Thermal Stresses

Temperature changes cause the body to expand or contract. Mechanical stress induced
in a body when some or all of its parts are not free to expand or contract in response to
changes in temperature. In most continuous bodies, thermal expansion or contraction
cannot occur freely in all directions because of geometry, external constraints, or the
existence of temperature gradients, and so stresses are produced. Such stresses
caused by a temperature change are known as thermal stresses.

The amount O which gives the total thermal deflection
{deformation due to temperature changes) is given by:

Sr=al(TF-Ti =al AT

Where: 07 Deformation due to temperature changes

d: The coefficient of thermal expansion in m/m C°,

L: The length in meter,

T; and Ty : are the initial and final temperatures, respectively in °C.

Deformation due to equivalent axial stress;

Or=0p
P.L o.L
Op= - = memee-
A E E
o.L
a.L AT = o
E

Whichmeans: o=qg AT E

Op : Compression deformation

-GT

If the wall yields a distance of (x) as shown, the following calculations will be made:
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That means: O1= X + Op

Orthatt a.LAT=x+0L/E RN,

Where O represents the thermal stress

Keep in mind that as the temperature rises above the normal, the rod will be in
compression, and if the temperature drops below the normal, the rod is in tension.

Example

A S maluminum flagpole 1s installed at 20°C. Overnight, the temperature drops to -5°C. How much does the height
change, in milluneters? What is the final height of the flagpole, in meters?

for aluminum is ¢, . =23X 107%°C™" Next, caleulate the final length by adding the change in length to the original
length.

Solution First, calculate the change in length using 0=0 ZL{AT | . From the Appendix, the thermal expansion coefficient

Bx107 §1m{-5°C-20°C)| 10° mm
°C E i

Change in length =g L{AT)=

=-2 88 i . The negative sign indicates the
flagpole is getting shorter.

288mm| m

Final length L=L+§=5m-~ —=499Tm

}H}gmm
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Example:

A bronze bar 3 m long with a cross sectional area of 320 mm? is placed between two rigid
walls as shown in the figure at a temperature of -20°C, the gap A = 25 mm. Find the

| temperature at which the compressive stress in the bar will be 35 MPa. Use a = 18.0 x 10°°
| mi(m-°C) and E = 80 GPa.

Solution:

f I
aL(AT) = EE +25

o

35(3000)

(18 x 10)(3000)(AT) = 25
(18 x 107)G3000)AT) 80000

4=205mm

AT =70.6°C
T=706-120
T=50.6°C
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Definition of a Beam:

A beam is a structural member which carries loads (forces and/or coupies) that lie in a plane
containing the longitudinal of the bar and most often perpendicular to its longitudinal axis, but
they can be of any geometry.

Types of Beams

1- Cantilever beam: fixed or built-in at one end while it’s other end is free.
fixed el free end

2- Freely or simply supported beam: the ends of & beam are made to frecly rest on
SUppoOTLs.

) Ca
fixed support o free support

3- Built-in or fixed beam: the bea.m is fixed at both ends.

5- Overhanging beam: a beam which has part of the loaded beam extends outside the
supports.
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Types of Loads:
1- Concentrated load assumed to act at a point and immediately introduce an

oversimplification since all practical loading system must be applied over a finite
area.

concenirated loads

2~ Distributed load are assumed to act over part, or all, of the beam and in most cases
are assumed to be equally or uniformly distributed.

a- Uniformly distributed.

uniformly distributed load { W )

11
beam PN

b~ Uniformly varving load.

Reactions at supports of beams:

As the beam carry load, there will be reactions of forces at
the beam supports. The beam shown in the figure, there are

no applied horizontal forces, therefore the horizontal ? R
reaction force is zero. &

A cantilever beam is embedded in a wall: therefore the
beam has reaction force as well as a reaction moment.
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The weight of a beam is an example of a uniform distributed
load. The weight per unit length, w, typically has units of Ib./t.,
kips/ft., or kN/m.

So, if the beam is 10 feet long, then the total weight, W, of the beam is:

W=wL= 16; b 10f. 1,6201b.

