Integration

Integration is the reverse process of differentiation. When we differentiate we start with an
expression and proceed to find its derivative. When we integrate, we start with the derivative
and then find the expression from which it has been derived.

Indefinite Inteqral

d
If ™ F(X) =f(X) . then:
X

_[f(x) dx = F(X) + ¢, where c is a constant of integration.

Theorems

(1)j[fl(x)ifz(x)i---ifn(x)]dx=jfl(x)dXijfz(x)dXi--.ijfn(x)dx

(2) fkf(X) dx = kjf(X) dx, where k is a constant

(S)Ix” dx =

n+1

+c,n=+-1

n+1

+c,n=-1

N e _fn+l(X)
(4) JIFCOT o0 dx ==

Ex1: Evaluate:

6
(1)J'x5dx=%+c

(2)I(X‘?+2x+%+4)dx:f(x3+2x+x‘2+4)dx:XT:+2X—22+)i—_l+4x+c
3/2 3/2
(3) [x1+x? dx=%J'2x(1+x2)“2dx=%%+cz%+c

6 1 6 1
(4) [(4x-3) dx:zj4(4x—3) dx =2 o=

Integration of Exponential and Logarithmic Functions

1 f’
(1)'f;dx= In[x| + (Z)I%dx: In[f (x)| + ¢

(3) .[ex dx =e* +c (4) jef(x’ f'(x)dx =e"™ +¢
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Ex2: Evaluate:

(L) [ dx = EJ'SeSX‘6 dx = tewo o e
5 5
X“+2X x2+2x eX2+2X
_[e (x +1)dx IZ (x +1)e* 2 dx = +C
2
3x+ _ [ 4ln23xt _ [ 4In2(3x+1) _ 1 In2(3x+1)
3)'[2 1dx—'[e dx—je 1dx—m 3In 2e"2¥ gx
_ 1 eln2(3x+1)_'_C= 23X+1 tc
3In2 3In2
(4) [ L -t =2 dx:_—lln\1—2x\+c:M+c
71-2X —-271-2X% 2 2

——I (4X4)+C

1+ x? 1+ x*

dx —jll—xdx In[in x|+ ¢
-xlnx

Integration of Trigonometric and Inverse Trigonometric Functions

@) Isin X dX = —COS X +C (2) Isin[f (X)]f'(x) dx = —cos[f (x)]+ ¢

: cos xdx =sinx +¢ (4) [ coslf (x)]f(x) dx = sin[f (x)]+¢c
_'sec2 xdx =tanx +c (6 ) [ sec?[f (x)]f’(x) dx = tan[f (x)]+c
(

8) [ csc2[f (x)] f/(x) dx =—cot[ f (x)]+¢

)
)

7) [csc? xdx = —cot x +¢
)

_'sec Xtan xdx =secx+c (10 Isec[ f (x)]tan[f (x)]f (x) dx =sec[ f (X)]+c

dx=sin™x+c 1ZI ') dx =sin*[f (x)]+c

J1-f2(x)

dx=cos™ x+c¢ 12j F(x) dx:cos‘l[f(x)]+c

V(-1

~dx =tan™ x+c (14”1: f(2><() )dx tan [ f (x)]+c

(12) j \/:7

x? -1

Y1+X



dx=sec’x+c (16) J. F(x) dx =sec'[f (x)]+c

()20 -

dx=csc'x+c (18) _[ ) dx =csc[ f (x)]+c

f(X)4/1- f2(x)

ol e

X/1— x?

