Methods of Integration

1- Integration by Parts

We often need to integrate a product where either function is not the derivative of the other.

For example, in the case of

_[xlnxdx

In X is not the derivative of X
X is not the derivative of In X
so in the situation like this, we have to find some other method of dealing with the integral.
Let us establish the rule for such cases.
If u and v are functions of x, then we know that
d dv du
—(uv)=u—+v—
dx dx dx

Now integrating both sides with respect to x. On the left, we get back to the function from

which we started:
uv:juﬂdx+jvd—udx

dx dx
and rearranging the terms, we have:

Iuj—idx:uv—jvg—idx

J'udv:uv—.[vdu

Ex1: Evaluate the following integrals:

(1)lenxdx

Letu=Inx = du:ldx
X

X2
and dv=xdx:>v=7

-.-Iudv:uv—_[vdu



2 2 2 2 )
.'.jxlnxdxzx_lnx_J‘X_ldX:X |nX_J‘§dX:X Inx_x_
(Z)Ixsinxdx
Letu=x= du=dx

and dv=sinxdx = v=-cosx
J'xsinxdx=—xcosx—_[ —cosxdx:—xcosx+_[cosxdx=—xcosx+sinx+c
(3) [x*e" dx

Let u=x* = du=2xdx

and dv=e"dx = v=¢e"
.'.J'xzexdx=x2ex—J.erxdx:xzex—I+c
I=.[2xexdx

Let u=2Xx = du=2dx

and dv=e*dx = v=¢”

j2xex dx =2xe” —jZex dx =2xe* —2¢e"
.'.szexdx:xzex—2xex+2ex+c

(4) '[ e* cos 2x dx

Let u=e* = du=e"dx

and dv=cos2xdx = v=3N2X
Iex cos 2x dx = e” sm2x_J~sm2xeX dx = & sinex
2 2
I:jsm2xexdx
Let u=e* = du=e*dx
sin 2x —COS 2X

and dv= dx = v=



sin 2x —e” cos 2x —CO0S 2X —e* cos 2X COS 2X
_[ e dx = —j e dx = +j e* dx
4 4 4
e¥sin2x e*cos2x 1
_[ex cos 2x dx = + ——jex cos 2x dx
4 4
1+1 IeXCOSZdeze S|n2x+e c0s 2X
4 2 4
.'.§'fex cos 2x dx = & S|n2x+e CoS 2x ><ﬂ
4 4 5
'[ex cos 2xdx = 2€sin2x .8 cc5>52x +C
(5) 'ftan‘lxdx
Let u=tan™ x = du=——dx
1+Xx
and dv=dx = v=xX
J'tanflxdx=xtan*1x—_[ X ~ dx =xtan1x—lln(1+ x2)+c
1+x 2
(6) 'f sec® x dx = jsecxsec2 X dx
Let u=secx = du=secxtanxdx
and dv=sec® xdx = v=tanx
J'sec3xdx =secxtanx—J'secxtan2 X dx
+1+tan®x =sec® x = tan® x =sec? x —1
_[sec3 X dx =secxtanx — jsecx (sec? x —1)dx
J'sec‘*xdx=secxtanx—J'se03xdx+J.secxdx
2Isec3 x dXx =secxtanx+fsecxdx
; secxtanx 1 secxtanx Injsecx + tanx|
'[sec xdx=T+E secXdx = 5 + 5 +C

2- Integration by Partial Fractions

Ex2: Evaluate the following integrals:



. X A N B
T (x-1)(x-2) x-1 x-2

S~ A=-1land B=2

=—Injx -1+ 2Injx — 2|+ ¢

R lr=re

4x*
O oy ™
4x* A B C

(x +1)(x —1)° X1l x-1 (x —1)°
SA=1B=3 and C=2

4x? 1 3 2
dx=|——d —d d
j(x+1)(x_1)2 = X+I(x—1)2 X

1
st 2 XD oo a1 2 e

8 j(z:—;sdx

X+l __A B C
C(x+2F x+2 (x+2) (x+2)
.A=1 B=-4 and C=5

XA+l
..j( dx jx+2dx+jx+2)dx+jx+2)dx

X +2)°
:In\x+2\—4(x+2)_ +5(X+2)_ +c=In[x+2+ 4 2 ~+C
-1 -2 X+2 2(x+2)
IX +3x+2
xix +1i

x*+3x+2 A Bx+C x(x2+1)

