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Partial
Differential Equation

++ Partial Differential Equation

An equation containing partial derivatives of a function of two or more

independent variables is called a partial differential equation (PDE).

If u is a function of (x, y) then:

. du i du . d?u . d?u
(e = ) (= ) (e = 53) (e = 55

d?u
and(uy, = d—yz)
2 du du
For example y =T oY can be expressed as

yiu, +uy =u

A PDE whose unknown function and its partial derivatives appear
linearly in the equation is said to be linear as given in eq. (1)

ACq, YUy, + B(x,y)uyy + C(x, y)uyy, + D(x, y)u,t E(x, y)u, +
Flx,y )u=G(x,y) ........ (1)

This is the general form of second-order linear PDE. If G(X, y) = zero,
then it is said to be homogeneous, otherwise it is non- homogeneous.

The homogenous second order differential equation can be written as:
AUy, + Buyy, + Cuyy, + D(x, y,u(x, y), Uy, uy) =0 ... (2)
Equation (2) can be classified in to three types according to (B? — 4AC)
1- Elliptic (B2 —4AC <0)

2- Parabolic (B*—4AC=0)

3- Hyperbolic (B* —4AC > 0)

In general, the solution of PDE presents a much more difficult problem
than the solution of ODE and except for certain special types of linear
PDE, no general method of solution is available. It is remarkable and

fortunate that a large number of the important equations in practice are

)
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not only linear, but also of second order, for which solutions are relatively

easy to find. The order of the highest derivative is the order of the

equation.
Ex,/ Find the solution of the following PDE
du du
— ) —y— =
(x—2) PP
Sol:

Assume that the solution is u = g(x).f (y), where (g) is a function of (x)
is only and (f) is a function of (y) only.
This mean that when derive u with respect to x assume y constant and

when derive u with respect to y assume x constant.

du _ du _ =
o= gf Ad o= fg

This means that
(x=2)gf-yfg=0
(x — 2)% =y§ , since each side of this equation is function of one

variable only then

g f
_— —_— = —=k
(x 2)g yf
k

NI T _ a_ (k.
- (x Z)g k_)g (x—z)_)fg fx—zdx

~Ing = kin(x-2) + ¢;

Let ¢; = In ¢, where c,is constant too — In g = In(x — 2)* + Inc,
- Ing =1Inc,(x — 2)¥, taking exponential for two sides then:

g = Cy (x—2)k

In the same way:

y

~ |

=k —>’; = S , taking integration with respect to (y) for two sides

then
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fj;z f%—>lnf=klny+cz, let ¢, =Inc;

Inf =Iny*+Inc,

Inf = Inczy*

f=c3k

SU= €y (x—2Dkc3 M =C (x -2 ¥ [C = cyc4]
—u = C (xy — 2y)"

HW;: Validate the solution of Ex;

There are some examples of PDE which are:

1- u, = c?uy, one dimensional Heat conduction equation
2- Upy = C%Uyy one dimensional Wave equation
3 Uy + Uy, =0 two dimensional Laplace equation

4- uy, +uy, = f(x,y) two dimensional Position equation

1 . . . .
—u,, — A2 utwo dimensional Klein-Gordon equation

O Uy + Uy, = =
6- Uy = C*(Uyy + Uy, +u,, three dimensional Wave equation

Ex,/ Solve the following partial differential equation

@ — 2xdy =20

dx

Sol:

@ = 2xdy

dx

d?u _ oy

dxdy

First: integrate with respect to (x)
du 5

dy " +1)

Second: integrate with respect to y
u=x*y+f(y)+g9x)
V

AAAAAAAAAAALAAAAALAALAALAAALAAALAALAALAALAALAAALAALAALAAALAALAALAAAAALAALAALAALALAAAAAALAAAAAAAAAL

AAAAAAAAAAAAAAALALAALALALALALAALALALALAALALAALALALALALALALALALALALALALALALALALALALLALALALALALALALALALALALALAALALALALAALALALALALAALALALALAALAAAAALAALAAAAL



VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Partial
Differential Equation
Exa/ Solve the following partial differential equation
d?y
dtdx =cos*(x) -t cos?x + sin’x =1
Sol: cos2x = cos*x — sin*x
Integration with respect to (x) cos2x = cos’x — 1+ cos?x
a 1.1 . cos2x +1
d—f =3 [E (sin(2x) + x] — tx + f(t) cos?x = ———