Ex3: Determine the following integrals:

(1) j3sin(2x +3)dx = gJ'Zsin(Zx +3)dx = —gcos(Zx +3)+c

2) I6secz(5—3x)dx = %j—Ssecz(S—Bx)dx =—2tan(5-3x)+c

(3)[45)( _Im _J'l+l/2 dx = tan™(x/2)+c
IS—%dx:jsinlxﬁdx:@in;X) +C
j\/ﬁdx I\/idx—sm ( ) c

ex
(G)Ie re* 42 _Ie X 114 2" J.(ex+1)2dx

« 1
=I(ex+1)_2exdx:(e +1) re=—2 4e

COS X COS X COS X
7) | ———dx = dx = d
()J.5—coszx X J5—1+sin2x X I4+sin2x X

:lj' CoS X dx:lf (cosx)/ 2 e =1tan‘1(3in Xj+c

4 i 2 2 i 2 2 2
1+(mnxj 1+(mnxj
2 2

(8”)(\/%3(1)(_'.‘)(\/3(41)(—2_1)“_\/15])(\/(2)1(7)21“
3 J3




2

S L8

OloEa

_Icosx+coszxdx_J-cosx+1—sin2x

sin? x sin? x

22)..

'[ 1 dx—_[ 1/Vx dx —ZIde=2tan1\/§+c
VX (1+x) 1+( ) ( )
1
1 J3x _(Inx
(10) dx = dx = sm‘l(—j +C
vaS—(Inx)Z \/1—(Inx/\/§)2 V3
EX4: Integrate:
Itanxdx J-snx =—I_Sinxd —In|cos x|+ ¢ =In——|+c =In|sec x|+ ¢
COS X COS X COS X
2
Z)Itanxseczxdx=tan X
=2
?))'[sinxcosxdx=Sln X e
. . 2
Or sinxcosxdx=—_[cosx(—sinx)dx= COZS X e
Or 'sinxcosxdx:IO.SsinZde:m+ __C0452X+c
(4)- 1_ dx:I 1_ ><1—s?nx _J-l smx
J1+sInX 1+sinx 1-sIinXx 1—sin? x
_(l-sinx . sinx 2 P :
= — 7 dX_Icos ~x —ICOSZde—Isec xdx + [ cos * x (~sin x)dx
-1
=tanx+(cos—x)+c=tanx——+c=tanx—secx+c
-1 COS X
2
(5)'[ COS X dx=j COS X X1+cosxdxzjcosx+0(2)s X gy
1-cos X 1-cosx 1+ cosx 1-cos” X



(sinx)™

= [ (sin x) cos xdx + [ csc? xdx — [ dx = ~COtX — X +C
=—CSCX —COt X +C
Ism s dx — .[1 costOI z.‘-ldx_J’COSZdezi_SiHZX_FC
2 2 4

7) Jcos3 X dx = fcos2 X C0S X dX =J'(1—sin2 x )cos x dx

=3
. . sin® x
=Icosxdx—jsm2xcosxdx:smx— 2

8) jtans X dx = .[tanz X tan x dx =I (sec2 X —1)tan x dx

tan? x
=Itan X Sec? xdx—J'tanxdx =T—In\secx\+c

9) J',/l+sin 2 X dx =J‘\/sin2 X +€0S° X + 25sin X cos X dx

=J'\/(sinx+cosx)2 dx = [ (sinx +cos x)dx = [ sinxdx + | cos x dx

=—COSX+SINX+C

(10)jSinzxdx=I23inXCOSde='[2003xdx=2$inx+c

sin X sin X
sin& i 1
() | 7 dx:zfmn\/;xﬁdx:—Zcos\/;ch
<12)J sin X dx _I sin X _I sin? x Jl cos? de
CSC X + cot X 1 COSX 1+cosx 1+ CoS X
sin X sinx

_ J~ (1—cos x)(1+ cos x)

dx=j(1—cosx)dx=x—sinx+c
1+ cos x

(13) jsin 5x sin 3x dx
.+ cos(B, +0,)=cos, cos0, —sin O, sino,
.+ 00s(6, —0, )= cos 0, cos B, +sinH, sino,

. cos(6, —0,)—cos(8, +6,)=2sin0, sino,



cos(6, —0,)—cos(6, +8,)
2

cos(5x —3x)—cos(5x +3x) _ cos 2x — s 8x
2 2

-.sinB,sinb, =

;. sIin5xsin3x =

sin2x 1 sin8x
S +C
2 2 8

.[sin5xsin 3x dx :ljcos 2xdx—1J'c038xdx :1
2 2 2

sin2x sin8x
— +C
4 16

Definite Inteqgral

If jf(x)dx: F(x) +c, then:

ff(x) dx = [FO)L = F(b) - F(a)

