Second Order Linear Homogeneous Equations

The linear equation

,,jfxl‘f"_"# a0 +a,()y =)
_r

if F'(x)=0 then it is called homogeneous; otherwise it is called mon-homogeneous.

Linear Differential Operator

It is convenient to introduce the symbol [) to represent the operation of
differentiation with respect to x. That is, we write Df(x) to mean df /dx.

Furthermore, we define powers of [ to mean taking successive derivatives:

D f(x)= D{Df(x}}— . Df(@)=DiD* /()= f

(D +D=2)f(x)=D*f(1)+ D () -2/ () =L f %—mx)

The Characteristic Equation

The linear second order equation with constant real-number coetticients is
dy . dy

e +2ad—+bv—ﬂ
X X

Or, in operator notation
{D3+2aD+b}y=D
KD -nr)y=
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dy dy

Solution of —+2a—+by=0
dx” dx
Roots 1, & 1, Solution
Real and unequal y=Ce"+Ce ™
Real and equal y=(Cx+C,)e ™
Complex conjugate, @ * jf# y=e"(C,cos fix + C,sin fix)
Example
Solve the following differential equations:
d*y dy div  dv
@2+ 2 _2y=0, ) L +42 420
dx” dx dx” dx
d’y dy d’y
(c) —5+4—+6y=0, (d) —5-+4y=0
dx” dx dx”
Solution
dy dy
(a) —+—=2y=0
dx” X

The characteristic equation is

D*+D-2=0

(D-1)D+2)=0 = r,=1 and r,=-2
The solution is

y=Ce*+Ce™
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d’y  ,dy
b +49 L4y =0
®) o e

The characteristic equation is
D*+4D+4=0
(D+2)" =0 = n=r=-2

The solution is

y=(Cx+ Cz}e_zx

© 4y 4P 6y=0
dx dx
The characteristic equation is

D*+4D+6=0

. _—BEB -44C

1,2 24

.= —4+./(4)° —4(1)6) _—4+./16-24
1,2 2(1) 5

—4+.-8 —4x 22
ha = 5 = 5

f]12=—2i‘f\j§ = r,=—2+jw'§ and r2=—2—jﬁ
= a=-2 and f=-2

The solution is

y=e*(C cos~/2x + C,sin~/2x)
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d
d — +4y=0
(d) [ Y

The characteristic equation 1s
D’ +4=0
(D=2 D+ j2)=0 = r=j2 and r,=—j2
= oa=0 and f=2

The solution is

y=C,cos2x + C(,sin2x

Second Order Non-homogeneous Linear Equations

Now, we solve non-homogeneous equations of the form

Y 120 1 by= F(x)
U

The procedure has three basic steps. First, we find the homogeneous solution y,

(h stands for “homogeneous™) of the reduced equation

2 , ,
d ; +2aal
dx dx

+by=0

Second, we find a particular solution y, of the complete equation. Finally, we add

Y, to y, to form the general solution of the complete equation. So, the final solution is

y=y,+y,
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Variation of Parameters

This method assumes we already know the homogeneous solution
Vi =Cu (x) + Couy (x)

The method consists of replacing the constants C, and C, by functions v,(x) and

v, (x) and then requiring that the new expression
Vi = Wity TV,
and by solving the following two equations
viu, +viu, =0
viu, + viu, = F(x)

for the unknown functions v, and v} using the following matrix notation

u, u, | v | o
THEE VI (V4 _|:F(x):|

Finally v, and v, can be found by integration.
In applying the method of variation of parameters to find the particular solution,
the following steps are taken:

i. Find v, and v, using the following equations

‘ 0 u, u, 0
LF® w —wFe g PO _aF)
! u, U, D ’ 2 U, U, D
u, U, U, U,
where D= HIF uf
iy, U,
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ii. Integrate v, and v, to find v, and v,.
iii.  Write the particular solution as