Integration with respect to (t)
t 2

1 xt
y=5 [E(sm(Zx)+ x] —7+f(t) +9(x)

Ex,/ For the following conditions, solve the partial differential equation

Wy, — 2 cos(y) = e** —y

w, =2y atx=0 andw=3e* aty=0
Sol:

dw _ 2cosy =e** —y

dxdy

Integration with respect to (x)

dw _ 2xcosy = }er —yx+ f(y)

dy 2

When x = 0 thenZ = 2y
dy

-2y =-+f()

1
fo)=2y—3
Integration with respect to (y)
1 1
w — 2xsiny = Y g2 —syixt+yi—cy+gx)
2 2 2
Wheny =0 thenw = 3e*
3e* = g(x)
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1 1
~w(x,y) = 2xsiny + %er —Eyzx + y? —zy + 3e*

+»» Solution of one Dimensional Heat Equation

Consider a thin bar of length L, of uniform cross-section and
constructed of homogeneous material . Suppose that the side of the bar is
perfectly insulated so no heat transfer could occur through it (heat could
possibly still move into or out of the bar through the two ends of the bar).
Thus, the movement of heat inside the bar could occur only in the x-
direction. Then, the amount of heat content at any place inside the bar:

[0 <x < L], and at any time t > 0, is given by the temperature distribution
function u(x, t). It satisfies the homogeneous one-dimensional heat
conduction equation:

A2 Uyy = Up e (3)

Where the constant coefficient (a? ) is the thermo diffusivity of the bar,

which is given by (a? = i ). (k = thermal conductivity, p = density, and

s = specific heat of the material of the bar.)
To solve this equation the following conditions must be considered:
1- Boundary condition
u(0,t) = 0fort > 0& u(L,t)= 0t =0
2- Initial condition
u(x,0) = f(x)for 0<x <L
A major difference now is that the general solution is dependent not
only on the equation, but also on the boundary conditions, while the
particular solution depends on the initial condition too.
Let the solution of this equation is
u=XT
Then:

(o)
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u,=XT, u,=TX, uy, = XT, u, = XT, u,, = XT
This means that equation three can be written as

a? XT =TX, dividing on (a?) then

Equation (4) can be written as:
1T
a?T

X
X

The critical idea here is that, because the independent variables x and ¢
are vary independently, in order for the above equation to hold for all
values of (x) and (t), the expressions on both sides of the equation must
be equal to the same constant. Let us call the constant (k). It is called the

constant of separation. Thus:

X _

— =k->x=kx

X

X—kx=0 ... (5)
17 .
EE?::k—+T::a Tk
T—a?kT=0 ... (6)

There are three cases of solution depending on the value of k
% When k = A2 then eq.(5) & eg.(6) can be written as:

X— A2X=0 ... 7)

T— a?A2T=0 ... (8)

The solutions of eq. (7) & eq. (8) is

X(x) = A, ¥ + B e™ &  T(t)=Ce® rt

1
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4+ When k = — A2 then eq.(5) & eq.(6) can be written as:
X+ A2X=0 ... (9)
T+ a?A2T=0 ... (10)
The solutions of eq. (9) & eq. (10) is
X(x) = A,cos \x+ B, sinkx & T(t) = Cye~® A%t
% When k = 0 then eq.(5) & eq.(6) can be written as

The solutions of eg. (9) & eq. (10) is
X(x)=A;x+B; & T(t)=0C;
N

(A e™ 4+ B, e™) x CLe® 2t fork= A2

u= (A, cos Ax + B, sinkx) C,e™® A°t fork =—A%
(A3x +Bj3) x5 fork= 0

The second solution of u is considered since this solution represents the
periodic one,

For the boundary condition u(0,t) = 0

(A, coshx + B, sindx) C,e™® 2t =0

(A, cos(A * 0) + B, sin (A% 0)) C,e™* 2t =0
A,Ce "2t =0 5 4,=0

For the boundary condition u(L,t) = 0

(0 % cosAL + B, sinAL)Ce™® *’t = 0

B, sin(AL) C,e ' *"t =

- B, #0& sin(AL) =0 = AL =nnm

A= . Where n is integer.

