Laplace Transform

Let f(¢) be a function of ¢. Then the Laplace Transform of f(t) is
LU (D} =F(s)= | f(t)e™dr
0

Laplace Transform for some Functions

> 1) =1
T —st 1 _S,;OO 1 _» 0 1
LU= LI} = [Q)edi=—=e™| =—=[e™ -e']==
0 A 0 S
So, £{k} = k
s
- S =e"
[{e‘”}: I e edt = J. et = b e s
0 0 S—a 0
L=t o-n="1
§—da S—a

> cos(at), sin(at)
e’ = cos(at)+ jsin(at)

£{e’”’ } = L{cos(at)}+ jL{sin(at)}

£{ej“’}: 1 XS+]CI=S2+]612
s—ja s+ja s +a

- s a
L’ = +J
{ } PR g
. S . a
By comparison = L{cos(at)} = — & Lisin(at)} = 5
s“+a s*+a

2
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- 0 =sinh(an =L e o)

.E{sinh(at)}zl( 11 )=18+a—s+a: a

2\s—a s+a 2 S2_a2 Sz_az

> f(t)=cosh(at) = %(e“’ re)

I{cosh(at)}=%( 1 j=1s+a+s—a= ZS 2

s—a s+a) 2 s'-a’ 2 _g

> f)=t

Lit}=[redt
0

u=t = du=dt, dv=edt = v:_le—st
s
I{t}:__t o +J‘l€_ﬂdl‘ = 0—0—%6_“ =_—21(e_°° —eo)
S o 0f s 0o S
1
Litj=—
S
In general, .f{t" }: S’Z+!1
> f(@)=u)
Llut) = [u()e™dr = (e dr =—Le| =1
0 0 S 0 S

> f(O)=u,@)
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0 0

£{ua (t)} = Tua (t)e_ndl‘ = I(])e_”dt — __le—st
0 S

a

e—as

S

a

Laplace Transform Properties

1) Linearity
If F(s) = L{f,(1)} and F,(s) = L{f, (1)} then
LIC f,(0)+C, /(D)) = CF(s) + C,Fy (s)

Example
2! s
Li4t* —3cos(2t) +5¢™ {=4x = —-3x +5x%
{ 21) } s> s*+4 s+1
8 3s 5

5 +
sT s +4 s+1

2) Shifting Property
@ If F(s)=L{f(t)} then
Lie" f()}=F(s—a)
@ If F(s)= L{f(t)} then

Lif(t=a)}=F(s)e™

Example
L {e't cos(2t)}

S

s’ +4

and

Here, f(¢t)=cos(2t) & a=—1, then F(s)=
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s+1
(s+1)° +4

£{e" cos(2t)} =F(s+1)=

3) Derivative Property
If F(s)=L{f(¢)} then

* L{f' ()} =sF(s) = f(0)
o L{f"(t)}=s"F(s)— s/ (0)— f(0)

4) Integral Property
If F(s)=L{f(¢)} then

L{j f(u)du} _f)
S

0

Example
£{j sin(2u)du}
Here, f(¢)=sin(2t) then F(s)=

L{jsin(zu)du}: Fls) 2

s s(s” +4)

2

> and
s*+4

5) Multiplication by t"
If F(s)=L{f(t)} then

d"F(s)
ds”

LI f ()= (1)
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Example
L {tz sin(t)}

Here, f(t)=sin(t) then F(s) = 21
s°+1

L4 sin(t)}=(—1)2d—22{ 21 }

s +1

ds{s +1} (s° +1)

d? { 1 } (s +1)" x(=2) + 25 X 2(s* + 1)(25) _ (s> +D[(=2)(s” +1) +85”]
ds® s> +1 (s> +1)* (s> +1)*

B 65> —2
(S2 +1)3
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Inverse Laplace Transform

F(s) LYF ()= f(0) F(s) LYF(9)}= f()
1 | 1 sin(at)
s s’ +a’ a
1 S
= t e cos(at)
1 " 1 sinh(at)
Sn+1 ; SZ — az a
1 o : S : cosh(at)
s—a 5§ —da
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Example
Find f () if

(@ F(s)= é (b) F(s) = SS2++11’ © FO)= e
() F(s) = @%)2” ©) F(s) = (S_lﬁ 0 FO=
® F(s)= s° +21+10

Solution

(@) f(t)=5¢""

(b) F(s)= SS2++11 _ S2S+1 + S21+1 = f(t)=cos(t)+sin(?)

(c) Using the shifting property £{em f(t )}= F(s—a) then L' {F (s— a)} =e” f(1).

