Derivatives

The derivative of y = f(x) is a function defined by:

, dy . F(x+Ax) -1 (x)
:—:f X:le ......... 1
y'= o =T = Lim 5= @

The process of taking the derivative of a function is called differentiation and a function which

possesses a derivative at x is said to be differentiable at x.

If the limit in (1) exists, we say that the function f(x) has a tangent line at the point (X, f(x)).
This is the line passing through the point (X, f(x)) with slope f'(X).

The equation of line passing through the points (Xl, yl) and (X2 , y2) is given by:

y -y, =m(x—x ) where m _Y2m N slope

X, — X,
Ex1: Find f'(x), if:

(1) f(x)=x*+4x-10
f(x+Ax)—f(x)

(X)) = Al‘x'm) ~
2 a0l w2 B
-~ £/(x) = Lim [(X+AX) +4(X + AX) 10] [x +4X 10]
Ax—0 AX
: (x2 +2X AX 4+ AX? +4x+4Ax—10)—(x2 +4x—10)
= LIm
Ax—0 AX
2
_ Lim 2XAX + AX® + 4 AX _Lim 2%+ 4+ AX) = 2%+ 4
Ax—0 AX Ax—0
LX) =2x+4
@ fe=+x
-+ £/(x) = Lim fx+Ax)-T(x) _ £100 = Lim JXEAX — X
AX—0 X Ax—0 AX
L (A WA ) xeaxex
w00 ax(craxedx) o ax(Uxr ax )

Ax—0 (\/X+AX +\/§) 2/x



Differentiation Formulas

df (x)

@ f(x)=c, (c=constant) = " =f'(x)=0

@) f(x)=x = f'(x)=1
QB)f(X)=x" = f'(xX)=nx""

d 4
(4) lef()]=c ()
) [ (O EF,00 041, 00]=F/0) (0 211 ()

(6) (;ix[f(x)g(x)]:f(x)g'(x)+g(x)f’(x) — Product Rule

(7) i{ f (X)} = 9(x) f’(x)z— f(x)9'() = Quotient Rule
X 9(x) g7 (x)
(8) d'ix[f )" =n[f(x)]"" f'(x) = Power Rule

Ex2: Find the derivative of:
(1) s(t)=12+3t—2t> +6t> -5/t

.'.s’(t):O+3(1)—2(2t)+6(3t2)—5[2—b¥j 3—4t+18t2 _ﬁ

@ f(y)=(y°-4y+2)(7y+3)

S E(y)=(y° —4y+2)(7)+(7y+3)By* —4)
S f'(y) =7y’ —28y+14+35y° +15y* —28y —-12=42y° +15y"* —56Yy + 2

3 f()():5x q:/;x+3
.f’(x):\/;(lox+2) (3% +2x+3)2\/_ o
R (Wxf "2

2% (10x+2)—(5x* +2x+3) 20X +4x-5x’-2x—-3 15X’ +2X—3
2x+/x 2x+/x 2x+/x
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() f0=— = f()=6x° = f'(x)=6(-8x"°)

e 0

(5) f(X)=£ ]

A F(X) = 5(3 T (3X+1)((2x)+1())§2+3)(3)}
e s

Derivative of Composite Functions- The Chain Rule

If y="F(u)and u=g(x), then:

dy df du

dx dx[ ( (X ))] du dx
Ex3: Find the derivative of:

(1) y=3u+2and u=4x-1

dy _3g OIdu :>dy dy du

— —=3(4) =12
" du dx dx du dx
Ory=3(4x-1)+2=12x-3+2=12x-1 = j—y:12
X
2) y=+3x*-5x?+10
Let u=3x*—5x%+10 then y=+/u
d_y 1 dd—u—12x —10x :>dy dy du 1 (12x —10x)
du 2\/_ dx du dx 2Ju
Cady 12x° —-10x 6x° —5Xx

Tdx 2 f3x* —Bx?+10  3x* —5x% 110



Implicit Differentiation
Ex4: Find dy/dx, if:

(1) xy+y*=x’

d 2 d (> dy dy
—Ix =—IX X—— 2y—— =2X
dx( y+y) dx( ):> dx+y+ ydx

dy ,_dy _2X-y
X+2Y)—=2X— =—=
( y)dx y = dx x+2y

Ex5: Find the equation of the line tangent to the curve (X+y)2 +\N =2 at the point
(-2, 1).