Reactions for Simply-Supported Simple Beams:

You can calculate the reaction forces for a symmetrically-
loaded, simply-supported beam by dividing the total load
by 2 if the load at the midpoint of the beam, because each
end of the beam carries half the load. The reactions for the
beam with a point load are RA=RB=F/2.

Example:

Calculate the reaction forces RA and RB for a beam with a
30 kN load at the mid-span.

Solution;

Divide the total load by 2 to obtain the reaction forces,

R‘i:RB:-?-:E%‘——‘Eizlﬁkﬁ

A simply-supported beam with a uniform distributed load aiso has a symmetrical loading
pattern. Divide the total load on the beam by 2 to find the reaction forces.

430 b /11

Example:

Calculate the reaction forces RA and RB for a 10-ft.
beam with a 480 Ib.fft. uniformly distributed load. Report
the answer in kips.

Solution:
Multiply the uniform distributed load by the length to find the total load on the beam: W=w L

Divide the total load by 2 to obtain the reaction forces;

R _wL_ 480lb. 10 1| kip
ATTET S g fi. 2]10001b.

=2.4kips
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Note: For beams with nonsymmetrical loading, we need two equations from Statics: the sum
of the vertical forces equals zero, and the sum of the moments about a point equals
Zero.

You can pick a pivot point at either end of a simply supported beam.

A D M =0=-Pr+R,L

Now solve for the reaction force: R §=—

Use the sum of the forces in the verical direction to calculate the other reaction force.
Forces have magnitude and direction; pick upwards as positive, so:

v Y F,=0=R,—P+R;

Now solve for the reaction force R,=P-R 8

Example:
Calculate the reaction forces Ry and R: for this simply-supported beam.

Solution Redraw the diagram, marking the distances to all loads and reactions from point
A

The moment about point A is ¢ 3 M ,=0=—40kN-3m+ R, 10m

Rewrite the equation fo find the reaction force Rfﬂﬁ%;—_’—ﬁ:izkﬁ _

Use the sum of the forces in the vertical direction to calculate the other reachon force:
4 Y, F,=0=R,—40kN+12kN.
Rewrite the equation to find the reaction force R,=40kN-12kN=28kN .

You can check the answer by solving the sum of the moments about point B.

Note: Use the same technique for a simply-supported beam with multiple point loads.
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If a uniformly distributed load is not symmetrical, then we need to convert the distributed load
into a point load equivalent to the total load (W = w L1) where L7 is the length of the
distributed load. The equivalent point load is located at the centroid of the distributed

load...the center of the rectangle. Use the equivalent lcad diagram for calculating the
reaction forces.

Load diagram Equivalent load diagram

i the beam has a point load and a distributed load, draw an
equivalent load diagram with the applied point load and the
equivalent point foad. The moment about point A is

A IM, =0=-1501b.2.5ft.— 200M. 5&t.+ R, 10ft.

150 th, 200 b

Solve for the reaction force
Ro o 1501h. 2.58.+ 200D, 511
5=

=137.55.

10ft.
Sum of the forces IF, =0=R, ~1501b.—2001b.+137.31b.

Solve for R, =150ib.+2001b.-137.51b. = 212.51b,

Use the same approach for a non-uniformly distributed load. Again, the location of the
equivalent load is at the centroid of the distributed load. The centroid of a triangle is one third
of the distance from the wide end of the triangle, so the location of the equivalent load is one

third of the distance from the right end of this beam, or two thirds of the distance from the left
end.

Load diagram

Equivalent load diagram

===——=3 === 7
' L 4 A 203 _ 1.
& | — __..__.__ﬁ
R, F R, R, |2 = -1 R,

The load varies from O at the left end to w at the right end; therefore, the total load is the
average of these loads times the beam length:

G-i;ﬁ*}i:wL

i

e

¥
i
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A cantilever beam with a single support has a reaction force and a reaction moment.

The reaction force RB equals the sum of the
applied forces on the beam, so for the beam in 5 kips
the figure:

Rg =P =5kips.

L 7 f1,

The moment reaction equals the sum of the
moments about point B — the applied load times
its distance from the wall - so

MB = P - x = 5kips - 7ft. = 35 kip ft.
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Shear Diagrams

When there are forces on beams, the material resists these external loads by developing
internal loads.

imagine a simply-supported beam with a point lcad at the mid-span. Cut the beam to the left of
the point load, and draw a free-body diagram of the beam segment. In a free body diagram,
forces must balance. Therefore, a downward force at the cut edge balances the support
reaction RA. We call this shear force V. It is a shear force becatse the force acts parallel to a
surface (the cut edge of the beam).

