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Lecture One: Differential
Tquations

¢+ Differential Equation(D.E.)

The differential equation is a relation between two variables. It
consists of the two or more variables and the derivatives of one variable
to others.

In general, there are two types of differential equations which are:

1- Ordinary differential equation
This type has two variables which can be expressed as the following
general equation:
ax +by+cy+ dy+ey+ ... +fy" (1)

Where a,b,c, .......... Are constants, and n is the order of derivative.

2- Partial differential equation

In this type, there are more independent variables and one dependent

variable as illustrated in equation two.

D) + (o v R 2)

There are some definitions that must be considered:
 Order of the differential equation, which represents the order of
highest derivative.
¢ Degree of the differential equation, which is the highest exponent
of the highest order derivative.
Exi/ what is the order and degree of the following differential equations:
1-y+4y=3 ... 3)
2- v+ (N3+ (=0 ... (4)
Sol:
The first equation has order = 2 and degree = 1& for the second equation
order = 4 and degree = 3.

1
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+* First order D.E.

The general form of this type is

F(x,y,y) =0 ... (5)

There are different ways can be used to solve this type of equations,
which are:

1- Separation of variables

f)dx+ f(y)dy=0 ... (6)
The solution is obtained in the form of integration as shown in the

following equation:

[fdx+[fy)dy=c  .......... (7)

Ex/ solve fory
1-) 2y +3 = 0
2-)(1+x3)dy — (xy)dx =0
dy _
3-) — =Xy
Sol:
1-) 2y 2 +3 = 0 > 2ydy +3dx =0
(2y%)/2 +3x = ¢ —» y=+/c — 3x where (c) is constant
2-)(1+x3) dy — (xy)dx =0
(1+x*) dy = (xy)dx - [(dy/y) = [(xdx/(1 +x?))
In(y) = (1/2)In(1+x?) +c [letc = In(g)]
In(y) = In/(1 +x2) +In(g) —» y = g /(1 +x2) where (g) is constant
3-)dy/dx =[xy — % =vx dx — y_Tldy = x%dx—>2y% = éx% +c

3
1 |2 E+
=-.=-x"+c
Y =33

2
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2- Homogeneous D.E.
The differential equation is called homogeneous and can be solved in
this way if it satisfies the following condition:

fx,yy) = f(x,y) ..l (7)

This type is solved as follow:

_Y — v _ @w
|4 =y = Vx = — V+xd
Exs/ solve the following

xdy = (y — x)dx

Sol: dy — YY¥x_
xy

Y2 then this equation is homogeneous

_Y - @ _ v
LetV—x -y=Vx —>dx—V+xd

SV +xZ =By Ty
dx
x Y= —1—>dv=_—dx
dx x
fdv—f——»V — In(x) +c but vV =%then

=—In(x) +c—-y=—xln(x) + cx
3- Equation Reducible to Homogeneous
If the condition of homogeneous equation is not satisfied, the

differential equation can be reduced to homogeneous case as follow:
(a1x+b1y+c1)

For the equatlon —
dx (a2x+b2y+c2)

.(8)

There are three cases:
% If c1&c; =0 then this equation is homogeneous

b
o Ifcl&czqéOand|a 1 |—Othen1etz =aqx+ b1y
2

2 b

b
1|;fé0thenletx X+h&y =Y+k

% If 1& ¢, # 0 and |
a, b

3
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This lead to
dy _ a1X+b1Y+a1h+b1k+C1
dx a,X+b,Y+ah+byk+c,

Putting a;h + b1k + ¢, =0 & ayh + b,k + ¢, = 0 then find (h&k) and

solve the D.E.
d 2x+y+3

Exd for = =-—2"= |2 11_4_4=9
dx 4x+2y-5 2

Letz = 2x+y

L=+ 2T g 4 2

dx dx dx -5

dz _ 4z-10+z+3 dz _ 5z-7

—_— =

dx 2Z-5 dx 2z-5

2z-5

. e . 2
—— dz = dx (using long division) —>fgdz —fs(s dz={[dx

%z—%ln(52—7)=x+cbutz = 2x + y then

%(2x+y)—%ln(5(2x+y)—7) =x+c

. dy X—y—2
Exs/ Solve the following — = ———
dx 2x+y—-1
Sol:
1 1
= + —
|, T l=1+2=3

dy X+h-Y—k—-2
Letx = X+hy =V +k— dx  2X+2h+Y+k-1

h—k—2
2h+k—-1 :

