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Hyperbolic and Inverse hyperbolic Functions 

A)  Hyperbolic Functions 

1- Definitions 

 

( )
2

ee
xsinhy1

xx −−
==  

yAll:R;xAll:D  

 

 

 

( )
2

ee
xcoshy2

xx −+
==  

1y:R;xAll:D   

 

 

 

( )
xx

xx

ee

ee

xcosh

xsinh
xtanhy3

−

−

+

−
===  

1y1:R;xAll:D −  

 

 

 

 

( )
xx

xx

ee

ee

xsinh

xcosh
xcothy4

−

−

−

+
===  

1yand1y:R;0xExceptxAll:D −=  

 

 

-5

-4

-3

-2

-1

0

1

2

3

4

5

-2 -1 0 1 2

-1

-0.5

0

0.5

1

-2 -1 0 1 2



 - 2 - 

0

0.25

0.5

0.75

1

-4 -2 0 2 4

-8

-6

-4

-2

0

2

4

6

8

-4 -3 -2 -1 0 1 2 3 4

 

 

( )
xx ee

2

xcosh

1
hxsecy5

−+
===  

1y0:R;xAll:D   

 

 

 

 

( )
xx ee

2

xsinh

1
hxcscy6

−−
===  

0yExceptyAll:R;0xExceptxAll:D ==  

 

 

 

 

 

2- Identities 

( ) xexsinhxcosh1 =+  

x
xxxxx

e
2

e
2

2

ee

2

ee
xsinhxcosh ==

−
+

+
=+

−−

 

( ) xexsinhxcosh2 −=−  

x
xxxxx

e
2

e
2

2

ee

2

ee
xsinhxcosh −

−−−

==
−

−
+

=−  

( ) 1xsinhxcosh3 22 =−  

( )( ) 1xsinhxcosheexsinhxcoshxsinhxcosh 22xx =−=−+ −  

( ) xhsecxtanh14 22 =−  

xhsecxtanh1xcosh,1xsinhxcosh 22222 =−=−  
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( ) xhcsc1xcoth5 22 =−  

xhcsc1xcothxsinh,1xsinhxcosh 22222 =−=−  

( ) xcoshxsinh2x2sinh6 =  

( ) xsinhxcoshx2cosh7 22 +=  

( )
2

x2cosh1
xcosh8 2 +
=  

( )
2

1x2cosh
xsinh9 2 −
=  

( ) ( ) ysinhxcoshycoshxsinhyxsinh10 =  

( ) ( ) ysinhxsinhycoshxcoshyxcosh11 =  

3- Derivatives 

( ) x
ee

dx

dyee
xy

xxxx

cosh
22

sinh1 =
+

=
−

==
−−

 

( ) x
ee

dx

dyee
xy

xxxx

sinh
22

cosh2 =
−

=
+

==
−−

 

( )
x

xx

x

xxxx

dx

dy

x

x
xy

2

22

2 cosh

sinhcosh

cosh

sinhsinhcoshcosh

cosh

sinh
tanh3

−
=

−
===  

xhsec
xcosh

1

dx

dy 2

2
==  

 

( )
x

xx

x

xxxx

dx

dy

x

x
xy

2

22

2 sinh

coshsinh

sinh

coshcoshsinhsinh

sinh

cosh
coth4

−
=

−
===  

xhcsc
xsinh

1

dx

dy 2

2
−=

−
=  

( )
x

x

xx

xx

dx

dy

x
hxy

cosh

sinh

cosh

1

cosh

sinh1)0(cosh

cosh

1
sec5

2
−=

−
===  

xtanhhxsec
dx

dy
−=  

( )
x

x

xx

xx

dx

dy

x
hxy

sinh

cosh

sinh

1

sinh

cosh1)0(sinh

sinh

1
csc6

2
−=

−
===  
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xcothhxcsc
dx

dy
−=  

4- Integrals 

( )  += cxdxx coshsinh1                 

( )  += cxdxx sinhcosh2                

( )  += cxdxxh tanhsec3 2
             

( )  +−= cxdxxh cothcsc4 2
          

( )  +−= chxdxxhx sectanhsec5  

( )  +−= chxdxxhx csccothcsc6  

 