The forces RA and V are in balance (equal in value; opposite In sign), but our segment wants
to spin clockwise about point A. To counteract this tendency to spin, a moment M develops
within the beam to prevent this rotation. The moment equals the shear force times its distance
from point A,

Cut the beam to the right of the point'ioad, and draw the free-body diagram. Since £ is larger
than RA, force V points upwards.

Shearing Force (S.F.)
Shearing force at the section is defined as the algebraic sum of the forces taken on one
side of the section.

+ve 8.F.

|
|
I ;
!
I
!

i.e. If the tendency of the section to the left of the cut is to move upward, the shear is positive;
if it has a tendency to move down, 1t is negative.

Bending Moment (B.M)
Bending moment is defined as the aigebraic sum of the moments of the forces about the

section, taken on either sides of the section.
+ve B L
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Example:
Caleulate the shear forces in this beam to the left and to the right of the 30 kN point load,

Selution The [oading is symmetrical, so R,= 33:4122:3—%1@: 15KN.

Use the sum of the forces to find 7.

Between support A and point load P, 1+ 3 F ,=0=R V.
Solving for shear load, ¥V =-R,=~15kN.

Between point load P and support B, T+ z F=0=R,-P+V,.
Solving for shear load, ¥,=—R +P=-15KN+30kN=15kN

We can sketch V as a function of location along the beam using a Shear Diagram. Draw
vertical construction lines below the load diagram wherever the applied loads and
reactions occur. Draw a horizontal construction line, indicating zero shear load. Next, draw
the value of V aiong the length of the beam, as follows:

Step 1 Starting at the left side of the shear diagram, go up

15 kN, because RA is 15 kN upwards. WT ,
£ [ Step 1
Step 2 There are no additional loads on the beam until TN —al .
you get to the midspan, so the shear value v Step 2
remains at 15 kN.
Step 3 The applied load at the midspan is 30 kN :E“ 7
downwards, therefore the shear load is: ¥ 4 Srp 3
RES:
15 kN ~30kN=-15kN . S3EN
¥ Step &

Step 4 There are no additional loads on the beam until you

————l% Bt 4
get to point .
B, so the shear value remains at -15 kN. L
v Stap 5
Step 5 At point B, the reaction force RB = 15 kN upwards, (i
therefore the shear load is __ Fisiched
EER she
~15kN+15kN=0. R E}.E;m

If you don't get to 0, you know you made a mistake someplace.

Finish the shear diagram by shading the areas between your line and the horizontal zero shear
line. Mark all significant points (anywhere the shear line changes direction). In the next chapter,
we will use the maximum absolute value of shear load, |Vimax , to calculate the maximum
shear stress in the beam.
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A point load at the midspan of a simply-supported beam produces identical reaction forces and
a symmetric shear diagram with two rectangles. If the point joad is not at the midspan, use sum
of the moments an sum of the forces to calculate the reaction forces. Draw vertical construction
lines below the applied loads and reaction forces, draw a horizantal line at zero shear, then
draw the shear value along the length of the beam.

With a shear diagram, we can identify the location and size of the largest shear load in a beam.
Therefore, we know the location of the largest shear stress, and we can calculate the value of
this stress. Once we know the actual stress in the material, we ¢an compare this values with
the shear strength of the material, and we can know whether the beam will fail in shear. Shear
diagrams are necessary for drawing bending moment diagrams (“moment diagrams®, for short),
which we can use to identify the location and size of bending stresses that develop within
beams. We can compare the actual bending stresses with the yield strength of the material, and
we can know whether the beam will fail in bending.

A uniformly distributed load is like an infinite number of small point loads along the length of the

beam, so the shear diagram is like a stepped multiple point load shear diagram with infinitely
small steps.
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Bending Moment Diagrams

The amount of a moment of force acting perpendicular to a beam about a point along the
beam is the multiplication of this force by the distance from that point to the force, so the
units are force x distance: Ib.-ft. or N-m, We can graph the value of the bending moment
along a beam by drawing a moment diagram.