Adding
3h —3
—h =1&k = —
dy _ x-v . . y
— = ———this equation is homogeneous then letV = = -y =Vx
dx  2X+Y x
d d —
y—V+x——>V+x—V—xVX
dx dx 2x+Vx

4
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Lecture One: Differential

Tquations
av _1-v dV 1-V—-2V+4V?2
X—=—-—V — =
dx 24V dx 24V
dx _ f 2+v) dv
x 7 (1-3V-V?2)
f —dx f (2+V)
x (V2+3V - 1)

J- —dx :f (2+V) dV

2 _142_9
x (VZ4+3V-1+2-2)

J- —dx :f (2+Vv) dV

x (V2+3V+2-D)

—dx (2+V)
f =/ V+3)2- av

Letu = V+E—>V =u—§ &du = dV then

[ == =f udul(?—2) + [ Zdul(u?- )

[ == =f udul(P—2) + [ Zdul(u?- )

—lnx = %ln(uz— %) — %tanh'l(\ﬁ u)

— —lnx = %ln(( V+ % )2—2) — gtanh'l(\/g( V+ %))

1_1 A 22 3N 23y 7
In—=-tanh (\/;(x+2)) SIn((=+3)°—2)
4- Exact Equation

The differential equation that can be solved by this way must be

satisfied the following condition:

For the D.E. M(x,y)dx+ N(x,y)dy = 0 the exact solution can be

. .. dM _dN : : : .
applied if ™ = and the solution of differential equation is

F=[Mdx+ [ndy....... (10)

Or F= [Ndy+ [mdx .......... (11)
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Lecture One: Differential
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Where (n) represents all polynomials of (N) that don’t have the variable

(x), and (m) represents all polynomials of (M) that don’t have the variable

V).

Exe/ Find the solution of the equation:
3x(xy-2)dx + (x3 + 2y)dy = 0
Sol:

M(x,y) = 3x(xy —2) —>Z—I\; = 3x?

N(x,y) = x3 +2y > Z—: = 3x2 this mean that the D.E. is exact and can

solved as follow:

F(x,y) = [(3x%y —6x)dx +[(2y)dy

F(x,y) = x%y — 3x% + y*+c

HW;, : Obtain the same result using equation (11).

5- Linear Differential Equation
A First order linear differential equation is an differential equation of
the form:

y+ P(x)y = Q(x) linear in (y)
X+x (y)x =) linearin (x) .......... (12)

Where P and Q are functions of (x). This form is called the standard
form. The equation is called first order because it only involves the
function (y) and first derivatives of (y). Such equations can be solved as

follow:

6
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Lecture One: Differential
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y = %pr(x)dx ..........

Exz/ Solve the following D.E.

y
dx YCOSX = COSX

Sol:

p —pJ 3cosxdx = ,3sinx

1

— 3sinx — 1 l 3sinx _l —3sinx
y = e3sinxfe cosxdx—>y— [ e +c]—3+ce

e3sinx |3

+» Bernoulli's Equation

The general form of this equation is:
Z_z +u@)y =vE) Y" .o (14)
To solve this equation, let z = y'™" — Z_)ZC = (1-n)y™" Z_j:
Multiply eq. (14) by (1 —n)y™ —
(1-n)y™ Z—z + (1 —nux)yy™ =1 —n)v(x)y "y
Z+ (1 —nu@y ™ = (1 - ) ... (15)
Exs/ Solve the following differential equation Z—i = xy + xy*
Sol: From equation
Lt @ -mu@y™ = 1 - nv)
% +3xy°=-3— Z—fc + 3xz= —3x

7
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Lecture One: Differential
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3.2
p:efodx — 2%

=32
cez” +1

+» Special Case of First-Order Linear D.E.

For the following f(y) % + p(x) * g(y) = Q(x), the solution can be
performed as:

dv _dlg(y)] d
V=g@y+£_%§l£ .......... (16)

1
1+y2

Exo/ Solve the following D.E.
Sol:

d 1 -

é +=(1+yHtan’y = x(1+y?)