Ex1: Find the derivative of: 

( ) ( )xsinhy1 2=  

( ) ( )
x

xcoshxsinh

x2

1
xcoshxsinh2

dx

dy
=













=  

( ) ( ) 







+=








+=

+
==

−

x

1
x

2

1

e

1
e

2

1

2

ee
yxlncoshy2

xln

xln
xlnxln

 

( ) 







−=−+=+= −−

2

21

x

1
15.0x5.05.0

dx

dy
x5.0x5.0y  

( ) ( ) xhsec
xtanh1

1

dx

dy
xtanhsiny3 2

2

1

−
== −

 

hxsec
xhsec

xhsec

dx

dy
xhsecxtanh1

2

2
22 ===−  

( ) hxsecysinhx4 =  

xtanhhxsecysinhyycoshxxtanhhxsecysinhyycoshx −−=−=+  

ycoshx

xtanhhxsecysinh

dx

dy −−
=  
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Ex2: Evaluate the following integrals: 

( ) ( ) ( ) ( )  +−
−

=−−
−

=− cx32sinh
3

1
dxx32cosh3

3

1
dxx32cosh1  

( ) ( )
( )
( )

( )
( )

( )   +=== cx5coshln
5

1
dx

x5cosh

x5sinh5

5

1
dx

x5cosh

x5sinh
dxx5tanh2  

( ) 
−

=

1

0

22

2

1x2cosh
xsinhdxxsinh3  









−−








−=








−=

−
=  2

0

4

0sinh

2

1

4

2sinh

2

x

4

x2sinh
dx

2

1x2cosh
1

0

1

0

 

406.00
4
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4

626.3
=








−=








−=  

( )  +

2

0

dx
xcoshxsinh

xsinh
4  

2

ee
xsinhandexcoshxsinh

xx
x

−−
==+  

    
−

−−

−=
−

=
−

=
+



2

0

2

0

2

0

2

0

2

0

x2
x2

x

xx

dxe5.0dx5.0dx
2

e1
dx

e2

ee
dx

xcoshxsinh

xsinh
 

  ( )  ( ) 042

0

x2

2

0

x2 e25.005.0e25.025.0e25.0x5.0e
2

5.0
x5.0 +−+=+=









−
−= −−−

 

    7545.025.0000457.01 =+−+=  

( )  = dxxsinhxsinhdxxsinh5 23
 

1xcoshxsinh1xsinhxcosh 2222 −==−  

( )   +−=−=−= cxcosh
3

xcosh
dxxsinhdxxsinhxcoshdx1xcoshxsinh

3
22

 

( )
( )

( ) ( ) ( )    +

+
=

+

+

=
+

+
=

+

−

dx
1xx2

1x
dx

1x2

x

1
x

dx
1x2

ee
dx

1x

xlncosh
6

2

2

22

xlnxln

2  

 +== cxln5.0dx
x
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B)  Inverse Hyperbolic Functions 

1- Definitions 

( ) ( )21 x1xlnxsinhy1 ++== −
 

ysinhx =  

yAll:R;xAll:D  

 

 

 

 

( ) ( )1xxlnxcoshy2 21 −+== −
 

yx cosh=  

0y:R;1x:D   

 

 

 

 

( ) 








−

+
== −

x1

x1
ln

2

1
xtanhy3 1

 

yx tanh=  

yAll:R;1x1:D −  

 

 

 

 

( ) 








−

+
== −

1x

1x
ln

2

1
xcothy4 1

 

yx coth=  

0yExceptyAll:R;1x1:D =−  
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( )












 −+
== −

x

x11
lnxhsecy5

2
1

 