To draw a moment diagram, sketch the value of the moment produced by the shear force V
times the distance from the left end of the beam. At the first meter,

Moment = Force x distance,

=} x X TN
A3 | o Shear
=15 kN, so moment A is: ] s dimgram
sMoment at
M;=15kN % Im= 15 kNm af Lo | jf;@f at
a ol
At2m M, =15KN x2m=30KN M v | 1 &:I?Etgi
M, |
MMuoment a
At3m M;=15KN x3m=45KN N ,g-:?i?m
Y
At4m, M ;=15 KN x 4 m=60KN a1 / -
AtSm M;=15KN x5m -30% Im=45KN 4 ,ff"/ iij}:?;?ﬁ
T
g BF et AT
At6m Ms=ISKN x6m -30%2m=30KN 4 ’F,_// ol Eviil;:i;fﬁ
A7 m M, =15KN x7m -30x3m=ISKN 4 L—"" T Bhicanaie
Rlowment a1
A x=8m
Mmax = 15 kN x 4m = 60kN-m Faunshed moanent
" Hagram with ma
M faboied
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Example:,
Find the reactions at A & C, draw the shear force and bending moment

diagram for the beam for simply supported beam + concentrated force as
shown in the following figure:

Solution:

1. support reactions: Rs = R =
2. FBDs for regions AB and 8C
3. Equilibrium:

P
2

for AB segment:

| P
Y E=0i1—s| V= -

S M=o —sj{AM=

b |

for BC segment:

Eﬁzﬁfﬁﬁ%?{ﬁmg}—gx:ﬁ
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shear force diagram

L4
i

{V-diagram)

bending-moment diagram
{M-diagram)

shear and moment diagrams

If the point load is not at the midspan, then the maximum
moment will also be offset. In this example, the maximum

moment is the area of the shear diagram up to the point L Lj , L-} 4
load: ° P P £ e s
x.»l
M= RA - L1 v
M

M. Sc. Khalid Ahmed / Engineering College - University of Diyala
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The reactions, shear force and bending moment diagram for beam for simply

supported beam + the distributed load

g (q:isthe

weight / unit volume)
L

AETT= AR ENE
Ry=Rg= 4= =
SR
# ” L
q R,

. L
—_— V:  — — X
q(}_ x)

EM:ﬁi—(i—L)xﬂqx) (g) +M=o

, 2

— M= L)
2

Observation:

dM L -owl?
— =0 xm:—.i Mmgzw = —
R g

Check V1, = o. This is nota coincidence!

g{x): const

V{x): linear

i M(x): parabolic

&3

shear and moment diagrams
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Example: The reactions, shear force and bending moment diagram for cantilever
beam

Use Por'l’fow 4o the Ngl«i‘ of Helsea-}-:'ow as the
prgg bﬁp‘n:{.

N M T M lw(bx‘t

i @ L JFI“_ o —18
—wl
N L~ % — V .l;l'f-.-j
Z

—_ s C4

¢ LI-—X ReP}q,ce disteiboted foa

Lon cemeal joad.
fEF =0 V- w(l-%Y= 0

0/ i Ve owll-x) -
14‘--""21;“ DZMJ"D -M - W(L-x)(%i) = o

M= - E(-x)" -

LT

Ly &4 Q;'va ﬂen’f

L-a,r‘seSJ' ﬂeﬁm‘}';ve b&h&“ﬂﬁ mamen.‘f‘ pecur's

al x= 0. X
Mm{n =T -..V.iz—— -

. EN
TJ’)US) IM\hﬂ = %Lq =i
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cantilever beam supporting a uniformly distributed load.:

Draw the shear and bending-moment diagrams for
a cantilever beam AB of span L supporting a
uniformly distributed lcad.

We cut the beam at a point C between A and B
and draw the free-body diagram of AC (Fig. a),
directing V and M as indicated in Fig. a.