1

_ _ -1 _
fO) = 157 90) =tan’y, Q(x) = x

— 1y, _ 1 4y
V =tan y_)dx_ 1+y2 dx

v 1 1y, =

—>1+y2(1+y)dx+xtany X
d vV
dx  x "

8
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Lecture One: Differential
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1
p=elx¥® 5 p=x —>V=% [fxzdx]—>V=[§x2+;]

— tan‘1y=§ x% + i ory = tan[§ x% + %]

+» Second — Order D.E.

There are many forms of the second order differential equations which
are:

1- Equation immediately integrable

The general form of this type is

d2
2= ) (17)
Which can be solved by two integration, the first integration gives

% = [f()dx+c1 .......... (18)

A second integration gives a general solution for this case:
y= [(Jf(xX)dx+cix+co..on...... (19)

Exi0/ Solve the following D.E.

d?y = (3x — 2)dx?

Sol:

d?y

—=3x—2

dx?

dy 3 1
E:Ex2—2x+c1—>y= Ex3—x2+clx+cz

2- Second — Order D.E. not containing (y)

The equation form of this type is:

FGO7,7)=0 oo, (20)
dy dp d?y
Letp =0 > &~ a2

9
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Lecture One: Differential
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2
Exuy/ Solve (1 + x) 22+ & = ¢

dx?2 dx
Sol:
d d d?
Letp == » L =22
dx dx dx?

— (1+x) Z—p + p = 0. Which exact and can be solved as

X

c1dx
(1+x)

(1+x)p=cibutp =Z—Z then dy =

—y=cIn(1+x)+c,
3- Second — Order D.E. not containing (x)

In this case the differential equation is

d?y dy

TxZ f (y, E) .......... (21)

Substitute p = Z—z and write the second derivative in the form

d’y dp dpdy dp
dx?  dx dydx_pdy

This lead p Z—Z = f(y,p)

Exi2/ Solve the following differential equation

d’y _  ,dy dy- o
y dx2 dx T (dx)
Sol:
dy d?y dp
= — D —-—= —_
Let p dx dx? p dy

N ypz_z = y?p + p? [linear differential equation]

The solution of this equation is:

p
;=y+C1

10

AAAAAAAAAAAAAAAAALAALAAAAAAAAALAAALAAAALALAALAALAAAAALAAAALAALAALALAALAAAALAAAAALAAAAAAL

AAAAAAAAAAALAAALAALAAALAALALALAALAALALALALALALAALALALALALLAALALALALALAALALALALALALALALAALALALALALALALALALALALALALALLAALALALALALALMALALALALAALALAAMAAAAAAALL



VYV YVVVVVVVVVVVVVVVVVVYVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Lecture One: Differential
Tquations

d d
*ﬁ =y(Y+Cl)—>ﬁ—ycl= y?

Use Bernoulli's Solution

- d —2d 2 d -
letz =y » Z = —y 22 & —y72 22—y (=y?) =y * (—y72)

dz dz dz . .
L taz= -1- o —1—-cz- o) dx integrate the two sides
In(1+c2z)

—x + ¢, » In(1 + ¢;z) = —c;x + ¢ c,(taking Exp.) -

C1

_ _ _ e—C1x+C1C2_1
1+cz=e %2 putz=y 1>y =—
1

C1
y= e—C1X+c1c2 1

+» Second — Order Homogenous D.E.

The general form of the second-order homogeneous D.E. is:
ay+by+cy=0.......... (22)
To solve this equation let y = e™ — y =re™ - y = r2e™ this lead
to:
ar?e™ + bre™ +ce™ =0 .......... (23) since e™ # 0 then
ar’+br+c=0.......... (24)
Now the roots of eq.(24) and according to these roots the solution of
eq.(22) will be:
» |Ifr, and r, are equal real numbers then y = e"™*(c;+xc,)
» If r; and r, are not equal real numbers then y =(c;e™* + c,e™*)
» |If r; and r, are complex conjugated numbers then
y = e**(cicosfx + ¢, sinfix)
Where (c;, c,)are constants and (o<, 8) are the real and imaginary parts of

the complex root.