= −−

x
xh

1
coshsec 11

 

xhsec
x

1
coshy

x

1
ycosh

ycosh

1
hysecxxhsecy 111 −−− =








=====  

0y:R;1x0:D   

 

 

 

( )












 +
+== −

x

1x

x

1
lnxhcscy6

2
1

 

 









= −−

x
xh

1
sinhcsc 11

 

xhcsc
x

1
sinhy

x

1
ysinh

ysinh

1
hycscxxhcscy 111 −−− =








=====  

0yExceptyAll:R;0xExceptxAll:D ==  

 

 

2- Relations 

( ) ( )1xxlnxsinh1 21 ++=−
 

y

y
yy

1

e

1
ex2

2

ee
ysinhxxsinhyLet −=

−
===

−
−

 

( ) ( ) EquationQuadratic01ex2e1eex2 y2y2yy =−−−=  

1xx
2

4x4x2
e 2

2

y +=
+

=  
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1xxepositiveeandx1x 2yy2 ++==+  

( )1xxlnxsinhy 21 ++== −
 

( ) ( )1xxlnxcosh2 21 −+=−
 

y

y
yy

1

e

1
ex2

2

ee
ycoshxxcoshyLet +=

+
===

−
−

 

( ) ( ) EquationQuadratic01ex2e1eex2 y2y2yy =+−+=  

( )1xxlny1xx
2

4x4x2
e 22

2

y −=−=
−

=  

( )1xxlnyEither 2 −+=  

( ) ( ) 








−+

+−
=















−+

−+
−−=−−=

1xx

1xx
ln

1xx

1xx
1xxln1xxlnyOr

2

22

2

2
22

 

( )1xxln
1xx

1
ln 2

2
−+−=









−+
=  

( )1xxlnxcoshy0xcosh 211 −+== −−  

( ) 1x0,
x

x11
lnxhsec3

2
1 













 −+
=−

 













 −
+=








−+=








= −−

2

2

2

11

x

x1

x

1
ln1

x

1

x

1
ln

x

1
coshxhsec  













 −+
= −

x

x11
lnxhsec

2
1

 

( ) 0x,
x

x1

x

1
lnxhcsc4

2
1 













 +
+=−

 













 +
+=








++=








= −−

2

2

2

11

x

x1

x

1
ln1

x

1

x

1
ln

x

1
sinhxhcsc  
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 +
+= −

x

x1

x

1
lnxhcsc

2
1

 

( ) 








−

+
=−

x1

x1
ln

2

1
xtanh5 1

 

1e

1e
x

ee

ee
ytanhxxtanhyLet

y2

y2

yy

yy
1

+

−
=

+

−
===

−

−
−

 

( ) x1x1e1exex y2y2y2 +=−−=+  










−

+
=









−

+
=

−

+
=

x1

x1
ln

2

1
y

x1

x1
lny2

x1

x1
e y2

 

( ) 








−

+
=−

1x

1x
ln

2

1
xcoth6 1

 

1e

1e
x

ee

ee
ycothxxcothyLet

y2

y2

yy

yy
1

−

+
=

−

+
===

−

−
−

 

( ) 1x1xe1exex y2y2y2 +=−+=−  










−

+
=









−

+
=

−

+
=

1x

1x
ln

2

1
y

1x

1x
lny2

1x

1x
e y2

 

3- Derivatives 

( ) ( ) yxxy sinhsinh1 1 == −
 

yydx

dy

dx

dy
y

2sinh1

1

cosh

1
cosh1

+
===  

21

1

xdx

dy

+
=  

( ) yxxy cosh)(cosh2 1 == −
 

1cosh

1

sinh

1
sinh1

2 −
===

yydx

dy

dx

dy
y  

1

1

2 −
=

xdx

dy
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( ) yxxy tanh)(tanh3 1 == −
 

xyhdx

dy

dx

dy
yh

22

2

tanh1

1

sec

1
sec1

−
===  

21

1

xdx

dy

−
=  

( ) yxxy coth)(coth4 1 == −
 

xyhdx

dy

dx

dy
yh

22

2

coth1

1

csc

1
csc1

−

−
=

−
=−=  

21

1

xdx

dy

−

−
=  

( ) hyxxhy secsec5 1 == −
 

yhhyyhydx

dy

dx

dy
yhy

2sec1sec

1

tanhsec

1
tanhsec1

−

−
=

−
=−=  

21

1

xxdx

dy

−

−
=  

( ) 