1 1
Here, we have F(s) =— with @ =-25. Since, L {—} =t then
s

2
1 250
fl{(s+25)2}:t-e )

S
(d) Here, we have a shifting of —2 with F,(s) =

- {(5‘%)34-1} = f(z) =cos(?)- e

S
2
S

. So, f,(¢)=cos(t) and
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s s+ s N 1
(s=1)*—-4 (s=1)°-4 (s=1)°-4 (s-1)-4

() F(s)=

So, f(t) =ée' cosh(2¢) + %et sinh(2¢)

2

(f) We know that L~ 1{
s°+1

} = sin(?) and using the property of division by s which

means an integration in time domain, we get

L {l - } = jsin(u)du =1-cos(?)

s s +1

Again using the same property we get

r! {iz : } = j(l —cos(u))du = t —sin(r)

s ostHl) 9

4 4 4
S +25+10 s +2s+1-1+10 (s+1)>+9

4

s2+9

(@ F(s)=

4 .
This is F(s) = with a shifting of @ =-1. So, fl(t)zgsm(?)t) and

()= §e-f sin(3¢)

Solution of Inverse Using Partial Fraction Method

Example

3s+7
Find H)if F(s)=————
ind () if F() ==
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Solution

3s+7 A N B
(s+D)(s-3) s+1 s-3

= 35+7=A(s-3)+B(s+1)

First Method
3s+7=As—-3A+Bs+B = A+B=3
= —34+B=7

Solving these two equations we get A =—1 and B =4

Second Method
3s+7=A(s-3)+B(s+1)
Ats=—lweget—3+7=—44 = A=-1
Ats=3 weget 9+7=4B = B=4

Third Method
A:3S—+7 =3(—1)+7= 4 o
(s-3)_, -1-3 -4
B_3s+7\ C33)+7 16
s+,  3+1 4
F(s) = 3s+7 -1 N 4
(s+D(s—-3) s+1 s-3
So f(t)=—e"+4¢”
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Example
35 +1

Find J) i F(s) =) 3y

Solution

3s+1 4 +BS+C
(s=D(s*+1) s-1 s°+1
3s+1 3(h+1 4
A: 5 = > = —
s+, O +1 2
3s+1 2 Bs+C

0 5 = +—
(s=D(s +1) s—-1 s +1

3s4+1=25"+2+Bs’—Bs+Cs—C
3s+1=(2+B)s’+(C-B)s+2-C = 2+B=0 = B=-2
= C-B=3 = C=1

F(s) = 3S+21 _ 2 +—%S+1
(s=D(s +1) s—-1 s°+1
F(s) = 2 2 1

+
s—1 s*+1 s*+1

So f(t)=2e" —2cos(t) +sin(t)

Note:

then the partial fraction of it will be

If f(¢) has the form of

s—s.)"

1

K Cl CZ Cn—l Cn

= 3s+1=2(s>+1)+(Bs+C)(s—1)

= + + . (F +
(S_Si)n (S_Si) (S_Si)2 S_Si)n_l (S_Si)n
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C =F(s)(s—s,) ) - l'dS[F(S)S S)]
¢, =2 L [Fes)(s-s,)]
2ds? U
or in general C, . =ld—k[F(S)(S_S')n]
"k ds* UL
Example
. . s—1
Find f(¢) if F(s)= Gy
Solution
s—1 A B C
3 - + 2 + 3
(s+1) (s+1) (s+D)” (s+1)
C =8— 1‘s=—l =
= li(s - 1){ =1
1!'ds o
1 d°
=— —\S —1 —_ 1 = O
2' dS2 ( %s—l 2 dS ( )s=—1
So F(s)= ! 2

(s+1)?  (s+1)
= f@)=e"(t-1)
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Example
F(s) = 2—45 2=Af+B+ C2S+D2 (HW)
(s"+4)" (s°+4) (s +4)
Another Solution
%dS = —2"‘%015‘
(s"+4) (s"+4)
-2 :
= —_l(sz N 4) = sin(2¢)
= f(t)=—tsin(2t)
Example
> F(s)=tan"'(s) = F'(s)= 1 -
l1+s
O 1) N P
ds s’ +1
e fO=sine = fO=-"0
> F(s)=In(s’+2) = F'(s)= 22S
sT+2
—t-f()=2¢coslN21) = f(1)= %zcos(ﬁt)
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> F(s)=

e—4s

We know that £{g(t —a)u, (l‘)} =G(s)e ™ . Here a=4

! et =g(t)