Denoting by x the distance from A to C and
replacing the distributed lcad over AC by its
resultant wx applied at the midpoint of AC, we
write:

+13F, = 0: ~wx-V¥=0 V=-wux {ar}

.
+ZM. =0 w.:(%} +M=0 M=-Jur '

E=3

We note that the shear diagram is represented by
an oblique straight line (Fig. b) and the bending-
moment diagram by a parabola (Fig. ¢). The
maximum values of V and M both occur at B,
where we have:

Vp=—wl Mp= —zwl’ M

{r] é‘jljgg* ‘g‘l{fﬁ“
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Bending & Shear Stresses on Beams

Beams are aimost always designed on the basis of bending stress and, to a lesser degree,
shear siress. Each of these stresses will be discussed in detail as follows.

A) Bending Stresses:

Bending stress is distributed through a beam as seen in the diagrams below:

Rx

.F —_
—— © T Tmax
\ 9

+Fy =40

max

T

So, in reality, bending stresses are tensile or compressive stresses in the beam. A simply-
supported beam always has tensile stresses at the bottom of the beam and compressive
stresses at the top of the beam.

A bending stress is NOT considered to be a simple stress. In other words, it is not load divided

by area.
My. V
The formula for bending stress, Op, is:.  0p = -

I

The maximum bending stress is at the maximum bending distance (¥ max ), which is as the
following:

Where: Mp: moment acting on beam from moment diagram (kip-in or 1b-in)

T b max.: Maximum bending stress

Ymax- . Distance from neutral axis to extreme edge of member to the outer edge (in)

I Moment of inertia about the axis (in4),
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For the standard cross section areas the maximum bending stress will be:
A A

Where: C (which is equal to ¥max.) the distance from neutral axis to extreme edge of member

{in).

. S
Recalling that, &= v
4 M, M,

So, the bending stress formula could be re-written as: O, =-— , and for designing: § =
\ A

Where S: is the section modulus about the axis (ins). Its describing the cross section of the

beam, which is used in listing beams in handbooks for beam design and selecting according to
the bending moments.

M. C f

C
Obmax. =——— | ¢ E ]
C

bottom

For rectangle cross section beam:

G _ PL(h/2)
b f??ﬁ"l'. - f
bk’
Where: —
ere I 12

So, the maximum bending stress due to bending for rectangle cross section is then:

o b max = 5,...}3:{:...
MIgX, { b ﬁ_z}
Example;
A 100 mm % 150 mm wooden cantilever beam is 2 m long. It is Ioaded ar its tip
with a 4-kN load. Find the maximum bending stress in the beam shown in the figure
The maximum bending moment occurs at the wall and Is M, = 8 KN em,

'

4 4 kN ¥

-

—x 2z 150 mm

=
-

Tm?
3 |

Solution
_ bh _100050)°

/ = c= 28 1% 10% mm*?
12 12
. RN L S
o, =M - @NemTSmm) _ ) 5y p,
Sl f 2R Ix 1" mm

M. Sc. Khalid Ahmed / Engineering College - University of Diyala Stresses - Beams 2



Example: w = 140 Ib/ft, (includes beam weight)

Given a beam with section modufus 21.39 ih3 simply-
supported beam with (oading as shown in the figure,
the aliowable bending stress is 1200 psi.

1w .!

REQUIRED:
a) Determine the maximum moment on the beam.
b) Determine the maximum bending stress on the beam

¢} Determine if the beam is acceptable based upon allowable bending stress.

Solution:

The maximum bending moment Mmax. on a simply-supported, uniformiy loaded beam is:

M
%=

i yur g
5, ~ 2LI7SI0-0(12")

21.3?:?1'

Since the actual bending stress a? 1‘%3? 9 PSi is ess than the allowable
bending stress of 1200 PSI, THE W “CEPT. !
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B) Shear Stress:

When a beam is subjected to non-uniform bending, both bending moments, M, and shear
forces, V, act on the cross section.

There are two types of stresses vertical and horizontal shear stresses. Vertical stress
causes a simple beam to shear (break).