CTxbE) T x kA1)



x2+3x+2=A(x2 +1)+ Bx?+Cx=Ax*+A+Bx*+Cx
SLA=2,B=-2,and C=3

.'.IX2+3X+2d _J- dx J‘ 2X+3d :J'édx_‘.' 2X dX-l-J. 3 dx

x (x2 +1) X% +1 2

X“+1
=2In|x| - In(x2 +1)+ 3tan'x+c

2
(S)J‘ZX +X+5dx

x(2x+1)

C2x*+x+5_ , B C

So————=A+—+—— 2X+1
X(2x +1) +x+(2x+1) x(2x+1)

2 2X2 +Xx+5=A2X% +X)+B(2X+1)+Cx =2AX? + AX+2BX+B+CXx
. A=1B=5and C=-10

J-2x2+x+5

10 5 2
x(2x +1) +1dx:fdx+j§dx_512x+ d

dx:Idx+Igdx+I2_X

=X +5Injx -5In(2x +1)+c

3- Integration by Substitution

Make the substitutions:

(1) x=asin® or x =atanh®

in integrals involving va® —x* or (a2 — xz)-

(2) x=atan® or x =asinh @

in integrals involving va® + x> or (a2 + xz)-

(3) x =asec® or x =acosh®

in integrals involving vx* —a’® or <x2 —az)-

Ex3: Find:

1/2
Of 2l s

This integral can be solved by substitution as follows:

dx =sin?(x/2)+c

Let X =2sin0 = dx =2cos0d0 and 4 —x*> =4 —4sin*0=4c0s° 0
-5-



o A4—x? =,[4c0s? 0 = 2¢0s 0
2cos0do

J‘ dx _J‘
ChJa_x2 Y 2cos6

X =2sin0 = sinezg = 0 =sin(x/2)

:jde=e+c

=sin?(x/2)+c

Let x =3secO = dx =3secOtan0do and vx? —9 =+/9sec’ 6—9

- X2 =9 =,/9tan’ 0 =3tan0
3secOtan0do

. J‘ dx _I
k2 _g 3tan 0

= jsecede =Injsec® + tan | +c

X% -9

‘X =3secH = secezg and tan0 =

j dx :In3+

VX2 -9 3

Or x =3cosh® = dx =3sinh0d0 and /x> —9 =/9cosh? 0 —9

- \/x? -9 =/9sinh? @ =3sinh 0
3sinh 6d6

J‘ dx :J‘

T x2 9 3sinh 0
[\, 2

-.-cosh‘lx:ln(x+\/x2—1):> cosh1§:|n(§+ X _QJ

3 3

:jd6=6+c:cosh‘1§+c

dx 1 X X x*-=9
I =cosh™—+c=Inl —+ +C
x2 -9 3 3 3

(3) j \/217 dx



Let X =+/2tan0 = dx = +/2sec20do

V2+x% = [2+2tan? 0 = /21 + tan? 6) = /2 sec O

¥ dx J-\/_sec 0
B V2 + x? V2 secH

do = J'secede =In|sec® + tan 6|+ ¢

X N2+ X2
* X =+/2tan® = tan® = —— and secO = 2 + x2
J2 J2 X i
_[ dx ‘\/2+x2 x‘
=In +———|+C 0
'\/2+X2 ‘ \/E 2‘ \/E

Let x =3sin® = dx =3cos0d0 and v9— x> =./9—9sin? 6 =/9cos? O =3cos 0

f\/9—x2 dx =I3cos Ox3cos0do = 9Jcos.2 0do :%I(H cos260)de

9 sin20 9 . (X)) 9. . 4 X
=—| 0+ +C=—SIn"| — |+—=sIn| 2siIn"" — |+C
2 2 2 3 4 3
5 _[ 3/2