Y, =Wl TV,

Example
o dy _dy
Solve the equation “_: +2 E‘x -3y=6

Solution

The homogeneous solution ), can be found using the reduced equation

Y 2% 3,0
dx

2
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The characteristic equation is D” +2D —3 =0 and the roots of this equation are

n=-3and r, =1,s0
v, =Ce " +C,e*
Then u=e* u,=¢e
E—S.t Ex
D= 3t o = 43¢ =4e™
—3e e
0 e* e 0
6 e _—6e_ 3, 3¢ o _6e™ 3
Vv, = = =——¢ V., = oy = —lx=_e
L 4e™ 4™ T 4e” de
3 1 3 3
vl—j——ehdx=——€3", v,=|-edx=—=e
2 2 2
l x =3x 3 -x x
Y, = Vil +Vyll, =(—Eej ]e ’ +(——e }3 =2

Example

Solve the equation y"—2y"'+ y =¢" In(x)

Solution

The homogeneous solution y, can be found using the reduced equation
y'=2y'+y=0
The characteristic equation is

D*-2D+1=0
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The roots are n=r=1
The solution is v, =(Cx+C,)e’
Cxe" +C,e

From that we have u,(x) = xe", and u,(x)=¢".

xe" e’ 5 .
D= =xe” —(xe”* +e)=—e""
xe' +e" e’
{] EI
e'In(x) e| —In(x)e™
v = ( }x = ( )x = In(x)
—e —e
xe" 0
xe' +e e In(x xIn(x)e**
vy = G/ (3 =—xIn(x)
_ ELI _E_.r

v = jln(x)d\: =xIn(x)—x
v, = —j x In(x)dx
dx B ﬁ

u=In(x) = du=—., dv=xdx = v=
X 2

—{—ln{x) j— —dx} —(—ln(x) de

3{.'1 .'JC2 X
= —(Eln(x)— . ]_I—?ln(x)
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The particular solution 1s

2 2
Y, = Vi vy, = (xIn(x) - x)re* + (% - %ln(x)}el

2 2
’- X : X
=x"e"In(x)—x"e" +—e" ———¢" In(x)
9

x° Ix°
=—e¢ In(x)——e"
2 (x) 4

The complete solution 1s

-

X 3xt
y=y, +-}:p = CJ}{EI + CZE"I + %E‘I ll’l(l’) —%El

Undetermined Coefficients

This method gives us the particular solution for selected equations.

The Method of Undetermined Coefficients for Selected Equations of the Form

Y 20 by = Fx)

dx” dx
If F(x) has a term of The expression for y,
A (Constant) C (Another Constant)
EF'.T AEJT
sin(kx), cos(kx) B cos(kx) + Csin(kx)
ax’ +bx+c Dx* +Ex+F
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Example
Solve the equation y" +3y =¢"
Solution

The homogeneous solution y, can be found using the reduced equation

y'+3y=0
The characteristic equation is

D*+3=0
Therootsare 7, = j/3,and ,=—j/3 = a@=0and f=-/3
So, y, = C, cos(~/3x) + C, sin(~/3x)

* —_— X . —_ X }f — X ," — X
Since F(x)=¢" thenlet y, =Ade"= y,=4de" =y, = Ae
Substituting into the differential equation ¥" +3y =e" we get

Ae* +34e" =" = A+34=1 = Azi

So, Y, =~ e’
And the complete solution is

y =C, cos(~3x) + C, sin(+/3x) + %ex

Important Note

The expression used for y, should not have any term similar to the terms of the

homogeneous solution. Otherwise, multiply the term that is similar to the homogeneous

solution repeatedly by x until it becomes different.
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Example

Solve the equation
(@) y"—6y'+9y =e™, (b) " — ' =5¢" —sin(2x)
() y' =y -2y= 4x°

Solution

(a) The homogeneous solution y, can be found using the reduced equation
V'-6y"+9y=0

The characteristic equation is

D' —6D+9=0
{D—3}1 =0
The roots are n=r=3

ix
vy, =(Cx+C,)e
Since F(x)=¢"" then let y o = Ae™ . But, Ae™ is similar to the second term of the

homogeneous solution so, let y, = Axe’™ . Again Axe’™ is also similar to the first
term of the homogeneous solution. Finally, let

y,=4x’e”™ =y =34x’e™ +24xe™
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! =(94x%" +6.4xe™ )+ (6.Axe™ +24e™)
=94x’e™ +12Axe™ +24e™*
Substituting into the differential equation y" — 6y +9y = e’ we get