It is easy to imagine the vertical shear on a beam like that was made up of concrete blocks:
concrete blocks: I

Load

vartical shear stresses

This type of shear occurs if there are no bending stresses present, which is a seldom case.
To calculate the vertical shear stresses (Tv) we divide the shear force, V (Kip) by the Area of
cross section; A (inz).

| v
T‘V:;

However, aimost all real beams have bending stresses present. In this case, beams are more

like a deck of cards and bending produces sliding along the horizontal planes at the interfaces
of the cards as shown below:

horizontal shear stresses

This type of shear is cailed “longitudinal” or horizontal shear. If the shear stress tis assumed to
be uniform over the thickness b then the formula used for determining the maximum horizontal

shear stress (Ty max.} is:

M. Sc. Khalid Ahmed / Engineering College - University of Diyala Stresses - Beams
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Where:

V = vertical shear force, usually from shear diagram (ib. or kip)
Q = first moment of the sectionarea=A .y
A = area of shape above or below the neutral axis (inz)

shear

y = distance from neutral axis to centroid of area “A” {in) plane

I = moment of inertia of shape (in4)
b = width of section, i.e. width of area “A” (in})

For the rectangular section the maximum shear stress is obtained as foliows:

bh\( h bh’
e-(5 3%

T, =3Y
3 h Fman ~ 2A
bh
I = — =bh
12 e
RN
r 3
e 04

In the same way we can find the maximum horizontal shear stress in beams Ty max, for circular
cross section area, and the formula is:
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Example:

Consider the simply supported beam loaded by a concentrated force shown in the Fig,
The cross-section is rectangular with height 100mm and width 50mm . The reactions at
the supports are SkN and 15kN. To the left of the load, one has ¥ = 5kN .

To the right of the load, one has ¥V = ~15kN

The maximum shear stress will occur along the neutral axis and will clearly occur where
V is largest, so anywhere to the right of the load:

1.5m 20kNl 0.5m

<
e

-
T

A4

S
P

I Wax  _ 3x15000 ~  45MPa
max 2A 5 x 100 50
1000 1000

Example:

Given a 1.5 x 9.25 cross sectional wood beam with W = 140 Ib/ft simply distributed beam as
shown be!ow Given the allowable horizontal shear stress is 95 psi. Assume Moment of inertia,
I=9893i |n )

1) What is the maximum horizontal shear stress on the beam?

(A) 80.4 Ib/in2
(B} 83.2 Ib/in2
(C) 88.5 Ib/in2
(D) 78.6 Ib/in2

2} Determine if the beam is acceptable based upon allowable horizontal shear stress.

w = 140 To/ft. (includes beam mtght}

VL
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Solution:
(1)

Step 1: Draw the shear diagram and calculate the Maximum shear.

w =140 Ib/ft. (includes b‘aa weight)

End reaction = 14({140 PLFY11Y)
= ¥70 ths.

“FTT0 ibs,

F = 0.5 {140 LB/FT) (11FT) = 770 lbs

Step 2: . Area "A’ shown
1 shaded
i
N LEE N NE PR N e
X1 - i
< Iy = 231"
-&..-. ........... - NA
i
™
©
4

e

" a

4

Beam X-Section
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And substituting in the values as flowing:

V = 770 Ibs. (from shear diagram)

Q= Ay
where: A = (4.625")}(1.5")
= 6.94 in?
y = ¥5(4.625")
‘ =2.31"
‘ Q = (6.94 in22(2.31")
=16.03 in

3
I =98.93in* (from textbook appendix, or calculate 7 = % )

oo (T7015)16.03in°)  _ ga 5 p

y (98.93in*)(1.5")

Answeris B

O ©

Since shear stress Ty max = 83 psi is less than Ty aliowable = 95 psi then the beam is
acceptable.
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Deformation in Beams

Radius of Curvature Method

A weightless beam with no loads has a horizontal shape. If we add a load, the beam deflects,
and the elastic curve bows downward with a radius of curvature, labeled R on the diagram,

Beam with no load * P Loaded beam

Elastic
curve

The relationship between bending moment and curvature for pure bending remains valid for
general transverse loadings, which is:

R

:2 o (7-1)

Ed

This equation helps us calculate the radius of curvature at a given point along the length of a
beam.

Where: R: is the radius of the curvature

C: The maximum distance from the natural axes to the beam edge of the cross section
area

M: Bending moment
E: Young Modulus

I: Moment of inertia about the natural axis

0: Deformation
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Exampie:

| A 2 m long titanium beam is made of 1 ¢m square bar. Two 50 N point loads lie 0.25 meters
| from each end. What is the radius of curvature of the beam between the two point loads?
Report the answer in meters.

