Partial Derivatives

Functions of Independent Variables

Suppose D) is a set of m-tuples of real numbers (x,,x,.....x, ). A real-valued
Sunction [ on D is a rule that assigns a unigue (single) real number
w= f(x,x,,....X,)
to each element in ). The set [ is the function’s domain. The set of w-values taken

onby [ is the function’s range. The symbol w is the dependent variable of [, and [
is said to be a function of the n independent variables x, to x,. We also call the x,’s

the function’s imput variables and call w the function’s onfput variable.

Example

The value of f(x,y,z)= «.ll'x3 + _FE +z° atthe point (3,0,4) is
£3,0,4)=1/(3)" +(0)" +(4)" =+25=5

Domains and Ranges

Example
Function Domain Range
W= '.,—_1_’3 J:}_rz [ﬂ,'-'.ﬂ)
1
w=— xp#0 (~2,0)0(0,0)
xy
Both x & y (—e0, 4+
W =sin xy e } [-1+1]

or Entire plane
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Z=f(x,) or f(x,y,2)=0

- 1% partial derivatives

- 2" partial derivatives

L =27

xw v

A) First Order Partial Derivatives:

Example
Find of /oy if f(x,y)= ysin(xy)
Solution

We treat X as a constant and f as a product of ¥ and sin(xy)

o _ 0 (sinton)= vl —l
" av(ysmfxyj] yaymn(xy}+51n(xy:.ay{yJ

=(y cos(x;r))giy{xy) +sin(xy) = xycos(xy) + sin(xy)
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Example

Find £ and fif f(x,y)=— 2%
' ' y+Cosx

Solution

We treat [ as a quotient

f_a[ 2 ]:(y+cosx)§—“x(2y)—2y§(y+mx;

— (y+¢03x){0) - Zy[—sin x) _ Zysinx
(v +cosx)’ (y +cosx)’

d &
(y+cosx)—(2y)—2y—(y+cosx)
f =£ 2y _ oy ay
: 5:" y+cCcosx (_}"I'CDS):}Z
_(y+cosx)(2)-2y(1) _  2cosx
(y+cosx)’ (v +cosx)’
Ex.1

if z=x , fd Z | Z
dy

oz

o vx*' v constant ,
.

= x"+Inx-dy ., x constant=> powerfunction

g}l ] Q)
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B)Second Order Partial Derivatives:

Ex.2
If Z=tan™> |, showthat Z_ =Z
x '
A S s |
x I+.}_2 x: x2+y2
xl
7 YD +y2y o
e (x'2+y2)2 (x2+y2)2
7z - 1__x
g 1_}_,}9_2 x x24y?
_rl
(x> + ) +x2x yr—x°
Yy (J:Z +.}?2}_ {11+}?2}_

(1) & (2) are equal
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The Mixed Derivative Theorem

If f(x,y) and its partial derivatives /.. /., f, ,and [, are defined throughout a

region containing a point (a,b) and are all continuous at (a,b), then

f,(@.b)= £, (a,b)

Example

]f '/‘(".‘ .v) = XCOs 'v -+ 'v‘._"' R ﬁnd

8 f o f o f - o f
ox?’ ayox’ ' axay’
Solution
2 p ~ T -
Q = ﬁ Xcosy+ye')=cosy+ ye', ? / = i(i)= -sin y +e"
ox  Ox dyéx dy\ox
.a_:{_' = _g_(_@i] = ye'
ox®  oOx\ox
?l — E(xcos};-{-ye'r) = —.\'Siﬂ y-{-ex, a—/ = g g = —siny+ eI
dy Oy oxdy ox\ oy

~2 -~ -~
%=i 9 =—XCOSy
" oy\dy

Partial Derivatives of Higher Order

Example

Find f, . if f(x,p,2)=1-2x"z 4 x7y

Solfution

We first differentiate with respect to the variable y, then x, then p again, and
finally with respect to 2

.f;' = _4_1-};2 + xE‘ .f;.-.'r = _4JJ'Z+ 2.1' . _;{;.1}. = _42 L] 1lf:|'x|
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Homewaork

Find the Derivatives of functions below:

. I . -1 . -1
1) (x! }= AHS. .f.‘_ =—‘*’.f1' =07
Sy xX+y ' [x+y]' : (x+y)'
2 2
D fOop=tL e
-l Cow=DTT (=)
A J!r‘l:_x"‘I y‘:' =E.{Jr—_r—|:| Ans. f_; — E[J+_1'+I}1 f; =€|:,+_1.+l}
| 1
; L v)=In(x+ v s. f,=——/1, =
o flx,y)=In(x+y) Ans. [, . ! o
5 flay)=2x"=3y-4 Ans. f,=4x, f,=-3
i) f(I,}’]=(I2—1Iy+2] Ans. f.=2x(y+2), f_,.=,1’2—1
7) f[,r,y)=(3}=_1]i Ans. f =2y(xy-1), f, =2x(xy-1)
&) X, ¥)=Ax 4y ) _ X _ ¥y
S, p) =y y Ans. f_r_ll2 z-fl-— e
NX T+ Y NxT+y
9 flny)=x+y+ay Ans. [, =0.1,=0.f, =1
10)  g(x,y)=x"y+cos(y)+ ysin(x) Ans. g =2y-—ysin(x),
g,, =—cos(y),

g, =2x+cos(x)
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Chain Rule For Functions of (Two Or Three )independent
Variables:

If w= f(x,y) has continuous partial
derivatives f, and f, and if x=x(2),
y = y(t) are differentiable functions of 7, then
the composite w= f(x(#),y()) is a

differentiable function of 7 and

w=£(x)

~
oy

- | =

dw ow dx N @Q
dt 0Oxdt Oy dt
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Example
Use the Chain Rule to find the derivative of
W=y
with respect to £ along the path
x=cos(f) & y=smnii)
What is the derivative’s value at t = 7/27
Serluatiorm

We apply the Chain Rule to find dw/ dt as follows

2 oy costt)s Ly o
_E{U}KE{MI}H@{W} dt{sm{r}]l

= yx(=sin(f) )+ x x cos(r))
= [sin{r) )= (—sin(r) )+ (cos(r) )= (cos(r) )
=—sin’({)+cos (1)

=cos(2r)

We can check the result with a more direct calcalation as a function of £

w=xy=cosit).smif)= %ﬁin{ 2t)

S, ﬂ=i[lsin{’zf}]=lx!cus{?f}=cus{2:}
dr dih 2 2

In either case, at a given value of I,

dw ;
o = Co Exi =cosT=—1
dt Josa 2
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When The Functions have Three independent Variables as shown Below:

There are three rouies from w o f

instead of two, but fnding dw/dl is still the

w=flxnz)

same. Read each rowte, multiplying derivatives

along the way; then add.

dw_owdx Owdy  owd:
di  dvodt 8y dt = dt
Example
Find dw/ dt if
wW=Ixy+z, x=cos(i), v=sin(t), z=t

What is the derivative’s value at £ =07

Selution

dr écdt Sydt &t
={(¥)—sinit))+ (xWcos(i )+ (1H1)
= (sin(1))(—sin(1)) + (cos(t))(cos(1)) + 1

=—sin’()+cos’ (1) + 1 =1+ cos(21)

dw_ﬁ'rvdx+61vdy ow dz

[%L=1+mg{u}=z
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Chain Rule for Two Independent Variables and Three Intermediate

Variables w=f{x1z)

Suppose that w= f(x,y.z), x=g(r,5),
v=hir,s), z=Kk(r.s). If all four functions

are differentiable, then w has partial derivatives

with respect to # and 5, given by the formulas

dw owdr dwdy odwis

or drér dyor oz or

dw _ dw dx mﬁp_l_::‘uﬁ‘z
& :E‘IE.".' dy ds Oz O

Example (1)
Express ow/ dr and Ow/ d5 interms of ¥ and 5 if

r -
w=x+2}'+:]. ==, y=r +lIns, z=2r
5

Sefurtieren
ow ::Jw&r+ ﬁ'ﬂ:“y cow oz

=== EE_{"{ ]+{2}{2r}+{2?}{2}

1 1
—+dr+4(2r)=—=+12r
5 5

ﬁ:ié+ﬂi+ﬂé=ﬂ]{--]+{2{ J+{:E?}{ﬂ}
Os dxds oy oy &z os
5 5
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Example (2):
Express Ow/ Or and 0w/ 0Os interms of » and s if

w=x"+7y°, X=r—s, Vy=r+s
Solution
&v=8w8x+8w6y
or Ox Oor Oy or
=2(r—s)+2(r+s) =4r

=2x)(D)+2y)1)

ow_owax  dwdy
0s  ox ds Oy Os

==2r—=s)+2(r+s) =4s

=(2x)(=D+(2y)1)