S_

f@)y=e"" u,()=e""u(t-4)

Exercises

= g(t—-4)=&""

Find the Inverse Laplace Transform of the following functions

)

2)

3)

4)

)

6)

1

2
s +S

F(s)=

F(s)=

s* +4s

ro=y (%)

8

st —4s°
1

st =25’

1( s+1
F(s)=—
() s2(32+1

F(s)=

F(s)=

J

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

f)=1-¢"
f(t)=(1+cos(2t))/ 4
f)=2e" -1

£(£) =sinh(21) — 21
f(0)=(e*-1-2t-2¢)/8

f(t)=1+1t—cos(t)—sin(¢)
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Solution of Differential Equation Using Laplace Transform

Here, we use the derivative property as follows:
Liy@®)}=Y(s)
L{y'(0)}=sY(s) - y(0)
L{y"(1)} =s7Y (s) = s(0) — y'(0)
L{y"(1)}=5Y (s) = 5> p(0) — 5y'(0) - »"(0)

Example

Solve the following differential equation using Laplace transform
(@) y"+2y"+ y=t with y(0)=0,and y'(0)=1
(b) y'+y=4 with y(0)=0
(c) y' + y =sin(¢) with y(0)=1
o' +y=t
(e)y"—ty'+y =0 with y(0)=0,and y'(0)=1
Solution

(a) Taking the Laplace transform of the two sides, we get
' 1
(7Y (5) = (0) = y'(0))+ 2(sY () = () + Y (5) =

(s2Y (s) = $(0) = 1)+ 2(sY ()~ 0)+ Y (5) = 1

2
S

SZY(S)—IJrZSY(S)JrY(S):i2
S

Y(s)(s? 425 +1)= L 11
S

1+s°

2
S

Y(S)(s2 +2s + 1)=
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V()= ¥ Mbs' A B C D
SQ(S2+2S+1) sP(s+17 s 57 (s+1) (s+1)
_ st
(S+1)2S:0
godf s | (st @s)-20e s fswl) -2
ds|(s+1) ] (s+1)" ]
2
D_1+2S 5
S s=—1
2 2 )
C:i[”f} :s(zs)—(14+s)(2s)\ _-2+4
ds| s* || g L:_l 1
-2 1 2 2

Y(s)=—+—+

+ = 1)=-2+t+2e¢" +2t-¢"
s 57 s+l (s+1) ()

(b) Taking the Laplace transform of the two sides, we get

SY(ss‘)—y(O)JrY(S)=i = sY(s)—0+Y(S):f

S S
4 4
Y 1)=— Y —
(s)(s+1) . = Y(s) i)
4 A B

=— 4+ —
s(s+1) s s+1
A=i =4, and B:ﬂ ]

(S+1)s=0 S|y

ro=2-t o y=4-4e

s s+1
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(¢) Taking the Laplace transform of the two sides, we get

sY(s)—y(0)+Y(s)=— = Y(s)(s+1)= 21 +1
s”+1 S
1+s5*+1 s*+2
Y(s)is+1)= = Y(s)=
( )( ) st +1 () (S+1)(S2+1)
sT+2 A Bs+C

(s+1)(sz+1)=3+1+ s?+1

sS+2]  (=)*+2 3
(-1)*+1 2

zis2+1is=_l
s> +2=A(s* +1)+ (Bs + C)s +1)
s’+2=(A+B)s* +(B+C)s+ A+ C

l=4+B = B=1---1  Bic-0 = c=1
2 2 2

3/2+(—1/2)s+(1/2)

Y(s)=
() s+1 st +1

301 1 s 1 1 3 I
Y(s)==————- +—- t)==e "' ——cos(t)+—sin(z
= 2 v+ 2 v Wy=e = cost)+sin(t)

(d) Taking the Laplace transform of the two sides, we get

2

ﬁ(sY(s) —3(0))+Y(s) = iz = ﬁ(sY(s) —0)+Y(s)= 1
ds s ds

R)
j(sY(s))+ Y(s)= L2 = —(sY'(s)+Y(s))+Y(s) = iz
ds Ky s

, 1 , -1 dY(s) -1
—SY(S)=S—2 = Y(S):s_3 = dg):s3
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-1 -1 1 1
dY(s)=S—3dS = Y(s)=IS—3dS = Y(S)=F = y(t)=zt
(e) Taking the Laplace transform of the two sides, we get
—d , —d
— V() =90~y (0) == “(7(5) = y(0)+ V() =0