Let x =2tan® = dx = 2sec’ 0dO and (4+ x2)3/2 = (4+ 4tan® 9)3/2

(4 + x2)3/2 = (4sec2 6)3/2 = 4%%sec®9=8sec® 0

j- dx _J-Zseczede)_j- do _1 CosedG—ESine-l-C
a P2 8sec®® 7 4secH 4 4

s X=2tan6 > tanezg and sin9 =

X
44X
V4 + x? X

dx 1

.-.jm_zﬁﬂ S
(6)_[ X dx

X_

T
H



Let Xx =secO = dx =secOtan0doO and \/x2 -1= \/sec2 0—-1=tanO

2 2
X_ O :J-sec esecetanede=.|'sec3ed9
%% ~1 tan©
2
[0 =lsec@tan(ﬂlIn\sece+tan9\+c X2 _1 X
J /X2 _1 2 2

s X=5ecH = sec9:§ — tan0 =+/x> -1

1
2 [,2

_[ LS ) 1+1In‘x+\/x2—1‘+c

Vx? -1 2 2
4- Integrals Involving ax® +bx+c
Ex4: Find:

dx
1
()Ix2+2x+10
X2 42X +10=X* +2X+1-1+10=(x +1)* =1+10 =9+ (x +1)’
J- dx _J‘ dx
IXP+2x+10 Y9+ (x+1)
Let u=X+1= du=dx
J' dx :I du
Y94 (x+1)f Y9+’
Let u=3tan® = du =3sec’0d6 and 9+ u® =9sec’ O
2

_[ du 5 :'[BSEC ?de :ljd6:16+c:ltan‘1£+c:ltan‘l—x+l+c

9+u 9sec” 0 3 3 3 3 3

dx 1 _{x+1}
J. > =—tan"| —= |+cC
X“+2x+10 3 3

(2)‘[w/2>c<bix2

22X —X? =—(x2 —2x)

—(x2—2x+1-1)=—(x? —2x+1)+1=1—(x—1)



~1)+c

S Nerer o

Or x—1=sinB = dx =cos0dO = /1—(x —1)° =v1-sin’ 6 = cos O

_[ ax :Icosede :jd0:9+c=sin‘l(x—1)+c
1—(x—1) cos 0
dx
3
( )I(2x+1)\/x2+x
2
x2+x:x2+x+1—1:(x+1j —3:1(2x+1)2——
4 4 2 4 4
J‘ dx :J' dx :J‘ dx
@x+D)Vx?+x  * (2x+1),/0.25(2x +1)? —0.25 * 0.5(2x +1)y/(2x +1) 1
j 2dx =sec(2x+1)+c
(2x+1)/(2x +1) -1

Or 2x+1=secO = 2dx =secOtan0doO

~yJ2x+1f -1 =+/sec? 0 -1 =+/tan 0 = tan0

) J‘ 2dx :jsecetanede
(2x+1)\/m secOtan®
dx

5- Integrals Of The Form j — 5
asin“x+bcos“ x+c

The key to the method is to substitute t = tanX in the integral.

tanx =t
ssinXx = L and cos X = !
N Vi+t? t
x:tan‘lt:d—xz ! __t
dt  1+t? 1+t°

EX5: Find:

dx
(1)Il+ cos® X

=_[d9:6+c:sec‘1(2x +1)+c

N1+ t2




1
Let tanx =t = dx=——, COSX =
1+1t2 V1+t?
2 2
Then 1+cos® x =1+ 12:1+t :_1:2“2
1+t 1+t 1+t
'I dx __jl+t2 j
14 cosix Y2+4t21+t2 J 2447