11
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Lecture One: Differential
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Ex13/ Solvey — 6y +13y =0

Sol:

Lety = e™ - y=re™ > y= rie™
r2e™ —6re™ + 13e™ = 0 since e™ = 0 then
r’2—6r +13=0

6+V36-52 _ 6+V—16
2 o 2

—r=31j2

y = e3*(c;c082x + ¢, sin2x)

+» Non-Homogeneous 2nd Order D.E.

Consider a non homogeneous linear equation

ap y* + ap_1y" 1+ +agy = g(x).......... (25)
The general solution of such equation is of the form

Yy =Yn + ¥
where yy, is the general solution of homogeneous equation and y, is
called the particular solution and depends on the non homogeneous part.
To solve this equation the following steps is applied

1- Find y, as illustrated previously

2- Find yy,as will be illustrated

3- The final solutionisy =y, + y,
The methods that can be used to find the particular solution are:

% Undetermined coefficients

This method is useful when the differential equation has constant
coefficients and the function g(t) has a special form: some linear
combination are [4, t™; e*t, e*tcos(Bt); e*tsin(St)]: where A is constant.

+ Remarky: For equation (24) If g(x) is constant then y,, = A

12
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Exi4/ Solve the following differential equation
y—3y—10y =3

Sol:

r2—3r—-10=0 - (r—-5)@+2)=0
n=5nrn=-2—y,=ce*+ce
Yp=A >F,=0- 3,20

-3 -3
—0-3x0-10A=3->4A= ">y, =—

—3 5x —2x
Sy = 10 + ce”+ce
<+ Remark,: For equation (24) If g(x) is a function of (x)then
Yp = Q(x)

Where Q(x) is a polynomial (a + bx + cx? + dx3 ..... +x™) ,then y, =
Ax™+ ...+Bx*+Cx+D

Exis/ Find y, for the following second order D.E.

y+2y— 2y =2x?

Sol:
Since Q(x) = 2x* >y, = Ax* + Bx+C -y, = (2Ax + B)
&7, = 24

~24+22Ax +B) — 2 (Ax*>+ Bx+C) = 2x?
- 2A+4Ax + 2B —2Ax? —2Bx—2C = 2x* - —2A=2
nA=-1
4A—-2B=0 - B=-2&2A+2B—-2C=0 -C= -3
This means that y;, = —x* — 2x —3
+ Remarks: For equation (24), If g(x) = p(x)e®* where p(x) is a
polynomial with degree (m) then y,, = Q(x)e™* if («) is not root of

homogeneous solution, where Q(x) is a polynomial with degree

13
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(m). and if  is a simple root of homogeneous solution then y, =
xQ(x)e®*, while if o< a root of multiplicity (n) of homogeneous
solution then y,, = x™ Q(x)e™*.
4+ Remarkg: If g(x) = kcosBx or g(X) =ksinfx, if jB is not a simple
root of homogeneous solution then y,, =Mcos fx + Nsinfix where
M&N are constants, and if j§ is a simple root of homogeneous
solution then y, =x( Mcos fx + Nsinfx), while if j§ a root of
multiplicity (n) of homogeneous solution then y, = x™(
Mcos fx + Nsinfix).
4+ Remarks: If g(x) = e**[P(x)cosBx + Q(x)sinB] and (x +jB) is

not a root of homogeneous solution then y, =e**( U(x)cos Bx +
V(x)sinfx). Where U(x)&V (x) are polynomials of a degree equal
to the highest degree of (P(x)& Q(x)).
While if g(x) = e**[P(x)cosBx + Q(x)sinf] and (x +jB) is a
root of multiplicity (n) homogeneous solution then y, =x™e**(
U(x)cos Bx + V(x)sinBx). Where U(x)&V(x) are polynomials
of a degree equal to the highest degree of (P(x)& Q(x)).