Solution

1
2(x+y)1+y)+ —=y'=0
2,y

1
2(X +y)+2(x+y)y' +—=y' =0 = [2x+2y+ } =-2(x+y)
2.y 2.y

Jdy  —2(x+y)
h dx - ( 1
X+Y)+——
2.y
At the point (-2, 1)
dy_ -2(=2+1) _ 2 _ 2 _-4 = m =slope of tangent line
dx 1  -2+05 -3/2 3
2(-2+1)+ ~~
241
.+ y—y, =m(x—x,) Equation of line
4 4 8 -4 5
1= X+2) = 1-—X——- = y=—X—=
Y-l (X+2) = y=l-ox-o = y=—ox -2
Higher Order Derivatives
If y=71(x), then:
y'= ax f'(x) First derivative of y with respect to x
r’ d y " - - -
Y = £ (x) Second derivative of y with respect to x
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1444 d3y 444 - - - -
Y = d f""(X)  Third derivative of y with respect to x

d4
y“ = e f@(x)  Fourth derivative of y with respect to x

n dn n
y" = dx)”/ =f"(x)  nth derivative of y with respect to x

1
Ex6: Let Y =T(X) = find v,y y", and y¥:

y:X—l — yr:_X—Z

yn — _(_2X—3) — 2X—3
y" =—6x" = yW=24x"

Derivative of Trigonometric and Inverse Trigonometric Functions

@ dixsin[f(x)]: cos[f (x)]-f'(x)
(2) icos[f (x)] = —sin[f (x)]-f'(x)
dx
3) d%tan[f (x)] = sec?[f (x)]-F'(x)
(4) dixcot[f (x)]= —csc?[f (x)]- /(%)
(5) dixsec[f (x)] = secl[f (x)]tan[f (x)]-£'(x)
(6) dix csclf (x)] = —csc[f (x)]cot[f (x)]-£'(x)

(7) sin [f (9] - (%)

1
J1-F2(x)
-1

_f
J1-12(x) )
£(x)

d ~
(8) - cos"[f(9]=

d, . B
(9) o tan [ (0] = 1700



1+12(x)
1 .
[f(x)| VF2(x) -1

1

Fo0| JF2 001

d -1 . !
(10) d—xcot [f(x)]= f'(x)

d -1 _ '
(12) v [f(x)]= f'(x)

d -1 _ ’
(12) e [f(x)]= f'(x)

Ex7: Find Y', if:
1)y :sin(x2 +\/§)

sy = cos(x2 + &)-(ZX +%)

@) y=sec*(x?)

‘xz‘:x2

: 1 .
Y :W-Zx,
sy = 2

x \/x* -1
(3) y=sin(x+y)
y' =cos(x+y)-@d+y') = Yy =cos(x +y)+y cos(x +y)

cos(x +y)
1—cos(x +Y)

(1—cos(x +y))y’ =cos(x +y) = y'=
4 Y= tanz(i—ij
Ly z{tan(;_zﬂ.secz(izj{(l+ X)((i); ;g_xm

=4 (1—x) 2(1—xj
Ly =———tan| =—— |sec’| =——
(1+x) 1+X 1+ X

(5) y= sec(x2 +tan™ 3x)




sy = sec(x2 +tan™' 3x)tan(x2 +tan™' 3X)-|:2X +

1+(113x)2 '3}

sy {Zx + 1+2x2 ]sec(x2 + tan‘li%x)tan(x2 +tan™ 3x)

(6) Y =+3x*+tan(3x+sinx)
-y =(3x* +tan(3x +sin x)) °°

-y’ =05(3x* +tan(3x +sinx)) *°-(12x® + sec? (3x +sin x)-(3+ cos x))

Derivative of Exponential and Logarithmic Functions

d
1) —e* =¢e*
()dx

d X X !’
(2) &ef‘ ) =e"™.f'(x)

@ L =1
dx X

d 1 ,
(4) d—xln[f (X)]=—=.f'(x)

f(x)
Ex8: Find Y', if:
(1) y=In(secd+tano)
LY = . -(secetane+sec2 9): secO(tano + seco) = ..y '=secH
secO+tan6 secO+tan6

(2) y = etan’1 X+sin x

yl _ etan’1x+sinx ( . 1 COoS Xj

1+X

() y= In(x+ V1+ x2)
X

1+
/ 2
2

Y =— = V2T
X + 41+ X2 V1+ X2 X 4+ 1+ X2
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y- V1+ X% +X :d_y:y,: 1
V1+ X2 (x+\/1+x2) dx 1+ X2

4) y=In(sech)

!