Solution:

Draw the elastic curve, shear diagram, and moment diagram.

The loading is symmetrical, so the reaction forces RA = R8 =50 N.

The value of the moment diagram between the point loads equals the area of the left-hand
rectangle in the shear diagram:

M, =50*0.25=125N.m
bh' b
12 12

The radius of curvature of the beam between the two point loads is:

The moment of inertia of a square: =

£l _ £
M 12M

114GPa(lem)! }OgNj m”
12 - 12.5 N'm |GPa m?|(100cm)*

=76m
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Exampie:

A 2 m long titanium beam is made of 1 cm square bar. Two 50 N point loads lie at the ends, and
the supports lie 0.25 meters from each end. What is the maximum defiection at the mid-span?
Report the answer in cm.

Solution

This problem is like the previous example, but flipped upside down.

Draw the slastic curve with its radius of curvature and the center of curvature {cross at the
bottom of the figure).

0.75m
50N J' 50N

Elastic
curve

} S0N 50N

V V_zg Vj-: SO N
V=0
V=-50N ;
M

M=125 Nm
The distance from the center of curvature to the beam is R;
The beam deflects a distance (Amayx) at the mid-span:

And the distance from the center of curvature to the undeflected beam is (R= Amax)-

The base of the shaded triangle is half the distance between the supports, 0.75 m. Use the
Pythagorean Theorem to find the height of the triangle,

R-A_=vR-{0.75m)*=4(76 m ) —[0.75 ml'= 7562 m

Deflection at the mid-span:

A, =R—(R—A

mMax . max

3.8 cm

7.6m — 7562 m |100cm
)= e
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Integration Method:

For any type of material, provided the displacement is small, it can be shown that the radius of
curvature R is related to the second derivative d zyf o ;

-+
1 d?%y/dx? T R
ria 377 a
R Ty ra0?] | g
' |
——————— ———f et
4l r
>z :

-
For actual beams can be simplified because the slope dy/dx (which can be considered the first
derivate) is small and its square is even smaller and can be neglected as a higher order term.
Thus, with these simplifications, it will be:

1_d%
R dx?
2 2
Substituting this in eq. (7-1), we get; d 32" — M or: Ei—d—% =
dx EI dx

With the moment known, this differential equation can be integrated twice to obtain the
deflection. Boundary conditions must be supplied to obtain constants of integration.

By the first integration we can get the slop (dy / dx):

&_ M

= dx + C,
dx EI

Integrating twice with respect 10 x gives:

y= ”ﬂdx +Cx+C,
El ;
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Example:

The uniform cantilever beam shown in the figure has a constant, uniform, downward load W,
along its length (L). Determine the deflection and slope equations of thls beam using the
integration method.

Wy

IRRRNRRREREE!

V7 774

(@)

Solution:

The moment is found by drawing the free-body diagram shown in {b). The uniform load is

replaced with the statically equivalent load wOx at the position {x/2). Moments are then
‘summed about the cut giving:

Wi X

ey X { ‘1‘ | M
I =P

- {p)

Integrating twice with respect to x,

J—-—dx-i-f ———f —w,— |dx+C, ], ' & +C,
6 FEf
J L o Ix+C . x+C, Lo +Cx+C,
=t -1 ‘ . S
d 6 ET | ' 24 El

At x = [ the displacement and slope must be zero so that:

. 4
vly=0=—" Ly,
24 EI -
A V 1w Lg
S (L)=0=-—22" 4
dx 6 ElI
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Therefore;

bw o iw
o6 EIC 2 8 EI
Inserting C1 and C2 into the previous expressions gives:
y — H;(} r r3 FL) 7-2
ve=——O0 (x* —4xI? 4+ 314 (2
24 EF
And the siope: Y _ Yo 23y 73
dx 6FE]I

The maximum deflection (y max.) is at X = 0, and by substituting it in the equation (7-2) it will be:

The maximum slop (dY/dX) max is at X = 0, and by substituting it in the equation (7- 3) it wil

be:

[ dy

RS

edx

3
w, L

] max, =~ mmm——mmee-
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