Exi6/ Solve the following D.E.

y — ¥y = cos(2x)

Sol:2—r=0->0-1Dr=0->nr=00rrn=1

Yr = (c1 + c2e%)

Vp = McosfBx + Nsinfx

Yp = —MpBsinfx + NBcosfx

¥, = —MB*cospx — NBB*sinfx

—MpB?cosPx — NB%sinfx + MBsinBx — NBcosfx = cos(2x)

Since (8=2) then

14
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Lecture One: Differential
Tquations

—4Mcos(2x) — 4Nsin(2x) + 2Msin(2x) — 2Ncos(2x) = cos(2x)
——4(M — N)cos(2x) + 2(M — N)sin(2x) = cos(2x)
fW—4M —2N =1....(0)
2M — 4N =0 ...... (i) Multiply equation (if) by (2) then adding eq. (i) &

—10N =1
SN=—— >M= = &y, =(c, + c;e¥) — —cosBx — = sinB
= -= == ~Yg=(a c,e*) 5 COSBx — - sinBx

+» Determined coefficients

The general form of the second order D.E. with constant coefficient is
ay+ by+cy=gx) .......... (26)
To solve eq. (25) the following equations must be considered.
Vo= U Vi +U,V, &y, = C1 V; +C, V1o find the solution of eq.
(25) solve the following
Uov,+0,V, =0& U, V;+U,V, =g(x).Thenfind U, &U,

As follow:
0V, v, 0
= |g(x) il - 1 g
o o 7
nh " nh

In addition, find U; & U, by integrating U; & U,
Exi7/ Solve y + 2y — 3y = e**

Sol:

2+ 2r—-3=0 - (r+3)r—-1)=0
= —3&nn=1

— Y, = ¢, e ¥+, e*

yp=UVi+U, V,

Uv,+0,V, =0& U, V;+U0,V, = g(x)

In this problem (V; = e 3* =V, = —3e7 3%V, =e* > 7, = e%)

15
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Lecture One: Differential
Tquations

Ul e_3x+172 ex = O
430, e 3*F U, e* = Fe?*
4U; e73% = —e?x

— -1 -1 . 1
— U, = Te5x—> U, = %e5x this lead to U, = - e*

. _ -3x x4 X J2x 1 ox
. =c e +c,e*+—e“ ¥+ -e
Vg 1 2 20 4

+» Higher — Order D.E.
The higher order D.E. is given by equation (27)

d"y anly
Up =+ g om Ay = g(X) (27)

To find yy, let eq. (26) equal to zero and to find y, then

yp = Ul V1 + UZ VZ + e +U7’l I/n then
l_]]_Vl + UZ VZ + UZ V3 + e ﬁn I/TL == O
UVi+U, Vo + UsVy+ e Uy V=0
|

|

|

|

|

|

1

o, v,V + 0,1,V + g, v, 4L T, Y =g(x)

Exa Find the solution of 22 — 3y +3 = e*
Sol: ("3 =3r+2)=0
rn=1nrn=-2andry; =1

— Yy, = cie* + ce”H + ¢g xe

Y= U Vi +U, V, +U3V;5

U e*+Uy,e ™+ U; xe*=0

U, e*—20,e >+ U; (xe* +e*) =0

U, e*+4U,e ** + U; (xe* +e* +e*) =e*

16
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q} eX e~2x xe* 0
Uy [le* —2e7%* xe*+e*|=]| 0
U, |le*  4e™2* xe* +2e*l le*

HW,: From above matrices, U, ,U,,U; can be found, then integrated

them to find Uy, U,, and U; finally y, & y, can be found.

Applications of Differential Equations

In the following section some of D.E. applications are considered,
Some of these applications are:

1- Modeling Electrical Circuits

This application of the first-order differential equations arises in the
electrical circuits.
First, the current equations of the resistance, capacitance, and inductor

must be considered.

1- Resistor R
______(h/\hJ\qy——____
——) O—
\Y)
+ -
Vi = IR C
2- Capacitor |/
\Y)
+ -
T
R= l
3- Inductor L
—) O——
\'/
+ -
v R di
R dt
17
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Lecture One: Differential
Tquations

Exio/ For the electrical circuit shown in the following figure find (i) if
V = 2sin(t),C = 46F,L = 0.01H, and R = 4k1.

