Hyperbolic and Inverse hyperbolic Functions

A) Hyperbolic Functions

1- Definitions 49
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( ) y =seehx coshx e*+e™

D:Allx; R:0<y<1
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6) y=cschx = =
©)y sinhx e*—e™ ]
D: All x Except x=0; R: All y Except y=0 2]
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2- ldentities
(1) cosh x + sinh x = ¢
scoshx+sinhx=>"%_4& = o8 o
2 2 2
(2) coshx —sinh x = ™
scoshx—sinhx=2"°%__& = _58 _ox
2 2

(3) cosh? x —sinh? x =1
.+ (cosh x + sinh x)(cosh x —sinh x) = * xe™ = cosh? x —sinh? x =1
(4) 1—tanh? x =sech®x

-+ cosh? x —sinh? x =1, +cosh? x = 1—tanh? x =sech?x



(5) coth? x —1=csch®x
-+ cosh® x —sinh? x =1, +sinh? x = coth® x —1=csch?x
(6) sinh 2x = 2sinh x cosh x

(7) cosh 2x = cosh? x +sinh?® x

(8) cosh? X — 1+ cosh 2x
2
(9) sinh? x — cosh2x -1

(10) sinh(x £ y) =sinh x cosh y + cosh xsinh y
11 cosh(x + y) =cosh x coshy £sinh xsinhy

3- Derivatives

(1) y =sinhx = & W _E e oshx
dx
(2) y=coshx=2"° W& Ginnx
2 dx
sinhx dy coshxcoshx—sinhxsinhx cosh®x—sinh? x
(3) y=tanhx = = 2= . = .
coshx  dx cosh” x cosh” x
A 12 =sech?®x
dx cosh® x
coshx dy sinhxsinhx—coshxcoshx sinh®x—cosh? x
(4) y=cothx = = == —— = ——
sinh x dx sinh® x sinh“ x
S =% =—csch’x
dx sinh®x
(5) y =sechx = :ﬂ:cosh x><(0)—21><3|nhx:_ 1  sinhx
cosh x dx cosh” x cosh x cosh x
ay = —sec hx tanh x
dx
(6) y = cschx = jﬂzsmh xx (0) —1xcosh x _ 1 coshx

sinh x dx sinh? x _sinh X sinh x



ﬂ = —csc hx coth x

dx

4- Integrals
@) jsinh xdx = cosh x+c

J'cosh xdx =sinhx+c
J'sec h?xdx =tanh x +c¢
[ csch?xdx = —cothx+c¢

(4)
(5) [sechxtanh xdx = —sechx +c
(6)

[ cschxcoth xdx = —cschx +¢

Ex1: Find the derivative of:

@) y:sinhz(x/;)

e e B e

Inx —Inx
(2) y =cosh(In x) = yzﬁzl(e'”X + I%ijl(x+

2 2 e 2
A dy -2 1
L y=05x+05x" = 2 =05+05(-x?)=05/1-—
dx X
. dy 1 2
(3) y=sin(tanhx) = L = sec h?x
dx  \1-tanh?x
2
. 1—tanh?x =sech’x = Y = SENX _ ooy

dx sech?x

(4) xsinhy = sechx

- xcoshyy' +sinhy =—sechx tanhx = xcoshyy’ =—sinh y —sechx tanh x

. dy _—sinhy—sechxtanhx
" dx x coshy




Ex2: Evaluate the following integrals:
1) jcosh(z —3x)dx = iI—C’»cosh(Z—Sx)dx = %sinh(Z—Sx)+ C

'[ smh J-SSInh 5x

L In|cosh(5x ) + ¢
cosh cosh 5x

2) '[tanh(Sx)dx

.[smhzxdx — sinh? x _ cosh2x -1

Jl-cosh2x 1 {sthx x} [sinhz_l}_[sinho_g}
) 4 2], | 4 2| 4 2

[@_1}[__0} 0.406

2

sinh x
sinh x + cosh x
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X —X

-» sinh X + cosh x =¢e* and sinh x = —€
2 - 2 x —X 2 _ _2X 2 2

j __sinhx I f dx = jl * dx= IO.S dx —jO.Se‘ZX dx
) smhx+coshx 5 ) 5 )