Let t=+/2tan® = dt =/25ec?0d0 = 2 +t2 =2+ 2tan’ 0 = 2sec? O

at _J-\/_sec 0do _ jde— L oo L -Lsc
J 2 4t? 2sec’ 0 J2 J2 J2
o dxo 1 tan tan x Lo
J1+cos?x A2 J2
dx
2
( )Isinzx—4coszx
Let t=tanXx = dx = 1 sinX = ¢
1+t Ji+t2 V1+1t2
- 2 2 2 4 t2_4 1 1+t2
S.SIN“X—4C08" X =—F——7 = s = — ==
1+t 1+t 1+t SIN“X—4cos“xXx t°—-4

'j 1 _j1+t dt
N sinzx—4coszx 41+ 1

1 A B

-[ . _I t+2

x (t—2)t+2)

-2)t+2) t-2 t+2
~1=A(t+2)+B(t-2)=At+2A+Bt-2B

. A+B=0and 2A—ZB:1:>A:%and B:_Il

dx
asinx+bcosx+c

6- Integrals Of The Form j

-10 -

' L dt="[ 1 gt idt——l njt— 2\——|n\t+2\+c— In[L ==
J(t-2)(t+2) " 4lt-2 4lt+2 4
1 1 [tanx-2
A > dx ==In|—+¢C
Y sIn“ X —4cos” X 4 |tanx+2

t+2

+C



X
The key this time is to substitute t = tanE-
1+ t2
tans =t = ~=tant = x = 2tan"t t
2 2

dx 2 2dt X/2
So— = > = dx = -

dt 1+t 1+t 1

ot 1 o
Vi+t2 J1+t2 1+t°

) . X . X X
-.-smx:sm2§:23|n§cos—=

X X ., X 1 t?  1-t?
‘. COSX =C0S2— =C0S° — —SIn“ — = = == >
2 2 2 1+t 1+t 1+t

Ex6: Find:

) Id—x

5+ 4cos X

Let t =tan(x/2)

2dt 1-t°
S OX=——and cosX =——
1+t 1+t

1-t? _5+4—4t2 _545t° +4-4t* 9+t

S.9+4cosx=5+4 > 5 > = 2
1+t 1+t 1+t 1+t

J- dx J‘l—i-tz 2dt ZJ‘ 2dt

5+4C005X S 9+t21+t2 Y9+t

Let t =3tan0 = dt =3sec’0d0 = 9+t =9+9tan’0=9sec’ 0

- 2dt _JszseczedG 2
9+ t? 9sec’® 0 3

_ dx :gtaml[tan(xlz)}+C
5+4cosx 3 3

)] L dx

1+sin X —cos X

J'd6=36+c=gtan‘1[£}+c
3 3 3

1-t°
> =——, and cos X =

Lett=tan(x/2):>dx=2—dt sinx = .
1+t 1+t 1+t
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. 2t 1-t? 1+t?+2t-1+t> 2t>+2t
Sol4+sInxXx—cosx =1+ = —

1+ 1+ 1+1t° 14+t
1 1+t°  2dt 1 1
dx = = dt = dt
-[1+sinx—cosx X J-2(t2+t)1+t2 -[t2+t J-t(t+l)

1 A B
L1 _A B
tt+1) t t+1

SA=land B=-1

_ 1 dx:J‘}dt—J.idt:In\t\—ln\t+]4+c:lnL +C

¢ 1+sin X —cos X t t+1 t+1
- ! dx =1In tan(x/2) |+c

J 1+5sin x —cos X tan(x /2)+1|

Home works (3)

Q1: Determine the followings:
@ '[xs In x dx (2) _[xz cos x dx (3) 'fxesx dx
(4)jezxsin X dx (5) '[sin‘lxdx (6)]0303 X dx

(7) _[xsecz X dx

Q2: Evaluate the following integrals:
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03: Estimate the following integrals:

0o R @) [ o
(4) [ o Sl Pl

Q4: Calculate the following integrals:

(1)J‘mdx (2)_[ 2 X —x2 dx (@jﬁdx

Q5: Achieve the following integrals:

(1) J‘ dx (2) J‘ dx

5_—sin? x 9cos? x —sin? x

Q6: Evaluate the following integrals:

) J- dx ) J- dx

1+sinx 1—3sin X +Cos X
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