ﬁ(szm) _0_1)+i(sY(s) ~0)+Y(s)=0
ds ds

i(szm) ~1)+ 4 (s7(s))+ ¥(5) =0
ds ds

— (SZY'(S) + Y (s5)x (2s))+ (SY'(S) + Y(S))+ Y(s)=0
245 () + (2542 (5)=0 = (=57 +5)V'(s)=(25-2)¥(s)

Y(s) = dy(s) _ 2s2— 2 ) _ dY(s) _ 2(s—1) g
ds —s"+s Y(s) —S(S—l)
| ar s) j a’s = In(Y(s))=-2In(s) = In(Y(s))=In(s?)
Y(s)
ln(Y(s)) = ln(iz) — Y(s)= iz = ()=t
S S
Example
Solve the following differential equations
(a) y;:_yz »n(0)=1
=) ¥,(0)=0
(b)@:Zx—3 x(0)=8
dt g
dy
—=y-2 0)=3
YT y(0)
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Solution

(a) Taking the Laplace transform of the two equations, we get
sY(5) =1 (0)=—Y,(s) = s¥(s)-1=-Y,(s) = s¥(s)+¥(s)=1
SH(5)=1,(0)=Y(s) = sh(s)-0=Y(s) = —¥(s)+s¥,(s)=0

RN

11
Yisy= o Sl S () = cos(t)
1 - S 1_S2+1 yl -
-1 s
s 1
10 1 |
Y, = = = 1) = t
(== = 20 =sin®)
-1 s

(b) Taking the Laplace transform of the two equations, we get
sX(s)—x(0)=2X(s)—3Y(s)
sX(s)—8=2X(s)—3Y(s)

(s—2)X(s)+3Y(s)=8 ()
SY(s) = »(0) = Y(5) ~ 2X(s)
sY(s)=3=Y(s)—2X(s)
2X(s)+(s—1)Y(s)=3 A 7))

P N
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8 3
‘3 S—l‘ 8(s—1)—3x3 8s—8—-9 8s—17
X(S)= = — > = 3
s=2 3 (s—2)(s—-1)—3x2 s°=3s+2-6 s —35—4
2 s—1
X(s)= 8s—17 A N B

_(S+1)(S—4)=S+1 s—4

A=8S—17 =8(—1)—17:—25=5
s—4 |_, -1-4 -5
B=83—17 =8(4)—17=§=3
s+1 |, 4+1 5
5 3 —t 4¢
X(s)= + = x(t)=5e" +3¢e
s+1 s—4
s—2 8
Y(s) = 23 3(s-2)-8x2  3s-6-16  35-22
s—=2 3 (s=2)(s—-1)-3x2 s*-3s+2-6 s’-3s5—4
2 s-1
Y(s) = 35 =22 _ C N D
(s+1)(s—4) s+1 s-4
C=3S—22 :3(—1)—22=—25:5
s—4 |_, -1-4 -5
D:3s—22| :3(4)—22:—102_2
s+1 |, 4+1 5
Y(s)= > 2 = y(t)=5e" -2e"
s+1 s-—4
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Find the solution of the following Differential Equations

1)
2)
3)
1)
5)
6)
7)
8)
9)
10)
11)
12)
13)
14)
15)
16)

17)
18)

4y"+ 7%y =0,
y”+a)2y=0,
y'+2y'=8y=0,
y'=2y'-3y=0,
V'-k'=0,

V' +ky'=2k%y =0,
V'+4y=0,

y'+%y =17sin(2t),

yll_yl_6y:O’

1
ﬂ__ :O,
Y 4y

y'—4y'+4y=0,
y'+2y'+2y=0,
Y'+7y +12y =21€",
Y"+9y=10e"",

V' +3y +2.25y =9t + 64,
y'—6y"+5y=29cos(2t),
y'+2y'+2y=0,
y'+2y'+17y =0,

Exercises

»(0)=2,
y(0)=4,
»(0)=1,
»(0)=1,
»(0)=2,
»(0)=2,
y(0)=2.8

y(0)=-1.
y(0)=6,
y(0)=4,

»(0)=2.1,
»(0)=1,
y(0)=3.5,
»(0)=0,
»(0)=1,
»(0)=3.2,
»(0)=0,
»(0)=0,

¥'(0)=0.
y'(0)=B.
y'(0)=8.
y'(0)=17.
y'(0)=*k.
y'(0)=2k.

y'(0)=13.
¥'(0)=0.

y'(0)=3.9
y'(0) =-3.
y'(0)=-10.
¥'(0)=0.
y'(0)=31.5
¥'(0)=6.2

y'(0)=1.
1'(0)=12.
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