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Methods of Integration 

1- Integration by Parts 

We often need to integrate a product where either function is not the derivative of the other. 

For example, in the case of  

 dxxlnx  

xln  is not the derivative of x  

x is not the derivative of xln  

so in the situation like this, we have to find some other method of dealing with the integral. 

Let us establish the rule for such cases. 

If u and v are functions of x, then we know that 

( )
dx

du
v

dx

dv
uvu

dx

d
+=  

Now integrating both sides with respect to x. On the left, we get back to the function from 

which we started: 

 += dx
dx

du
vdx

dx

dv
uvu  

and rearranging the terms, we have: 

 −= dx
dx

du
vvudx

dx

dv
u  

 

 

Ex1: Evaluate the following integrals: 

( )  dxxlnx1  

dx
x

duxuLet
1

ln ==  

2

2x
vdxxdvand ==  

 −= duvvudvu  

 −= duvvudvu  
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22222

+−=−=−=    

( )  dxxsinx2  

dxduxuLet ==  

xvdxxdvand cossin −==  

cxsinxcosxdxxcosxcosxdxxcosxcosxdxxsinx ++−=+−=−−−=    

( )  dxex3 x2
 

dxxduxuLet 22 ==  

xx evdxedvand ==  

cIexdxex2exdxex x2xx2x2 +−=−=   

= dxex2I x
 

dxduxuLet 22 ==  

xx evdxedvand ==  

xxxxx e2ex2dxe2ex2dxex2 −=−=   

ce2ex2exdxex xxx2x2 ++−=   

( )  dxx2cose4 x
 

dxedueuLet xx ==  

2

2sin
2cos

x
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 −=−= I
2

x2sine
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2
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2
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x
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= dxe
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4
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2

2sin x
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x
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−
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 −+= dxx2cose
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xx
x ++=   

( ) 
− dxxtan5 1

 

dx
x

duxuLet
2

1

1

1
tan

+
== −

 

xvdxdvand ==  

( ) cx1ln
2

1
xtanxdx

x1

x
xtanxdxxtan 21

2

11 ++−=
+

−= −−−

   

( )  = dxxsecxsecdxxsec6 23
 

dxxxduxuLet tansecsec ==  

xvdxxdvand tansec2 ==  

 −= dxxtanxsecxtanxsecdxxsec 23
 

1xsecxtanxsecxtan1 2222 −==+  

( ) −−= dx1xsecxsecxtanxsecdxxsec 23
 

  +−= dxxsecdxxsecxtanxsecdxxsec 33
 

 += dxxsecxtanxsecdxxsec2 3
 

c
2

xtanxsecln

2

xtanxsec
dxxsec

2

1

2

xtanxsec
dxxsec3 +

+
+=+=   

2- Integration by Partial Fractions 

Ex2: Evaluate the following integrals: 



 - 4 - 

( )
( )( ) −−

dx
2x1x

x
1  

( )( ) 2x

B

1x

A

2x1x

x

−
+

−
=

−−
  

2Band1A =−=  

( )( )
c2xln21xlndx

2x

2
dx

1x

1
dx

2x1x

x
+−+−−=

−
+

−

−
=

−−
   

( )
( )( )

−+
dx

1x1x

x4
2

2

2

 

( )( ) ( )22

2

1x

C

1x

B

1x

A

1x1x

x4

−
+

−
+

+
=

−+
  

2Cand,3B,1A ===  

( )( ) ( )
−

+
−

+
+

=
−+

 dx
1x

2
dx

1x

3
dx

1x

1
dx

1x1x

x4
22

2

 

( )
c

1x

2
1xln31xlnc

1

1x
21xln31xln

1

+
−

−−++=+
−

−
+−++=

−

 

( )
( )
+

+
dx

2x

1x
3

3

2

 

( ) ( ) ( )323

2

2x

C

2x

B

2x

A

2x

1x

+
+

+
+

+
=

+

+
  

5Cand,4B,1A =−==  

( ) ( ) ( )
+

+
+

−
+

+
=

+

+
 dx

2x

5
dx

2x

4
dx

2x

1
dx

2x

1x
323

2

 

( ) ( )
( )

c
2x2

5

2x

4
2xlnc

2

2x
5

1

2x
42xln

2

21

+
+

−
+

++=+
−

+
+

−

+
−+=

−−

 

( )
( ) +

++
dx

1xx

2x3x
4

2

2

 

( ) ( )
( )1xx

1x

CxB

x

A

1xx

2x3x 2

22

2

+
+

+
+=

+

++
  



 - 5 - 

( ) xCxBAxAxCxB1xA2x3x 22222 +++=+++=++  
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( ) c1x2ln5xln5x ++−+=  

3- Integration by Substitution 

Make the substitutions: 

( ) == tanhaxorsinax1  

in integrals involving ( )−− 2222 xaorxa  

( ) == sinhaxortanax2  

in integrals involving ( )++ 2222 xaorxa  

( ) == coshaxorsecax3  

in integrals involving ( )−− 2222 axorax  

Ex3: Find: 

( )
( )