17 L
N —

(~)
\ZJ
\Y

v

Sol:
Appling K.V.L. then:

V = 1f’dt+Ldi+R'
—clt ac

1
4%10-6

. di :
Jidt+0.01—+ 4i

— 2sint =

Derive the two sides with respect to (t)

d?i di

1
2cost = Wl + OOIW + 4000&

For simplicity, use the symbols of (C, L, and R) then

d?i di 1,
LE+R5+El—2COSt
=+R‘+1' 2cost
l — 1 — |l = 4COS

L LC

r2 + 4000007 + 25000000 = 0

-1 = —3999375&nr, = —62.51

i, = C, e3999375% 4 () o=6251x

Since g(x) = 2sin(t) then

i, = M cost + Nsint — 1, = —M sint + Ncost

L, = —M cost — Nsint

— —M cost — Nsint + 4 * 10°(—M sint + Ncost) + 25 *
106 (M cost + Nsint ) = 2sint

18
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Lecture One: Differential

Tquations
—N—4%105M +25%10°N =2 ... ....... (D)
—M + 4% 105N + 25 %« 10°M =0 ... ... ... (ii)
24999999N — 4 x 10°M = 2 ........... (i)
4 % 10°N + 24999999M =0 ... ... .... (ii)
Solving equations (i) & (ii) to gate
N=8x%10"8

M = -0.13%107% — i, = —0.13 * 1078 cos(t) + 8 * 10~®sin(t)

wi= Cpe 3999375 4 ¢, e7625 — 0,13 x 10~ 8cost + 8 * 1078 sin(t)
Another form of differential equation for the electrical circuit using the
charge instead of current

Since for series RCL circuit the differential equation is

di 1
RI+LE++Eq_V(t) .......... (28)

dq di _ d%q e oo
Butl=— ——=—, substituting in eq.(28) and dividing by (L)
d?’q . Rdq 1 V()
ﬁ‘l‘;;‘l‘ aq——L .......... (29)

The initial conditions are: g(0) = g, and % =1(0) =1,
0

And for current, the same D.E. of Exyg is used by dividing it on (L)

4 Rdl 1, v
wetrat e = Ta
initi iti - 1(0) = @ _vO _R; 1
The initial conditions are: 1(0) = I, and il = 1 Ll 90
2- Modeling Free Mechanical Oscillations
The simple mechanic elements are: L,
1- Mass
F=Mx
M
17 X
19 F
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Lecture One: Differential
Tquations

2- Damping
F=bx

L L L /L L L

3- Spring %
X
F

F =kx
Exzo/ For the mechanical system shown in the following figure, write the

differential equation and solve it if (F = 2e! N)

L /L L /L L /L

Sol:
F =Mx+ kx
- MX + kx = 2et

M
97+£x=£et '
MY T M % )

r’+r=0
rr+1)=0 51, =08&n, =1 F
xp=C+Cet

— t = t = t
xp—Ae —>xp—Ae — Xp = Ae

k 2
t t — t
- Ae +MAe Me
A(1+k) 2 A 2
S e = — > =
M M M+ k

20
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3- Modeling a Chemical Reaction

During a chemical reaction, substance A is converted into substance B
at a rate that is proportional to the square of the amount of A.
Ex»1/ When 60 grams of A4 are present, and after one hour only 70 grams
of A remain unconverted into substance B. How much of A4 is present
after two hours?

Sol:
Let y be the unconverted amount of substance A at any time ¢ the

differential equation:

dy_

= 2
ac

4y _ A
— 32 kdt—>fy2 k [ dt

1
i —kt4C
y
—1
N —
Y = kt+cC

To solve for the constants € and &, use the initial conditions. That is,

because y = 60 whent =0 you can determine that C:;—; Similarly,

since y = 10 when t = 1, it follows that [10 = ——+] > k = —
k*1—a 12

60
——, Now after two hours y =
5t+1

-y =

e Y = 5.45 grams

There are another applications such as (Modeling Advertising
Awareness, Modeling Population Growth, Modeling a Chemical Mixture,

21
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+ Additional problems
1- y+ysin(x) =0 fory(g) =1
2- e* Yy +e¥™* =0if y(0) =0

y , ay _
3-;'FE;hKX)—-O

4- [cos(8) + 2r sin?(8)]dr + rsin(8)(2rcos(8) — 1)d = 0
_y

cos?(y?)

6- ¥ + ysin(x) = y3sin(x) for y(0) =2

7- ysin(y) + x tan (y) sin(y) = Sicg)

5- ¥ + x sec?(y?) =

8- For the following electrical cct., find the current in each branch

—T~0

_> _>
] . R
1 Rl iy 2
{ ~n )
—/
V=cos(t)

9- Solve the following differential equation y — ¥ = sinh(2x)

22
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