[OSX——e } —[05x+0.25e> [ =[0.5(2)+0.25¢ ] [0.5(0)+0.25¢°]

[1+0.00457]—[0+0.25]=0.7545

(5) _fsinh3 X dx = jsinh xsinh? x dx
- cosh? x —sinh? x =1 = sinh? x = cosh? x —1

cosh® x
—coshx+c

= Isinh x(cosh2 X —1)dx = J'cosh2 x sinh x dx —jsinh xdx =

1
cosh(nx) . pe™4e™ o XFL o x241
(6 )-[ x? +1 d I 2(x? +1) dX_IZixz+1idX_I2xix2+1idX

—I—dx 0.5In|x|+c



B) _Inverse Hyperbolic Functions

1- Definitions
(1) y =sinh™x = In(x +/1+x° )
s X=sinhy

D:All x; R:Ally

(2) y=cosh™ x = In(x +/x? —1)

. Xx=coshy

D:x>1;R:y>0

1+ X
3)y=tanh™x ==
(3) y=tanh™x = Zn(l—xj

X =tanhy
D:-1<x<1;R:Ally

4)y=cothx =11 X”)
(4) y =coth™ x = Zn[xl

.. X=cothy

D:-1>x>1; R: All y Except y=0
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(5)y=sech™x =In

_1+\/1—x2} |

sech™x = cosh‘l(1
X 0
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s y=sech™ = x=sechy = = coshyzi =y= cosh‘l(ij =sech™x

coshy

D:0<x<1;R:y>0

D = N w S [3;]
1 1 1 L '
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(6)y:csch1x=lnF+ X +1}
x|

cschx = sinh‘{lj
X

s y=csch™x = x=cschy =

sinhy

D: All x Except x=0; R: All y Except y=0

= sinhy = 1 = y= sinh‘l(lj =csch™x
X X

2- Relations

(1) sinh™* x = In(x +/x? +1)

Y _ 7Y

1
= 2x=¢'-—=
ey

Let y=sinh™x = x =sinhy = >

so2xeY = (ey)2 -1= (ey)2 —2xe” —1=0 Quadratic Equation

_ 2X+4/4x*+4 NV SR
) ++/

c.oeY




» X*+1>x and €” = positive = €Y =x+/x* +1
Sy=sinh™x= In(x+\/x2 +1)
(2) cosh™ x = In(x + /X2 —1)

y+ -y
Let y:cosh‘lx:>x:coshy=e °

1
= 2x=eY+—
ey

co2xeY = (ey)2 +1= (ey)2 —2xe” +1=0 Quadratic Equation

Ly o2t “;Xz SRV VRN yzln(xinT—l)

Either y = In(x+m)

Ory= In(x—\/xzi—l): In{(x—\/xzi—l\)ﬁm} = In{m}

/x+\/x2—1 X+/x? -1

.{%}.(m)

> cosh™x>0= y=cosh™x= In(x +/X? —1)

/ 2

(3)sech™x = In{u}, 0<x<1
X
i 2

sech‘lx:cosh‘{l}:ln i+ %—1}:In{l+ L Z(}

X R X X X

4 1+1-x2 |

ssech™ x=Inj——

X

x|
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s csch™x = sinh‘lF} = InF+ iz+1} = InF+ 1+;( }
X x \x X X

1 \/1+x2}
, X#0

(4) csch™'x = In{— +




—+
x|

, 4 1 WJ1+x?
s.csch™x =1In

(5) tanh™ x = % In{lJr X}

1-x

ey _e—y eZy _1

Let y=tanh™x = x =tanhy =

= X =
e’ +e” e? +1
oxe¥4x=e"-1=e”(1-x)=1+x

oy _ 1+X [ 1+ X 1, [1+x
el =——=2y=In—|=y==In
1-X [ 1-X 2 |1-x

(6) coth™ x = lln{x—Jrl
2 | x-1]