( )
( ) c2/xsindx

2/x1

2/1

x4

dx
1 1

22
+=

−
=

−

−

  

This integral can be solved by substitution as follows: 

=−=−== 222 cos4sin44x4anddcos2dxsin2xLet  
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==− cos2cos4x4 22
 

cd
cos2

dcos2

x4

dx

2
+==




=

−
   

( )2/xsin
2

x
sinsin2x 1−===  

( ) c2/xsin
x4

dx 1

2
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−
 −

  

( ) 
− 9x

dx
2

2
 

9sec99xanddtansec3dxsec3xLet 22 −=−==  

==− tan3tan99x 22
 

ctanseclndsec
tan3
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dx

2
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−
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c
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3
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2
+

−
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−
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9cosh99xanddsinh3dxcosh3xOr 22 −=−==  
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
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== dsec2dxtan2xLet 2
 

( ) =+=+=+ sec2tan12tan22x2 222
 

ctanseclndsecd
sec2

sec2

x2

dx 2

2
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


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+
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( )  − dxx94 2
 

==−=−== cos3cos9sin99x9anddcos3dxsin3xLet 222
 

( ) +===− d2cos1
2

9
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c
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
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( )
( )
+

2/32x4

dx
5  

( ) ( ) 2/322/322 tan44x4anddsec2dxtan2xLet +=+==  
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1
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=−=−== tan1sec1xanddtansecdxsecxLet 22
 

 =

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−
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   

4- cxbxaInvolvingIntegrals ++2
 

Ex4: Find: 

( ) ++ 10x2x

dx
1

2  

( ) ( )2222 1x91011x1011x2x10x2x ++=+−+=+−++=++  

( )
++

=
++


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1x9

dx

10x2x

dx
 

dxdu1xuLet =+=  

( )  +
=
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
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c
3
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tan

3

1
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3
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3

1
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1
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
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+
 −−
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3
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2
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
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
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 −
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1 
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xx2

dx 1
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−
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( ) =−=−−==− cossin11x1dcosdxsin1xOr 22
 

( )
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cos
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2
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


=
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 −

  
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
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3
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4

1
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4
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4
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1
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2

2

22 −+=−

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=
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=
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
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==+ dtansecdx2sec1x2Or  
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5-  ++ cxbxa

dx
FormTheOfIntegrals
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The key to the method is to substitute xtant =  in the integral. 

txtan =  
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1
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t
xsin

+
=

+
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1
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Ex5: Find: 

( ) + xcos1
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The key this time is to substitute =
2

x
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2
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2

x
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Ex6: Find: 
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dx 1 +







=

+
 −

  

( ) −+
dx

xcosxsin1

1
2  

( )
2

2

22 t1

t1
xcosand,

t1

t2
xsin,

t1

dt2
dx2/xtantLet

+

−
=

+
=

+
==  

t 
2t1+ 

1 

2/x 
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2

2

2

22

2

2

2 t1

t2t2

t1

t1t2t1

t1

t1

t1

t2
1xcosxsin1

+

+
=

+

+−++
=

+

−
−

+
+=−+  

( ) ( ) +
=

+
=

++

+
=

−+
 dt

1tt

1
dt

tt

1

t1

dt2

tt2

t1
dx

xcosxsin1

1
222

2

 

( ) 1t

B

t

A

1tt

1

+
+=

+
  

1Band1A −==  

 +
+

=++−=
+

−=
−+

 c
1t

t
lnc1tlntlndt

1t

1
dt

t

1
dx

xcosxsin1

1
 

( )
( )

c
12/xtan

2/xtan
lndx

xcosxsin1

1
+

+
=

−+
  

 

 

 

 

 

 

 

 

 

 

 

Home works (3) 

Q1: Determine the followings: 

 dxxx ln)1( 3
          ( )  dxxx cos2 2

           ( )  dxex x53                                              

( )  dxxe x sin4 2
                            ( ) 

− dxx1sin5                                    ( )  dxx3csc6                     

( )  dxxx 2sec7                    

Q2: Evaluate the following integrals: 
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( )
( )( ) −+

+
dx

xx

x

21

14
1                    ( )

( )( ) +−
dx

xx 231

8
2                    ( ) ( ) +

−
dx

xx

x

1

2
3

2                              

( )
( )

+

+
dx

x

x
2

2

14

38
4                           ( ) ( )

+

+
dx

xx

x
2

3

1

4
5                             

Q3: Estimate the following integrals: 

( ) 
+

dx
x29

4
1        ( ) 

−
dx

x

x

2

2

1
2             ( ) 

−
dx

x

x 4
3

2

                       

( )  + dxx214                       ( ) ( )
−

dx
xa

2/322

1
5               

Q4: Calculate the following integrals: 

( ) 
++

dx
xx 34

1
1

2                          ( )  − dxxx 222                    ( ) 
+−

dx
xx 22

1
3

2               

Q5: Achieve the following integrals: 

( )  − x

dx
2sin5

1                                               ( )  − xx

dx
22 sincos9

2              

Q6: Evaluate the following integrals: 

( )  + x

dx

sin1
1                                                 ( )  +− xx

dx

cossin31
2          

 


