definition of strain, g=.é and, E= == = |0==
L A-g A6 '

PL

With variations in loading, cross-section or material properties, & =3 AIEI
i 4Ly

After the yield the material is in plastic region and if unloaded the material will not return to its
original length and will have what is called a permanent deformation or permanent set.




’——

Example:

What tensile stress is required to produce a strain of 8x10-5 in aluminum? Report the
answer in MPa.

Solution:

Example:

‘ AT0KN compresstve load is fied to a 5 cm diameter, 3 cm tall, steel cylinder. Calculate stress, strain, and deflection.



Example:

The aluminum rod ABC (E = 70 GPa), which consists of two

cylindrical portions AB and BC, is to be replaced with a cylindrical steel rod
DE (E = 200 GPa) of the same overall length. Determine the minimum re-
quired diameter d of the steel rod if its vertical deformation is not to exceed
the deformation of the aluminum rod under the same load and if the allowable

stress-in the steel rod is not to exceed 165 MPa.
i %8

300 mom ] 3

I EXM

38 man

B mm

A58

Soilution:



Example:

A metal wire ig 2.5 mm diameter and 2 m long. A force of 12 N is applied to it
and it stretches 0.3 ., Assume the material is elastic. Determine the following.

i. The stress in the wire G.
ii. The strain in the wire &.

Solution:

Example:
A Steel column is 3 m long and 0.4 m diameter. It carries a load of 30 MN. Given

that the modulus of elasticity is 200 GPa, calculate the compressive stress and
strain and determine how much the column is compressed.

Solution;



e

‘ Poisson's Ratio:

- Lateral strain I O~
‘ Longitudinal strain £, Ey

{ee)

\ The axial member shown in the figure, also has a
strain in the lateral direction. If the rod is in
tensicn, then stretching takes place in the
longitudinal direction while contraction takes place
in the lateral direction. The ratio of the magnitude
of the lateral strain to the magnitude of the
longitudinal strain is called Poisson's ratio v.

Example: In a standard tensile test, an aluminum rod of 20-mm diameter is

GPa, determine (a) the elongation of the rod in an 150-mm gage length, () the
change in diameter of the rod.

Solution:

20-mm diamoter
150 mm




Example:

A circular aluminum rod 10 mm in diameter is loaded with an axial force of
2 kN. What is the decrease in diameter of the rod? Take E = 70 GN/m’ and
v = 0.33,

Solution:

Composite Material of Equal length:

Reinforced columns, composite structure of equal length (example pipe inside a pipe)
these problems can be solved considering that the change length is same for all
materials in that structure.

Example; in reinforced concrete column, steel and concrete length change equally.

Change in length of concrete {8¢) = change in length of steel (Ds)
o0c =0s
It is same as equation below for equal length only

ocC gs

Ec Es

For unequal length it is

oc. Lc os . Ls

Ec Es



Example:

The 1.5-m concrete post is reinforced with six steel bars, each with

a 28-mm diameter. Knowing that £, = 200 GPa and E. = 25 GPa, determine
the normal stresses in the steel and in the concrete when a 1550-kN axial cen-
tric force P is applied to the post.

Solution:




Shear strain:

Consider a rectangular block loaded in shear. The block will distort as a parallelogram,
so the top edge moves an amount &. Divide the distortion by length L perpendicular to
the distortion, and you have the shear strain,

x, -

};:% Where Y : Shear strain
5: Deformation

L: Length
Like normal strain, shear strain is unitless

From trigonometry, we know that:

tan y:-ﬁ--

L

The amount of strain in the figure is exaggerated. For metals, concrete, wood, and most
polymers, angle ¥ is so small that tan (¥) = x (in radians )

Example:

A rectangular block of material with modulus of rigidity G = 90 ksi is bonded to two rigid
horizontal plates. The lower plate is fixed, while the upper plate is subjected to a
horizontal force P. Knowing that the upper plate moves through 0.04 in. under the action
of the force, determine a) the average shearing strain in the material, and b) the force P
exerted on the plate.




Example:

Two solid cylindrical rods are joined at B and loaded as shown.
Rod AB is made of ‘steel (E = 200 GPa), and rod BC of brass (E = 105 GPa).

Determine (a) the total deformation of the compostte rod
tion of point B.

Solution:

ABC, (b) the deflec-

.75 mm g ~—75 am

el Y

i0m . — 51 mm

P TERN



Key Equations

Normal stress in a tensile or compressive member is the load divided by the cross-sectional area; 0=~

Normat strain is the change in length parallel to the load divided by initial lengéh: s:‘%:%

Young's modulus is the ratio of stress over strain within the elastic zone of the stress-strain diagram: £ :-g-
The change in length of a fensile or compressive member is derived from the three previous equations: é'—‘E

Shear stress is the load divided by the area paralle] to the load: z:-%

Shear strain is the deformation parallel to the load divided by initial length perpendicular to the load: }'2'% .

Units review

British Metric 51
1. Force Ik kap. Ten g kg, N.kN
Tkip=100016 1kg=1000g 1kN=1000N
1ton=22401b Ton= 1000 ke Tke= 10N
2. Long m f ol Ciy:, frn m, ooy rum
1f=12m 1m=100cm 1m=10aom
lem=10mm 1cm=10mm
1 m=1000 mm 1 = =1000 mm
=254 cm Tm=23cm
3. Swess  psi, ksi Pa (—Y_). MPa, GPa
mm”
P kp
in® “im’
MPa = 10° Pa = 10° N x — 1
1000° 22
"
MPa= 2"
met”
GPa = 10° Pa=10° Njmm® x — > =101 o
1000° 2 1600
e &N

GPa = KN/mm’



