Integral

Multiple Integral
Double Integral Over Nonrectangular Region

: let R be closed region in the (x, y )= plane. If £ is a function

of two variables that is define on the region R, then the double integrals
on R is written by
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Ex. (1): Evaluate jj-fl + By Jdydx ) o -i\:_- -\\:r -

i) sketch: since dxdy = wvertical
v=1, y=2
i)
12 3 3 s
_”{1 b Rxy Jdydy = I{y b Hx%)l-dx
I I !

LY

=I{l+|21}dx

L}
x|
=(x+12=—)
{ 2 ||I

=(3+6(9))=(0)=(3+54) =57

Ex. (2): Evaluate ”{Ex—y‘}dﬂ over the triangular R enclosed by

¥y=l-x , wy=l+x , y=3

1) sketch:
y=1-x .
i x=0 = y=1
i y=0 = x=I
= (0,1 &(1,0)

H{Zx—yﬂdﬂ:}i}j:ll'??f—}’:}dm)i =jf-") - v'x)
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Ex. (3): Evaluate ” et dxdy

'
i ¥ i
- i

2 1
i

'

Reverse the order of integration

Since dedy horizontal
v

2

X = = v=2Ix

x=

AN

for v from 00— 2

1 s I 1y
Yodxdy = Y odyds = [e'y| dx
o axay[[ e ayax <o }|

o
1 o ey

=¢=1

Ex. (4): Evaluate ” T dxdy i
oy x i

Fromleft x=w

Fromright x=x

value of v , from 0 =x

reverse the order

- JIT sir;x d.xd:.-=:[I sir;x dy dx

_i‘sinx._‘r{h _ _[ﬁl"x-.xdx

X X

=2

Ex. (5):

e L]
Sy 10d

2y sin xy dydx =IIE v sin xy dxdy
(U]

= H— chnsx}']ffdy—j[— Iyeosy + Iy]d}’
1 i

—[-sjn :,'1'+_};Ij =4 — gind
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Ex. (6): Write an equivalent double of integration reversed _[ j (x* +y*)dy dx

=l -x

X
if'_f (%" +y")dy dx (-1.1 \\\

= [ Jix® +y idxdy + [ [(x* +y")dxdy / .
0 —v .

| y=2

Ex. (7): Draw the region bounded by y=e¢*, y=sinx, x=m, x==7
and evaluate its area.

A= jr- Td}dx

—sin X
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Multiple Integrals

Double Integral over Rectangular Region

If f(x,y) is continuous throughout the rectangular region R:a<x<h,

c<y<d,then

[[7Cx,y)da= ﬁf (x, y)dxdy = ﬁf (x, y)dydx

Double Integral over Nonrectangular Region

Let f(x,y) be continuous on a region R.
. If R is defined by a<x<bh, g, (x)<y<g,(x), with g, and g, are continuous

on [a,b], then

b g2(x)

Jl.fCayyda=] | fx,y)dydx
R a g(x)
2. If R isdefinedby c< y<d, h(y)<x<h,(y), with &, and h, are continuous on
[c,d], then
d By (y)
[[fGeyyda=| [ f(x,y)dxdy
R ¢ h(y)

Finding Limits of Integration

To evaluate Hf (x,y)dA and if we integrate first with respect to y and then with
R

respect to x, do the following:
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1) Sketch. Sketch the region of integration and label

the bounding curves.

x+y=1

2) Find the y-limits of integration. Imagine a vertical
line L cutting through R in the direction of

increasing V. Mark the y-values where L enters
and leaves. These are the y-limits of integration

and are usually functions of x.

Fl.’
&
3) Find the x-limits of integration. 1
Choose x -limits that include all the 1-x*
vertical lines through R. The
integral becomes
: > X
0 N
Smallest X ' Largest X is
5 X= ﬂ' X= ]_
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=
[ £ (x, y)dydx

I-x

[[1(x,y)da= j

To evaluate the same double integral as an iterated integral with the order of
integration reversed, use horizontal lines instead of vertical lines in steps 2 and 3. the

integral is

Largest y

is y=1 \T

A

Smallest y

is y=0 \
0

o
[ £(x, y)dxdy

I-y

-

j j f(x,y)dA= j

Example
Sketch the region of integration for the integral

I

and write the equivalent integral with the order of integration reversed.

(4x +2)dydx

k!—.':
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Saolution

] 0!

To find limits for integrating in the reverse order, we imagine a horizontal line

passing from left to right through the region. It enters at x= y/2 and leaves at

x= .J'; To include all such lines ¥ must be from 0 to 4.

So,
2% PR
[ [(dx+2)dyax = | [(4x+2)dxdy
0 2 0 yi2
Example

Find the volume of the prism whose base is the triangle in the x) -plane bounded

by the x-axis and the lines y = x and x =1 and whose top lies in the plane

z=f(x,y)=3-x-y

Solution
I x 1 A L
V=H(3—x—v}dydx=f(3v—xv——] dx
00 0 =l
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When the order of the integration is reversed, the integral of the volume is

1 2
(3—x—y)dxdy = j(frx —%— xy]
1]

=l
dy

=y

V=i;
|
|

Example
Find the area of the region R enclosed by the parabola y=x2 and the line

s

1 'I»’E 3 I(E 3 :]
3___1_5-_3 fe—4 d.r: ——4‘+— ¥ dl
T2 ¥ 2 ¥ ]} .t[ B V 2} o

=1

bd | Lh
-

] 1 3)
_21:-‘+_ i
] 2.1

=l

y=x+2.

Solution

A= de}’dx Il’ sir—j[x+2 r}:i'x

-1 & -1

=X X
2 3

On the other hand, reversing the order of integration results in dividing the region

?
2

i

into two parts as follows:
” Adxdy + H A, dxdy

_V

d dd
Jf_ry+{)£ry

{1
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Homework

sin

Calculate [ " x(x} dA where R is the triangle in the xy-plane bounded by the x-axis,

the line y=x, and the line x=1.

Ans.: 0.46

Find the area of the region R bounded by y=x and y=x? in the first quadrant.

1
Ans.: P
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