Y/ :i-secetane = y' =tan0
secH

(5) y=(sinx)"

C\x : 1 1 :
Sny =1 = x| =y =x— |
ny =In(sinx)* = xIn(sinx) = y y' =X~ cosx+ n(sin x)

-y = y(xcotx +In(sin x)) = (sin x)* (x cot x + In(sin x))

Insin x
In x

6) y=log,(sinx) = y=

1 ) 1 Insin x
InXx-——cosx—Insinx-— cotxInx—
' sinx X X

s (Inx)? - (Inx)’

Ex9:
(1) Prove that Yy = Xe* is the solution of the differential equation: y"” +4y' -5y =6¢e*.
Solution

cy=Xe* = y =xe*+e* = y'=xe"+e*+e* =xe* +2¢e"

S Yy'+4y' -5y =xe* +2¢e" +4(xeX +ex)—5xeX =6e"

S y'+4y -5y =6¢€"

Ex10: Prove that the derivative of:

(1) y=tan[f(x)]is given by y' =sec?[f (x)]. f'(x)

2) Y =sin[f(x)] is given by y’ :ﬁ_ f'(x)
Solution

_sin[f(%)]
- cos| f (x)]

,  cos[f(x)]cos[f (x)].f'(x) —sin[f (x)][- sin[f (x)].f'(x)]
Y= cos?[f(x)]

@ y=ta[f(x)] =y
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) eos?[fo]+sin?[f)]] 1 ,
Y= cos?[f (x)] ~ cos?[f (x)]'f )

-y =sec?[f(x)].f'(x)
) - y=sin?[f(x)] = siny=f(x)

S cosy.y =f'(x) = y =$-f'(x)

For the right triangle shown in figure

siny = opposite
hypotenuse
: f(x) :

wsiny =f(x) = N — opposite=f(x) and hypotenuse=1
. adjacent = \/1—f?(x)

adjacent 1-f2(x)
Sy =—""—— = Sy ="—"""—""

hypotenuse 1

!

1
.. — f! r_ -f'
Y= osy x) =y e (x)

Ex11: Find the derivative of:  y =3

Solution

Iny:In(3S‘”X+y2) = Iny:(sinx+y2)ln3

’ %-y’:(cosx+2y.y')ln3 = %-y':ln3003x+(2In3)yy’

g’ %-y’—(ZInS)yy'zln:%cosx =3 B—(Zln\%)y}y’zln?)cosx
,  In3cosx
1
y—@mﬁy
Ex12: If y=e**sin(bx), show that: g%_gaj_){+(a2+b2)y:o

Solution



- y=esin(bx) = y’ =e>* [bcos(bx)|+sin(bx)[ae |
-y =be*cos(bx)+ay = y —ay=hbe cos(bx)
- y"—ay =be™ [~ bsin(bx)]+ cos(bx)[bae** |
- y'—ay =-b’y+a [b e cos(b x)]
- be™cos(bx)=y —ay
~Ly'—ay =-b’y+a(y-ay) = y'—ay =-b’y+ay -a’y
y"—2ay’+(a2 +b2)y=0
Ex13: Find the derivative of: cosy Inx=sinx Iny

Solution

%(cos y Inx)= %(sin x Iny)

1 1
s cosy-—+Inx-[-siny.y']=sinx- =y +Iny-cos x
X

cos Y : by Lo
" —Iny-cosx =Inx-siny.y +sinx-— vy
X
Cosy «
_ . sinx) , cosy . ox ycos
SlInxsiny+—— |y =——=—-Inycosx = y' = Sinx
y X 2 4Inxsiny
y
2
. — (ein? 2 . 1_X2 Q_Xd_yzz
Ex14:1f y (sm x) . Prove that: ( )dxz dx
Solution
. 2 . 1 1
cy=(sin?x] = \stm‘lx = y' =

SALI=XP Y =20y = J1-X Yy +y 1 —2X =2i)"
vy 2\/1—x2( )

1.

X
fxt Wy’

A1-x? y'—y'
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cAl-x2y =2y = y'= \/Lx

. /71_X2yu_y\/7 } 2f

. /1_ X2 yu _ yr

X 2 2\, '
e ol

Application

Velocity is the derivative of the distance. Speed is the absolute value of velocity.

