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 Derivatives 

The derivative of y = f(x) is a function defined by: 

)1(
x
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The process of taking the derivative of a function is called differentiation and a function which 

possesses a derivative at x is said to be differentiable at x. 

If the limit in (1) exists, we say that the function f(x) has a tangent line at the point ( ))x(f,x . 

This is the line passing through the point ( ))x(f,x  with slope )x(f  . 

The equation of line passing through the points ( ) ( )2211 y,xandy,x  is given by: 

( ) slope
xx

yy
mwherexxmyy =

−

−
=−=−

12

12
11  

Ex1: Find )x(f  , if: 

(1)   104)( 2 −+= xxxf  

x

)x(f)xx(f
Lim)x(f

0x 

−+
=

→
  

   
x

10x4x10)xx(4)xx(
Lim)x(f

22

0x 

−+−−+++
=

→
 

( ) ( )
x

10x4x10x4x4xxx2x
Lim

222

0x 

−+−−++++
=

→
 

4x2)x4x2(Lim
x

x4xxx2
Lim

0x

2

0x
+=++=



++
=

→→
 

4x2)x(f +=  

(2)    xxf =)(  

x

xxx
Lim)x(f

x

)x(f)xx(f
Lim)x(f

0x0x 

−+
=



−+
=

→→
  

( )( )
( ) ( )xxxx

xxx
Lim

xxxx

xxxxxx
Lim

0x0x ++

−+
=

++

++−+
=

→→
 

( ) x2

1

xxx

1
Lim

0x
=

++
=

→
 



 - 2 - 

Differentiation Formulas 

( ) 0)x(f
dx

)x(df
ttanconsc,c)x(f)1( ====  

1)x(fx)x(f)2( ==  

1nn xn)x(fx)x(f)3( −==  
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Ex2: Find the derivative of: 

(1)   ttttts 562312)( 32 −+−+=  
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 Derivative of Composite Functions- The Chain Rule 

If )x(guand)u(fy == , then: 
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dx

du

du

df
)x(gf

dx

d

dx

dy
==  

Ex3: Find the derivative of: 

(1)  1423 −=+= xuanduy  

12)4(3
dx

du

du

dy

dx

dy
4

dx

du
and3

du

dy
=====  

( ) 12
dx

dy
1x1223x1221x43yOr =−=+−=+−=  

(2)  1053 24 +−= xxy  

uythen10x5x3uLet 24 =+−=  

( )x10x12
u2

1

dx

du

du

dy

dx

dy
x10x12

dx

du
and

u2

1

du

dy 33 −==−==  

10x5x3

x5x6

10x5x32

x10x12

dx

dy

24

3

24

3

+−

−
=

+−

−
=  

 



 - 4 - 

 Implicit Differentiation 

Ex4: Find dy/dx, if: 
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Ex5:  Find the equation of the line tangent to the curve ( ) 2yyx
2

=++  at the point          

(-2, 1). 
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At the point (-2, 1) 
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Higher Order Derivatives 

:then,)x(fyIf =  

)x(f
dx

dy
y ==                First derivative of y with respect to x 

)x(f
dx

yd
y

2

2

==           Second derivative of y with respect to x 
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)x(f
dx

yd
y

3

3

==         Third derivative of y with respect to x 

( ) ( ) )x(f
dx

d
y 4

4

4
4 ==        Fourth derivative of y with respect to x 

( ) ( ) )x(f
dx

yd
y n

n

n
n ==        nth derivative of y with respect to x 

Ex6: Let 
x

1
)x(fy == , find 

( )4yand,y,y,y  : 
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Derivative of Trigonometric and Inverse Trigonometric Functions 
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  )x(f
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Ex7: Find y , if: 

(1)  ( )xxy += 2sin  
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(2)  ( )21sec xy −=  
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
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
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−









+

−

+

−
=

x1

x1
sec

x1

x1
tan

x1

4
y 2

2  
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( ) ( )
( )











+
+++= −− 3

x31

1
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2
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3
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2
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







+
+=  

(6)   ( )xxxy sin3tan3 4 ++=  

( )( ) 5.04 xsinx3tanx3y ++=  

( )( ) ( ) ( )( )xcos3xsinx3secx12xsinx3tanx35.0y 235.04 +++++=
−

 

 

Derivative of Exponential and Logarithmic Functions 

xx ee
dx

d
)1( =  

)x(fee
dx

d
)2( )x(f)x(f =  

x

1
)xln(

dx

d
)3( =  

  )x(f.
)x(f

1
)x(fln

dx

d
)4( =  

Ex8: Find y , if: 

