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Lec.One

How to Solving The Differential Equation(D.E.) with Laplace transform (L.T)

So, The derivative property of the laplace transform is:

L{y (D)} =sY(s)— (0)
L{y'(t)} = s Y(s) — sy(0) — y/(0)
L{y"(t)} = $’Y(s) - s> ¥(0) — sy'(0) — ¥(0)

Example

Solve the following differential equation using Laplace transform
(@ Y'+2y + y=t with ¥(0)=0,and y(0)=1
(b) ¥+ y=4 with y(0)=0
(c) ¥ + y=sin(t) with y(0)=1

Y +9y=10e" ¥ =0 y©=0  Apg

Solution
(a) Taking the Laplace transform of the two sides, we get
1
(5°Y(9) = s9(0) = /(0))+ 2(sY(s) - 3(0))+ Y(s) =

S

(s*¥(s) = 5(0) =1)+ 2(sY(5) ~ 0) + X(5) = lz
S

S’ Y(8)—1+2sY(s)+ Y(s) =

2
S

V(s)(s* +254+1)= = +1
S

1+ s

2
S

Y(s)(s* +25+1)=
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So,  The derivative  property of the laplace transform is:
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Y(s) = 1+ 1+ _A,/ B, C D
$(s* +2s+1) S(s+1) s s* (s+1) (s+1)
1+
(S + 1)2 s=0
aod[1es | (sr1)es)-201+ 5 s+) -2,
ds (s + 1)2 o (s + 1)4 o 1
2
Do 1+zs _y
S s=—1
d[L+§} 22s)-(1+5)2s)  —2+4
C=—|— = ; = =2
ds| s o S L:-l 1
Y(s)=_—2+l2+ 2 + 2 - =  AH=-2+t+2e"+2t-¢"
s s s+l (s+1)

(b) Taking the Laplace transform of the two sides, we get

SWQ—KW+W@=E = ﬂ@%ﬂ+ﬂ@:f

S S
4 4
Y 1=— Y =
(s)(s+1)=— = Y(s) el
4 A B
=— 4 —
s(s+1) s s+1
A= 4 =4, and B=i =—4
(S+1)s:0 Ss=—1
Y(s)zi—i = Wt)=4-4e"
s s+1
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(¢) Taking the Laplace transform of the two sides, we get

sY(s)— y(0)+ Y(s) =— = Y(s)(s+1)= 21 +1
s*+1 s*+1
1+s* +1 s +2
(s)(s+1) st +1 (8) (s+1)(sz+1)
) A Bs+C

(s+1)(sz+1)=s+1Jr s +1
A s$+21  (-)*+2 3
-~ S S,
is +1is=_1 -D"+1 2
& +2= A +1)+(Bs+C)s+1)
s> +2=(A+B)s’ +(B+C)s+ A+ C

l=A+B= B=l->=-1  Bic=0 = c=1
2 2 2

3/2+(—1/2)s+(1/2)

Y(s) =

(s) s+1 s*+1

3 1 I s I 1 3 1 1

Y(s)==———- +—- = y(t)==e "' —=cos(t)+—sin(t

(8) 2 s+1 2 41 2 s7+1 ¥ 2 2 ® 2 ®
Example

Solve the following differential equations
(@) ¥ =-Y, y(0)=1

Y, =Y, ¥%(0)=0

dx
b) —=2x-3 x(0) =28
) — y (0)
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Solution

(a) Taking the Laplace transform of the two equations, we get
SY(5) = %(0)=—Y(s) = sY(s)-1=-¥(s) = s¥(s)+Y(s)=1
SY(9)-%(0)=Y(s) = sY()-0=Y(s) = —Y(s)+5sY(s)=0

RN

11
v =L o5 (= cos(t)
R R T A=

-1 s

s 1

10 1 |
K(s) == = 30 =sin(0)

-1 s

(b) Taking the Laplace transform of the two equations, we get
sX(s)— x(0) = 2 X(s) —3Y(s)
sX(s)—8=2X(s)—3Y(s)

(s—2)X(s)+3Y(s)=8 R ( )
sY(s)— y(0) = Y(s)—2 X(s)
sY(s)—3=Y(s)—2X(s)
2X(s)+(s—1)Y(s) =3 A )

el
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8§ 3
‘3 S—J 8(s—1)—3x3 8s—8-9 8s—17
X(s)= = =— =
s—=2 3 (s=2)(s—1)-3x2 s —-3s+2-6 s —3s5s—4
2 s-1
X(s) = 8s—17 A N B

_(s+1Xs—4):s+4_ s—4

A=85—17 2804)—Y7=—25=5
s—4 | _, -1-4 -5
_B:85_17 2800—17=l§=3
s+1 |, 4+1 5
5 3 —t 4t
X(s)= + = x(t)=5¢ +3e
s+1 s—4
s—2 8
2 3 3(s—2)—8x2 3s—6-16 3s—22
Y(S): = = 2 = >
s—=2 3| (s=2)(s-1)-3x2 s -3s+2-6 s —-3s—4
2 s-—-1
Y(s) = 3s—22 _ C N D
(s+1)(s—4) s+1 s—4
C=3s—22 :304)—22:—25:5
s—4 |_, -1-4 -5
<D=3S_22 :3M)—22:—10:_2
s+1 |, 4+1 5

Y(s) = > 2 = Wt)=5e"-2¢e"
s+1 s—4
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Homework
Solve The following D.E:
1) 4y" + my =0 y(0)=2, y'(0)=0
Ans: 2cos§t
2)y+4y =0 y(0) = 2.8,
Ans: 2.8e~#
3) y' —ky' =0 y0)=2 y(0)=k
Ans: u(t) + ekt
144 1 !/
4 y"'—,y=0 y(0) =4  y(0)=0
Ans: 4cosh % t
5 y'+y —2y=0 y(0)=2.1, y'(0)=3.9
N R e 7,
Ans: 3 e 3 e
6) y' +2y = 17sin(2t) y(0) =1, y'(0) =-3
Ans:
7)y'+y —2y=e™ y0)=2 y'(0)=0
N PR e, P |
Ans: 2e +3e +6e
8)¥1=Y2 Y2=D1 y1(0)=8 y,(0)=0
9) y1 +y2 = 2cos(t), y; +y1 =0
y1(0) =0, y,(0)=1
Ans: y4 (1) =sint
10) %=5x+3y x(0) =4
1y _ -3 (0) =8
dt y—Xx=23Yy y =

Assist lect.: Weaam T. Ali


sara
Textbox
Applied Mathematics
Computer Engineering Department                                                                                     Lec.One