== −−

x
xhy

1
sinhcsc6 11

 

22

1
.

1
1

1

x

x

dx

dy −









+

=
 

 

2

2
2

2

2

1

11

1
1

1

x

x
x

x

x

dx

dy

+

−
=

−


+

=
 

1

1

1

1

22
2 +

−
=

+

−
=

xxdx

dy

x

x
x

dx

dy
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4- Integrals 

( )  +=
+

− cxdx
x

)(sinh
1

1
1 1

2
 

( )  +=
−

− cxdx
x

)(cosh
1

1
2 1

2
 

( )  

 







+
−

+
=

−



+=
−



+=
−



−

−

c
)x(f1

)x(f1
ln

2

1
dx

)x(f1

)x(f

1)x(fWhen,c)x(fcothdx
)x(f1

)x(f

1)x(fWhen,c)x(ftanhdx
)x(f1

)x(f
3

2

1

2

1

2

 

( )  +−=
−

− cxhdx
xx

)(sec
1

1
4 1

2  

( )  +−=
+

− cxfhdx
xx

)(csc
1

1
5 1

2  

Ex3: Evaluate the following integrals: 

( )
( )

  +







=

+

=
+

− c
3

x
sinhdx

3/x1

3/1
dx

x3

1
1 1

22  

( )
( )

    +=

+

=
+

=
+

− cxsinh2

x1

x2

1

2dx
x1x

1
dx

xx

1
2 1

22  

( )
( )

( )
  +








=

−








=
−

− c
3

xln
coshdx

1
3

xln

x3/1
dx

9xlnx

1
3 1

22  

( )   
+

=
+−

=
−

dx
xsin4

xcos
dx

xsin15

xcos
dx

xcos5

xcos
4

222
 

 +







=









+

= − c
2

xsin
sinhdx

2

xsin
1

2/xcos 1

2  
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Ex4: Prove that: 

xln
1x

1x
tanh

2

2
1 =









+

−−

 

Solution 

1x

1x

ee

ee

1x

1x
ytanh

1x

1x
tanhyLet

2

2

yy

yy

2

2

2

2
1

+

−
=

+

−


+

−
=









+

−
=

−

−
−

 

1x

1x

1e

1e

1x

1x

e

e

ee

ee
2

2

y2

y2

2

2

y

y

yy

yy

+

−
=

+

−


+

−
=

+

−


−

−

 

( ) ( ) ( ) ( ) 2y22y222y222y2 xex2e21x1xe1x1xe ==−+−=+−+  

xln
1x

1x
tanhxlnyxln2xlny2

2

2
12 =









+

−
=== −

 

Ex5: Prove that: 

x2e
xtanh1

xtanh1
=

−

+
 

Solution 

xcosh

xsinh
1

xcosh

xsinh
1

xtanh1

xtanh1

−

+

=
−

+
  

x2

x

x

e
e

e

xsinhxcosh

xsinhxcosh

xcosh

xsinhxcosh
xcosh

xsinhxcosh

==
−

+
=

−

+

=
−  

Ex6: If xsinhbandxcosha == , prove that: 

( ) 22x22
baeba −=+ −

 

Solution 

xexsinhxcoshba =+=+  

( ) ( ) 1eeeeeba x2x2x22xx22
===+ −−−

 

1xsinhxcoshba 2222 =−=−  

( ) 22x22
baeba −=+ −

 


