Alternating Series

A series in which the terms are alternately positive and negative.
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The Convergence Test of Alternating Series

The series
D D", =y —uy fuy —uy +
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converges if all three of the following conditions are satisfied:

1) The u,’s are all positive.

2) u, 2u,,, forall n = N, for some integer V.

3) u, >0.
Example
The alternating harmonic series
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satisfies the three requirements of convergence; it therefore converges.
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Absolute Convergence

A series Zan converges absolutely (is absolutely convergent) if the

corresponding series of absolute values, »|a,

, converges, 1.€.,

If i|an| converges, then ian converges.

n=l1 n=l1

Example
The geometric series 1—l+i—l+,,, converges absolutely because the

corresponding series of absolute values 1+ 1 + 1 + % + ... converges .

Conditional Convergence

A series that converges but does not converge absolutely converges conditionally.

Example

The alternating harmonic series | — % + 1 + ... does not converge absolutely. The

corresponding series of absolute values 1+l+l+l+m i1s the divergent harmonic
2 4

series.

Power Series

% A power series about x = 0 is a series of the form
[e0]
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dex"=c tox+ox’ +o o x" +.
n=0

¢ A power series about x = a is a series of the form
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ch(x—a)” =c,+¢(x—a)+c,(x—a)’ +..+c,(x—a)" +...
n=0

in which the center a and the coefficients ¢, ¢,,c,,...,C,,... are constants.

Example
The series Z x" is a geometric series with first term 1 and ratio x . It converges to
n=0
1 2 n
1—=1+x+x ot X"+ for | x| <1
—X

Convergence of Power Series

If the power series Zanx” =a,+ax+ azxz + ... converges for x =c # 0, then it
n=0

converges absolutely for all x with ‘x‘ < ‘c‘ If the series diverges for x =d, then it
diverges for all x with ‘x‘ > ‘d ‘

The test of power series is done using the Ratio Test.

<1 Conv.

limm = p>1 Div.
n—»0 C

8 =1 Fails

Notes:
¢ Use the Ratio Test to find the interval where the series converges absolutely.
s If the interval of absolute convergence is finite, test the convergence or
divergence at each endpoint. Use the integral test or the Alternating Series Test

for endpoints.
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s If the interval of absolute convergence is ‘x—a‘ < R, the series diverges for

‘x — a‘ > R (it does not even converge conditionally), because the n"-term does

not approach zero for those values of x.

Example
For what values of x do the following power series converge?
0 n 2 3 0 2n-1 3 5
not X x° X net X X X
@@y ()" —=x— =, (b) > (-1) =X— ..
,;( ) n 2 3 ; 2n—1 3 5
0 xn x2 x3 0
(©) Z— =l+x+—+—+..., (d) Zn!x" =14+ x+2x" +31x° +...
= n! 20 3! =0
Solution
n+l
u X n n
o o] || x| = .
‘ u, ‘n +1 x"| n+l

The series converges absolutely for ‘x‘ < 1. It diverges if ‘x‘ >1 because the n"-term

does not converge to zero. At x=1, we get the alternating harmonic series
1-1/2+1/3-1/4+..., which converges. At x =—1, we get —1-1/2-1/3-1/4—...,
the negative of the harmonic series; it diverges. So, the series converges for
—1 < x <1 and diverges elsewhere.

‘ X2n+l 27/1—1‘ 271—1 2 2
= X Tl = X —>X .

‘Zn +1 x ‘ 2n+1

The series converges absolutely for x <1 1t diverges for x> >1 because the n"-
term does not converge to zero. At x =1, the series becomes 1-1/3+1/5-1/7+...,
which converges because it satisfies the three conditions of convergence of

alternating series. It also converges at x = —1 because it is again an alternating series
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that satisfies the conditions for convergence. The value at x = —1 is the negative of

the value at x =1. So, the series converges for —1 < x <1 and diverges elsewhere.

-n!‘= ‘x‘ — 0 forevery x.
n+1

The series converges absolutely for all x.

n+l

‘ (n+D)!x

(d) Wit ‘ ~ ‘=(n+1)‘x‘—>00unless x=0.
Ix

The series diverges for all values of x except x =0.

Exercises on Alternating & Power Series

Which of the following series converges and which diverges?

D 2(_1)%1 % Ans. Converges
2) i(— 1)"“(%) Ans. Diverges, a, — o
n=1
3) i(—l)ﬂ+1 ﬁ Ans. Converges
n=2
n+1 lnn . 1
4 (-1) Ans. Diverges, a, —> —
In(n?) >
n+l \/; +1

5) i()

Ans. Converges
n=1 n+1
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