(1)  ( ) tansecln +=y  

( ) ( )
=

+

+
=+

+
= secy

tansec

sectansec
sectansec

tansec

1
y 2

 

(2)  
xxey sintan 1 +−

=  









+

+
= +−

xcos
x1

1
ey

2

xsinxtan 1

 

(3)  ( )21ln xxy ++=  

2

2

22 x1x

x1

x
1

x2
x12

1
1

x1x

1
y

++

+
+

=















+
+

++
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( ) 222

2

x1

1
y

dx

dy

x1xx1

xx1
y

+
==

+++

++
=  

(4)  ( )secln=y  

=


= tanytansec
sec

1
y  

(5)  ( )xxy sin=  

( ) ( ) ( )xsinlnxcos
xsin

1
xy

y

1
xsinlnxxsinlnyln

x
+===  

( )( ) ( ) ( )( )xsinlnxcotxxsinxsinlnxcotxyy
x

+=+=  

(6)  ( )
x

x
yxy x

ln

sinln
sinlog ==  

( ) ( )22
xln

x

xsinln
xlnxcot

xln

x

1
xsinlnxcos

xsin

1
xln

y

−

=

−

=  

Ex9:  

(1)  Prove that 
xexy =  is the solution of the differential equation:

xe6y5y4y =−+ . 

Solution 

xxxxxxxx e2exeeexyeexyexy +=++=+==  

( ) xxxxxx e6ex5eex4e2exy5y4y =−+++=−+  

xe6y5y4y =−+  

Ex10: Prove that the derivative of: 

(1)      )(.)(sec)(tan 2 xfxfybygivenisxfy ==  

(2)    )(.
)(1

1
)(sin

2

1 xf
xf

ybygivenisxfy 
−

== −

 

Solution 

(1)    
 
 )(cos

)(sin
)(tan

xf

xf
yxfy ==  

        
 )x(fcos

)x(f.)x(fsin)x(fsin)x(f.)x(fcos)x(fcos
y

2

−−
=  
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    
   

)x(f.
)x(fcos

1

)x(fcos

)x(fsin)x(fcos)x(f
y

22

22

=
+

=  

  )x(f.)x(fsecy 2 =  

(2)     )(sin)(sin 1 xfyxfy == −  

)x(f
ycos

1
y)x(fy.ycos ==  

For the right triangle shown in figure 

hypotenuse

opposite
ysin =  

1hypotenuseand)x(fopposite
1

)x(f
)x(fysin ====  

)x(f1adjacent 2−=  

1

)x(f1
ycos

hypotenuse

adjacent
ycos

2−
==  

)x(f
)x(f1

1
y)x(f

ycos

1
y

2


−
==  

Ex11: Find the derivative of:    
2yxsin3y +=  

Solution 

( ) ( ) 3lnyxsinyln3lnyln 2yxsin 2

+== +
 

( ) ( ) yy3ln2xcos3lny
y

1
3lny.y2xcosy

y

1
+=+=  

( ) ( ) xcos3lnyy3ln2
y

1
xcos3lnyy3ln2y

y

1
=








−=−  

( )y3ln2
y

1

xcos3ln
y

−

=
 

Ex12: If ( )xbsiney xa= , show that:        ( ) 0yba
dx

dy
a2

dx

yd 22

2

2

=++−  

Solution 
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( ) ( )  ( ) xaxaxa eabxsinxbcosbeyxbsiney +==  

( ) ( )xbcosebyayyaxbcoseby xaxa =−+=  

( )  ( ) xaxa eabxbcosxbsinbebyay +−=−  

( ) xbcosebaybyay xa2 +−=−  

( ) yayxbcoseb xa −=  

( ) yayaybyayyayaybyay 222 −+−=−−+−=−  

( ) 0ybaya2y 22 =++−  

Ex13: Find the derivative of:     ylnxsinxlnycos =  

Solution 

( ) ( )ylnxsin
dx

d
xlnycos

dx

d
=  

  xcosylny
y

1
xsiny.ysinxln

x

1
ycos +=−+  

y
y

1
xsiny.ysinxlnxcosyln

x

ycos
+=−  

ysinxln
y

xsin

xcosyln
x

ycos

yxcosyln
x

ycos
y

y

xsin
ysinxln

+

−

=−=







+

 

Ex14: If ( )21 xsiny −= . Prove that:     ( ) 2
dx

dy
x

dx

yd
x1

2

2
2 =−−  

Solution 

( )
2

121

x1

1
y

y2

1
xsinyxsiny

−
=== −−  

( ) y
y2

1
2x2

x12

1
yyx1y2yx1

2

22 =−
−

+−=−  

y
y

1

x1

x
yyx1

2

2 =
−

−−  
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2

2

x1

y2
yy2yx1

−
==−  















−
=

−
−−

22

2

x1

y2

y

1

x1

x
yyx1  

( ) 2yxyx1
x1

2

x1

x
yyx1 2

22

2 =−−
−

=
−

−−  
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Ex16: Let 5t8t3t2)t(s 23 ++−=  be the position function of a particle moving along an 

s-axis, where s is in meters and t is in seconds. Find (a) the initial position; (b) the initial 

velocity; (c) the initial acceleration. 