O 0
Example (3): i 2= ./'(Z-) , Show that x—= + yE =nz
X ox ay
x._a_z=_\-'-l.};_/"(X)-{-nx"-_/'(-)—)) ..... (1)
ox X X

~
oz

i 1
Sl x5 f (X) (=)+0
oy X X
62 n—1 iy
P a —— . -] e 2
b} o S s | x) (2)

From (1) & (2)
X- (] +y- g = nx”f(l)
ox oy x

=nz

42



Exercise

‘o ‘o : :
Express — and — in terms of r & s if o=x+2y+z
or as
r 2
x=— , y=r+lns , z=2r
Ay
Ans: O 12 1 0@ _ ~r +2
e R LT _—
ar ¢ * Os S s

1- Find

Find Ow/0u and Ow/0Ov for w=xy+yz+xz, x=u+v, y=u-v,

z=uv atthe point (u,v)=(1/2.1).

2- Find dw/dt at the given value for the following function

w=x>+y*, x=cos(t), y=sin(t),at t =7 Ans. —| =0
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The extreme values of f(x, ') can occur only at

i.  Boundary points of the domain of f and endpoints.
. Critical points (interior points where f, = f, =0 or points where f, or f fail
to exist).

If the first- and second-partial derivatives of f are continuous throughout a point

(a,b) and [ (a,b)=f (a.b)=0, the nawre of f(a,b) can be tesied with the
Second Derivative Test:

i fu<Oand [.f, —f2>0at(ab) =  Local Maximum
i. f.>0and f.f, —,.'rt: =0at(a,b)y = Local Minimum
iii. [, f, = f<0at(ab) = Saddie Point

iv. f.f,—f>=0at(ab) = Test is inconclusive

The expression [ f — [ is called the discriminant of fand written in

determinant form as follows:

Jo Ty

Jalow=Jo=lp 1
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Ex.1: Locate Mm & S (if any)
f=x"—xy+y +2x+2y—4

fi=2x-y+2
f,=—x+2y+2

2x - y+2=0 (1)
-x+2y+2=0 ..(2)
multi (1) by 2 +(2)

= 3x+6=0 = x=-2 , y=-2 , (-2,-2
Jo=2 , fy=2 , [fu=-1

Jo Ly =) =@2)-1=3 >0

Since f >0 = (-2,-2)is m

Ex.2: Locate M,m & S (ifany)

f=x"+y’ =3axy
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f.=3x"-3ay
j}=3y2-3ax
3x*-3ay=0 ..(1)
3y =3ax=0  ..(2)

2
X

From(l) = y=—
a
xd
In (2) = ——ax=0
7
= x'=a'x=0
X’ —a’)=0
= x=0 , x=a
Ly=0 , y=a

o

= (0.0) & (a.a)

fxr =6I » j;'y =6.y
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1) ai (O’O) = ftr:{) * fy}':D L) f.x_}:_3'ﬂ
Jor Sy _':f;ﬂ.)2 =9g° <0

(0,0) is asaddle point

2) at (ap) = f.=6a , f,=6a , f,=-3a
fr.r | f;y - (j;-_.,-): = {69']{65'} —9q°
=36a°-9a*=27a° >0

i) if a=0 = f.>0 = (a,a) i1s m
i) if a<0 = [, <0 = (aa) s M

EX.3:
Find the local extreme values of the function

foy)=xy=x" =y =2x-2y+4
Solution

The function is defined and differentiable for all x and ¥ and its domain has no

boundary points. The function therefore has extreme values only at the points where [

and f are simultaneously zero, This leads to
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fi=y=-2x-2=0, f.o=x=-2y=-2=0,
or x=y=-2
Therefore, the point (—2,—2) is the only point where [ may take on an extreme

value,

fo=-2 Sy ="2. f, =1
The discriminant of f at (a,b)=(=2,-2) is
fudy = S0 = (D)= (1) =4-1=3
The combination f, <0 and f_f = f >0 tells us that [ has a local
maximum at (—2,—2). The value of I at this pointis f(-2,-2)=8.

Homework

I f(x,)=2x"+3xy+4y" =5x+2y Ans.  f(2,—1) = —6 local min.
2 fley)=x" =y =2x+4y+6 Ans.  f(1.2) saddle point

3 flxy)= X+ 2xy Ans.  [(0,0) saddle point
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