(94x°¢™ +124xe™ +246% ) - 6(34x%€™ + 2 Axe* )+ 9 Ax’e* = &

2AE3I =€Jx
— 24=1
= A:l
2
] 2 3x
So, y,=5xe

P x ] x
The general solution is y=(Cx+C,)e™ + > x'e’

b) The homogeneous solution y, can be found using the reduced equation

y'=y'=0
The characteristic equation is

D*-D=0

D(D-1)=0

The roots are rp=1,and 1, =0

y, =Ce" +C,

Since F(x)=5e" —sin(2x) then let y, = Ae" + Bcos(2x)+ Csin(2x). But,

Ae” is similar to the first term of the homogeneous solution so, let
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y,= Axe’ + Beos(2x) + Csin(2x)
yL = Axe" + Ae” —2Bsin(2x) + 2C cos(2x)
y; = Axe" + Ae” + Ae® —4Bcos(2x)—4Csin(2x)

= Axe" +2Ae” — 4B cos(2x) —4C sin(2x)

Substituting into the differential equation )" — 3" = 5e" —sin(2x) we get
(4xe” +24e" —4Bcos(2x) —4Csin(2x))
~(Axe* + Ae* —2Bsin(2x) + 2C cos(2x)) = 5e* —sin(2x)

Ae” — (4B +2C)cos(2x) + (2B — 4C)sin(2x) = 5¢* —sin(2x)

= A=5, (4B+2C)=0, (2B-4C)=-1
or A=5, B=—i, C=l
10 5
S Sxe” 1 cos(2x) + l sin(2x)
0, = -_—— — J
T 10 5

The general solution is

y=y,+y,=Ce +C, +5xe —%cns@x} - ésin{ZI)

(¢) The homogeneous solution y, can be found using the reduced equation

y'=y'-2y=0
The characteristic equation is

D*-D-2=0
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(D-2)(D+1)=0

The roots are rp=2,and r, =-1

y, =Ce”* +C,e”™

Since F(x)=4x" then let
y,=Ax+Bx* +Cx+D =y, =3Ax"+2Bx+C

y, =6Ax+2B

Substituting into the differential equation y"— )’ —2y = 4x’ we get
6Ax +2B —(34x* + 2Bx+C)-2(Ax* + Bx> + Cx + D)= 4x’

—2A4x* = (3A+2B)x* +(64-2B-2C)x+(2B-C-2D)=4x"
= A=-2

34+2B=0 = 3(-2)+2B=0 = B=3
64-2B-2C=0 = 6(-2)-2(3)-2C=0 = C=-9
2B-C-2D=0 = 2(3)—(-9)-2D=0 = D=2

So, Y, = -2x" +3x* =9x+7.5

The general solution is

y=Ce™* +Ce™ =2x" +3x* =9x+7.5
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Example
> V" =9x+2x—1

D=0 = r=nr=0 = y, =Cx+C,

Y, =x2(Ax2 +Hx+C)

" —y'=x
D*-D=0
DD-1)=0 = r=0andr,=1= y, =C +C,e"
yP=x(Ax+B}

» y'=5y=3e"-2x+1
D*-5=0
(D=-[5)D+/5)=0 = r=-/5andr,=—/5
V= CIE‘E" + Cze""'g"

y,=Ae" +Bx+C

Py =4y +3y=e" +2
D*—4D+3=0
(D=-3)(D-1)=0 = r=3andr,=1= y, =Ce" +C,e

Y, = Axe™ + B
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¥ v'+y=6e" +6cos(x)
D’+1=0 = r=jadnr=—j = a=0, f=1
v, = C, cos(x) + C, sin(x)

Y, = Ae™ + x(B cos(x) + Csin(x))

» V' =2y"+y=xe"
D*=2D+1=0
(D—1)2=0 = n=n=1= yﬁ=(C,x+C2)ex

v, =(Ax+ B)(x’e")

> Y +y= x? sin(2x)
D’+1=0 = r=jadr=—j = a=0, f=1
v, = C, cos(x) + C, sin(x)
Yy, = (sz +Bx+C ) (cos(2x) +sin(2x))

To find the roots of an equation X" +a@,x"™ +a,x"~ +..+a,_x+a, =0
» risarootof f(x)if f(r)=0.
» r is arepeated root of f(x) if f'(r)=0.
» If r is a root then r must be a factor of @, .

» If r isaroot then f(x) is divided by (x—r).

31