Ex5: Evaluate the following integrals

) j;(2x+1)3 dx:{lw}l :{(2(1)+1)4H(2(0)+1)4}:8_1_1—@:10

2 4 8 8 8 8 8

0

n/2 /2 n/2
(2) [ sin®xcos®xdx = | sin® xcos® xcos xdx = jsin3x(1—sin2x)cosxdx
0 0 0

/2

nl2 . . nl2 ., n/2 . Sin4X SInGX
_[(sm X —sin x)cosxdx=jsm xcosxdx—_[sm X cos X dx = .
0 0

(1) (0_0) 3-2_1
4 6 4 6 12 12

/4 T Sec X + tan x " sec? x +sec x tan x
(3) | secxdx = J' sec X dx = .[ ax
) ) SecX +tan x © SEcX+tanx

0

= [Injsec x + tan x\]gl4 =Injsecnt/4+tann/4|—InsecO+tan Q| = In(\/i +1)

i il “’4(1+cos4xj(1+cos4xj
dx

(4) .;cos“ 2x dx = .([cosz 2X x C0s% 2X dX = Z[ 5 5
11‘[/4 175/4

== [(L+cosax) dx == I(1+ 2¢0s 4% + cos” 4x )dx
4 4



/4 /4

— % [ (1+2cos 4x +0.5+0.5c058x)dx = % [ (1.5+2cos 4x +0.5cos 8x ) dx

0 0

0 4

. . nl4 . .
:%(1.5X+23|n4x sm8xj 1( n sinm SIﬂan_3Tc

+0.5 15—+ + = —
8 4 2 16 32

Properties of Definite Integral

(1).Tf(x)dx:—jf(x)dx (z)jf(x)dx=o
(3) if(x)dx = j'f(x) dx+if(x)dx

d X
(4) d—xif(t)dt:f(x)

v(x)

(j 2 !’
(5) < [T dt=Fv00]v() - Flut]utx)

u(x)

o dy
Ex6: Find -, if:
E— dx

Cidt %1 dy -1 d_, -2x
) _sz——j—dt:—

1+t dx 1+x°dx  1+X°

sinx

2)y= j Vi-tPdt = j—){=\/1—sin2xcosx—\ll—coszx(—sinx)

COSX
d - ) i
d—y =+/C0S% X COS X +4/SiN® X sinX =cos® X +sin®x =1
X

EX7: Variables x and y are related by the equation

y
1
= | ———dt-
§ }[w/1+4t2

2
Show that ﬁ Is proportional to y and find the constant of proportionality.

Solution



d7y

—2 =

y
dt:ix:ij !

dx  dxg . 1+4t
g—zw/1+4y2

X

dy___ 4y
dx 1+4y2 dx
ky and k=4



Q1: Determine the followings:

1) j cot x dx
(3) [ cos® x dx

(5) [ cos5x sin x dx

(7) ¥ COS X dx
’ sec X + tanx

(9) [ tan? x sec? x dx

(11) j cos 0 —sin O 4o
cos O +sin 6

2X

€

Q2: Evaluate the following integrals:

1tan X 4
0T

/6
4) J'In(sin 2x)cot 2x dx

/8

_dy
0Q3: Find —X,lf:

2X dt
()y t—2

Q4: Given:
y=[f®)(x-t)

Home works (2)

2) .[cscxdx
4) jcot"’xdx

6) J'cos 3X Cos X dx

(S)I sin 2X dx

dx

1+ cos’® x
(10) J'sin2 x cos” X dx
y
12 d
( )I2+y4 y
1
(14) j o dt
/2
3) J'sinsxcos:*xdx
8+3x
3 "2 cos2x
dx 6) [ :
9_x2 > COS X +Sin X

d2
Z=109;

Q5: Variables x and y are related by the equation

* 1 d
8xX = j dt- Show that i~
0

=32-