-y 2y
Let y=coth®x = x = cothy_e +€ :>x=e2 +1
e’ —e” e’ -1

xe” —x=e? +1=e”(x-1)=x+1

2y X+1 X+1 X+1
el =——=2y=Inl— | => y= —I
X—-1 X—-1 2 X — 1

3- Derivatives

(1) y=sinh™*(x) = x=sinhy

~.1=cosh yﬂ:d—y 1

dx  dx coshy /1+S|nh2

Jdy 1
Cdx 14+ %P

(2) y=cosh™(x) = x=coshy

~.1=sinh yﬂ:ﬂ L

dx  dx smhy /coshzy 1
Cdy_ 1
Cdx o Jx2-1




(3) y=tanh™(x) = x=tanhy

.'.1:sech2yﬂ:>ﬂ: 12 _ 1 :
dx  dx sech’y 1-—tanh®x

Cdy 1
CUdx 1-x2

(4) y=coth™(x) = x=cothy

.'.1:—csch2ygz>ﬂz _12 _ —12
dx dx csch’y 1-coth®x

Cdy -1
dx 1-xP

(5) y=sech*x = x=sechy

".1=—sechytanh yﬂ = dy _ -1 _ -1
dx ~dx sechytanhy sechy,/1-sech’y
oy -1
Cdx o xy1-%°
a4l
(6) y =csch™x =sinh [;}
Cdy 1 -1
A [ a2 X2
1+[1j
X
dy 1 -1 -1
dx 1 X x? +1
1+P 2 "
dy -1 dy -1

. dx_X2 X2+1 dx ‘X‘ lxz 11
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4- Integrals

O

dx =sinh™(x) +c¢

dx = cosh™(x) +c¢

@)=

@) [ 1ff(x() )dx tanh[f (x)]+ ¢, When [f (x)] <1

I P09 4x = coth *f(x)]+c, When [f(x)|>1

1-f2(x)

j f(;() dx=llnw+c
1-f2(x) 2 [1-f(x)
(4)jx Tl— = dx =—sech™(x)+c
(S)Ix\/11+7 dx =—csch™|f (x)|+c

Ex3: Evaluate the following integrals:

1/43 dx _smh‘l{ X }+c

1
(1)IV3+X2 \/1+(x/\/_)

1
f\/idx [ —2jm—23inhl[&]+c
Sl J;/idxoshl B
-1
COS X COS X COS X
I\/S—coszx '[\/5 1+sin? xd _'[\/4+S|n de

:I cos X /2 deZSinh_ll:SmX:|+C
{sinx} 2
1+ ——
*E
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Ex4: Prove that:

2 f—
tanhl{x2 1} =Inx
X" +1

Solution

X2

-1 x?-1 e¥—-e?V x*-1
5 = tanhy = = =

x2+1  e'+e”¥ x2+1

Let y= tanh{
X“+1

cev—e? e xP-1  e¥-1 x*-1

T L ed e xZal e a1 %2
e’ +e e X +1 e’ +1 x°+1

e (X2 +1)— (X% +1)=e¥ (x2 —1)+ (x* —1) = 2e¥ =2x> = ¥ =X

2

2_
'.2y:Inx2:2Inx:>y:Inx:tanhl{X 1}:Inx
xX“+1

Ex5: Prove that:

l+tanhx  ,,
=e

1—tanhx
Solution

N sinh x
1+tanhx 7 coshx
~ 1-tanhx ,_sinhx

cosh x
cosh X +sinh x

B cosh x _coshx+sinhx e*
~ coshx—sinhx  coshx—sinhx e>*

cosh x

Ex6: If a=coshx and b =sinh x, prove that:
(a+b) e =a?—b?

Solution

»a+b=coshx+sinhx =e*

~(a+bfe? =(e*fe? =e¥ e =1

.+ a’ —b? = cosh? x —sinh? x =1

s (a+bye® =a?-p?
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