Speed = |velocityl
Speed = Iv(t)l = |ds/dt|

Acceleration is the derivative of velocity with respect to time.

dv d’s
alt)=—= —
0 dt  dt

Example
The distance of a ball falls freely from rest is proportional with time as s=4.9t°
a- How long did it take the ball bearing to fall the first 14.7m?
b- What is the velocity, speed and acceleration after 2 second?
Solution
a- s=409t
14.7=4.9t" _ so t=+\3 second
t=+/3 ( time increase from t=0 so we ignore the negative root)

b-  velocity at any time

ds
t) = — = 9.8¢
wv(t) dr

WVelocity after 2 second = wv(2) = 19.6 m/s
Speed = 119.61 = 19.6 m/s
Acceleration at any time

d’s

a(t) = deZ =9.8m/s”

Acceleration after 2 second = 9.8 m/s”
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Ex16: Let s(t) = 2t° —3t* +8t +5 be the position function of a particle moving along an
s-axis, where s is in meters and t is in seconds. Find (a) the initial position; (b) the initial
velocity; (c) the initial acceleration.
Solution
(@) The initial position is the position at t = 0.
-.8(0) =2(0)° —3(0)* +8(0) +5=5[m]
(b) The instantaneous velocity = V(t) =s'(t) =6t* —6t+8
v(0) =6(0)* —6(0) +8=8[m/s]
(c) The instantaneous acceleration =a(t) = Vv'(t) =12t -6
-.a(0)=12(0) —6=—-6 [m/s?]

—-100
t? +12

[m].

Ex17: Let the position function of a particle moving along an s-axis is S(t) =

Find the maximum speed of the particle for t > 0.

Solution
oy —100 e (P +12)(0)+100(2t) 200t
0 7 YO0 (2+12f  (+12f
V(D) = (t? +12) (200) - 200t£2 (t? +12)(21)]

(t2 +12)
v = 2% (t? +12) —800t* (t? +12) _ 200(t* +12)-800t*

(t2 +12)4 (t2 +12)3
Maximum speed is occur when V'(t) =0

- 200(t? +12)-800t>
. =

(t2 +12)

0 = 200(t? +12)-800t* =0

. 200t* +2400-800t* =0 = 600t* =2400 = t* =4 = t ==+2
sfort>0 = t=2[sec]
200(2) 400

.. Maximum speed = v(2) = = =1.5625[m/s
peed = v(2) 0 412f = 256 [m/s]
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Home Works 4

O1: Find f'(x), if:

L=

2 f(X)=5x"-3x+2
0Q2: Find the derivative of:

(1) f(t)=m-(5xg+2x—4)

2 F(X) =X +2x% —4x+3

; f(x):3X+4

& T e
5

@ T0=733

) f(x):5x4+%+i

Jx

Q3: using chain rule Find the derivative of:

1 y=3t°+2t—5and t=x"+2

x> )
2 y:(3x+5J

Q4: using Implicit rule Find the derivative of
1 (\N+xy): y? + x°

2 Find the equation of the line tangent to the curve V2+X%Y +X° =3 at the point
(1, 2).
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05: Find the derivative of:
1 y=sin®(2x+3)

_ X+tan4x
Sec X

sin(xz)

3 Y= cos?(x?)

4 y=+tanx+sin"x

5y = tan_{1+sin x}

1-sinx

6 y= sec(csc‘1 Jx )

06: Find the derivative of:
1y= In(eSinX + tan(xz))

2 y:\/ln 1+ X +sin® X
3 y:4sinx+Log2(x)

4 y - Loglnx(1+e4x)

5y =(x+tanx)™™

x (1+sin x)
x2 +7)(x +Inx)

6 y:(

Q7 Prove that Yy =e>* +2€* +sin X is the solution of the differential equation:
y"'+3y' +2y=sinX+3C0SX.

08: Prove that the derivative of:

1y =sec|[f (x)]is given by y' =sec[f (x)].tan[f (x)]. f'(x)

o y=sec?[f(x)]is given by y' = 1 f'(x)

HONEGES
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Q v dy _, v2du v dv
Q10: X Prove that =150

Q11: Find the derivative of Xy =y™,

Q12: Let s(t) =t°*—6t* +1. () Find s and v when a=0. (b) Find s and a when v = 0.
Q13:

A dynamite blast blows heavy rock straight up with a lunch velocity of 160 ft/sec.
It reaches a height of s=160t -1 6t after time (sec)

a- How height does the rock ago?

b- what arc thw velocity and speed of the rock when its 256 ft above the ground on
the way up 7 on the way down?

c- what is the acceleration of the rock at any time t during its flight (after the
blast)?

d- when does the rock hit the ground again?
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