Solution 

(a) The initial position is the position at t = 0. 

]m[55)0(8)0(3)0(2)0(s 23 =++−=  

(b) The instantaneous velocity 8t6t6)t(s)t(v 2 +−===   

]s/m[88)0(6)0(6)0(v 2 =+−=  

(c) The instantaneous acceleration 6t12)t(v)t(a −===  

]s/m[66)0(12)0(a 2−=−=  

Ex17: Let the position function of a particle moving along an s-axis is ]m[
12t

100
)t(s

2 +

−
= . 

Find the maximum speed of the particle for 0t  . 

Solution 

( )( ) ( )

( ) ( )2222

2

2
12t

t200

12t

t2100012t
)t(s)t(v

12t

100
)t(s

+
=

+

++
==

+

−
=  

( ) ( ) ( )( ) 
( )42

222

12t

t212t2t20020012t
)t(v

+

+−+
=  

( ) ( )
( )

( )
( )32

22

42

2222

12t

t80012t200

12t

12tt80012t200
)t(v

+

−+
=

+

+−+
=  

Maximum speed is occur when 0)t(v =  

( )
( )

( ) 0t80012t2000
12t

t80012t200 22

32

22

=−+=
+

−+
  

2t4t2400t6000t8002400t200 2222 ====−+  

[sec]2t0tfor =  

( )

( )
]s/m[5625.1

256

400

122

2200
)2(vspeedMaximum

22
==

+
==  
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Home Works 4 

 

Q1: Find )x(f  , if: 

 

1  
x

xf
1

)( =                            

2  235)( 2 +−= xxxf          

Q2: Find the derivative of: 

(1) ( )4253)( 33 −++= xxxtf       

(2)   342)( 23 +−+= xxxxf             

(3)  
5

43
)(

2 +

+
=

x

x
xf                               

(4)  
37

5
)(

2 +−
=

xx
xf                         

(5)   
xx

xxf
42

5)(
3

4 ++=    

 

Q3: using chain rule Find the derivative of: 

 

1 2523 22 +=−+= xtandtty          

2  

8
2

53 








+
=

x

x
y                                    

Q4: using Implicit rule Find the derivative of  

1 ( ) 22 xyyxy +=+                

 

2  Find the equation of the line tangent to the curve 3xyx2 22 =++  at the point      

(1, 2).       
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Q5: Find the derivative of: 

1 ( )32sin3 += xy                           

2 
x

xx
y

sec

4tan+
=                           

3 
( )
( )22

2

cos

sin

x

x
y =                              

4 xxy 1sintan −+=                  

5 








−

+
= −

x

x
y

sin1

sin1
tan 1

                

6 ( )xy 1cscsec −=     

                  

Q6: Find the derivative of: 

1 ( )( )2sin tanln xey x +=                    

2 xxy 2sin1ln ++=               

3  
( )xLogx

y 2sin
4

+
=           

4 ( )x

x eLogy 4

ln 1+=                  

5 ( ) x
xxy

sin
tan+=                        

6
( )

( )( )xxx

xx
y

ln7

sin1
2 ++

+
=                 

Q7 Prove that xsine2ey xx3 ++=  is the solution of the differential equation: 

xcos3xsiny2y3y +=++ .          

Q8: Prove that the derivative of: 

1       )(.)(tan.)(sec)(sec xfxfxfybygivenisxfy ==     

2   )(.
1)()(

1
)(sec

2

1 xf
xfxf

ybygivenisxfy 
−

== −
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Q9: If 
Vuy =  and u = f(x) and V = g(x). Prove that: ( )

dx

dv
ulnu

dx

du
uv

dx

dy v1v += −
 

Q10: If ( )221 yxln
x

y
tan +=







−
. Prove that 

y2x

yx2

dx

dy

−

+
= . 

Q11: Find the derivative of 
xtanyyx = . 

 

Q12: Let 1t6t)t(s 23 +−= . (a) Find s and v when a = 0. (b) Find s and a when v = 0. 

Q13: 

 