—aznznzt

u(x,t) = B, sin (%x) C,e 12 ,letB, =B,C,
\%
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i u i B, sin (n—nx
" L
n=1 n=1

For initial condition
u(x,0) = f(x)for 0<x <L

[00]

u(x,0) = ZB sin (mt ) f(x)

n=1
Using Fourier sine series expansion: B, = f f (x)sm( )dx

2,22

u(x£) = Z(_J f()sin —x) dx).B, sm(T:T ) _aannt

< Solution of wave Equation

The separation of variables technique is used to study the wave
equation on a finite interval. To illustrate the physical origin of the wave
equation consider small transverse (one dimensional) vibrations of an
elastic string with ends fixed at x = 0 and x = L. The general form of the

speed with which wave is propagated is given in equation:

Lo ety (3)
To solve this equation, separation of variables can be used as follow:
First step: Consider the boundary and initial conditions:

y(0,t) =0 fort =0
y(L,t) =0 fort=0

y(x,O) = f(x) for0<x <L

~

> Boundary conditions

- Initial conditions

( )to—g(x)for0<x<L _

Second step: Finding the factorized solutions
The factorized function y(x,t) = X(x)T(t) is a solution to the wave

equation (13) if and only if
A

AAAAAAAAAAALAAAAALAALAALAAALAAALAALAALAALAALAAALAALAALAAALAALAALAAAAALAALAALAALALAAAAAALAAAAAAAAAL

AAAAAAAAAAAAAAALALAALALALALALAALALALALAALALAALALALALALALALALALALALALALALALALALALALLALALALALALALALALALALALALAALALALALAALALALALALAALALALALAALAAAAALAALAAAAL



VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Partial
Differential Equation
Sy = (2% x_ T dy _dy

XC)T() = c*X()T() Or - =— =X =XT

x_T _ - dy . d% ___
T =k, Where Kk is constant =185 =T%X
2 k- X=kX
X
X—kX=0 .....(14)
% =k - T = 2Tk -
ccT
T—c*T =0 ......(15)

% When k = A2 then eq.(14) & eq.(15) can be written as:
X— A2X=0 ... (16)
T—C2A%T=0 ... (17)

The solutions of eq. (16) & eq. (17) is

X(x)= A, +B,e™ & T(t)=Ce*" + De rt
% When k = — A2 then eq.(14) & eg.( 15) can be written as:

X+ A2X=0 ... (18)

T+ C2A2T=0 ... (19)

The solutions of eq. (18) & eq. (19) is

X(x) = A,cosAx+ B, sinAxx & T(t)= C,coscAt + D, sincAt
% When k = 0 then eq.(14) & eq.(15) can be written as

The solutions of eq. (20) & eq. (21) is
(A, e + B, e (Cre + Dye” ") fork = A2

= ¥y =1 (4,cosAx + B, sinAx )(C, cos cAt + D, sincAt) for k = A2
(A3x+B3) (C3t+D3) fOTkI 0

q
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Step three: find the periodic solution and constants (4,, B,, C,, and D,)
The second solution of y is considered since this solution represents the
periodic solution and using the boundary conditions:
Fory(0,t) =0 fort =0

(A, cosA(0) + B, sinA(0) )(C,coscAt + D, sincAt) =0

— A,(C,cos cAt + D, sincAt) =0

Since (C, coscAt + D, sinc At) # 0then A, =0

Fory(L,t) =0 fort =0

((0)cosA(L) + B, sinA(L) )(C, coscAt + D, sincAt) =0

— (B,sinAL)( €, coscAt + D, sincAt) = 0

> (BysinlL) = 0 —» B, # 0&sinAL = 0 > AL =nm = A ="
The most general solution by assuming [B,C, = C, &B,D, = D,] is

c . nmw nmw . nm
y(x,t) = Z(SIHT X) (CncoscT t+ D, sinc—- t) ... (22)
n=1

Using the initial condition to find (C,and D,)
Fory(x,0) = f(x), €q.(22) will be

c nm nm nm
y(x,0) = Z(sinT x) (C_ cos ¢ 0+ D, sincT 0) = f(x)
n=1

—

[00]

y(x,0) = 2 Cnsin% x = f(x)

n=1

For (%)t=o = g(x)

[0¢]

(dy) _ n1TcD _nm @
)" 1L nsin T x = g(x
n=

Using Fourier sine series expansion:

R

AAAAAAAAAAALAAAAALAALAALAAALAAALAALAALAALAALAAALAALAALAAALAALAALAAAAALAALAALAALALAAAAAALAAAAAAAAAL

AAAAAAAAAAAAAAALALAALALALALALAALALALALAALALAALALALALALALALALALALALALALALALALALALALLALALALALALALALALALALALALAALALALALAALALALALALAALALALALAALAAAAALAALAAAAL



VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Partial
Differential Equation

2 (k . onm
Cn=zf0 f(x)sm(Tx) dx

nfc b - 2 (L . nm d
T Dn=7 Og(x)sm(Lx) X
nm
y(x, t) = Z(sm— x) ([= f f(x) sm )dx]coscT t
n=1
+2fL()'(mT)d inc— ¢ 23
[L ng sin Lx X]sinc 3 ) .. (23)
Exs/ Solve the following partial differential equation ‘:T:‘ = CZZ where
u is a function of (t and x) if the boundary & initial conditions are
u(0,t) =0 fort=>0, u(1,t)=0fort=0
u(x,0)=x(1—-x) for0<x <L, (2_1:)”0 =0for0<x<L
Sol: (x — x?) sin(nmx)
2 L nmw +
C,=r+ in(—x) d \ —
L fo fx)sin( L X) dx 1—2x n—;cos(nnx)
zzflx(l—x) sin(C= x) dx \
1-0 1 -1 .
-2 ~— sin(nmx)
:[xZ—x 1-2x . 2 ]1 \ n°m
nr n?m? n3 3 0
3 0 s—3 cos(nmx)
- C,= {
0 foreven (n)

Since g(x) = 0 (from the initial condition) then

u(x, t) = Z (sinnr) (C_coscnmt)

Where (c) is constant and (n) is odd and integer.

HW.,/ repeat example (5) if f(x) = sin5x + 2sin7x and g(x) = 3x

AR
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+«» Solution of Laplace Equation

This partial differential equation represents the steady state of a field
that depends on two or more independent variables, which are typically
spatial. The two dimensions Laplace equation is given in equation (24)

d%u d?u

In addition, three dimensions Laplace equation is given in equation (25)

d?u d?u  d?u

2L TN LL(25)

Note that the equations (24, 25) have no dependence on time, just on the
spatial variables (x,y). This means that Laplace’s Equation describes
steady state situations such as:

» Steady state temperature distributions

» Steady state stress distributions

» Steady state potential distributions (it is also called the potential
equation

» Steady state flows.

To separation of variables can be used to solve Laplace equation as
follow:

First step: Consider the boundary and initial conditions:

u(0,y) =0for0< y<oo

u(L,y) =0for0< y< oo

u(x,0) =0 for0<x <L

u(x,0) =f(x) for0<x <L

Second step: Finding the factorized solutions

The factorized function u(x,t) = X(x)T(t) is a solution to the wave

equation (24) if and only if

|
|
==

VY
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SR A ¥

Y

-

| >

Where Kk is constant and X is a function of (x), Yis a function of (y) only

and (k) Is constant.

X—kX=0 .....(26)
Y+kY=0 ......(27)
% When k = A2 then eq.(26) & eq.(27) can be written as:
X— A2X=0 ... (28)
Y+ A2Yy=0 ... (29)

The solutions of eq. (28) & eq. (29) is

X(x)= Ae™®+B,e™ &  Y(y)=C,coshy + D,sin\y
% When k = — A2 then eq.(26) & eq.(27) can be written as:

X+ A2X=0 ... (30)

Y— A2Yy=0 ... (31)

The solutions of eq. (30) & eq. (31) is

X(x) = A,cosAx+ B, sinkx & Y(y)=C,e™V +D,e™™
% When k = 0 then eq.(26) & eq.(24)can be written as

The solutions of eq. (32) & eq. (33) is
X(x)=A;x+B; & Y(y)=C;y+ D,
(A,e™ + B, e )(C,cosAy + D;sindy) fork = A*

- y= (A, coshx + B, sindx )(C,e™ + D, e™) fork = =12
(A;x+ B3) (C3y+ Dj3) fork= 10

Step three: find the constants (4,,B,, C,,and D,)
For the second solution and wuse the boundary condition
u(0,y) =0for0< y<oo

VY

AAAAAAAAAAALAAAAALAALAALAAALAAALAALAALAALAALAAALAALAALAAALAALAALAAAAALAALAALAALALAAAAAALAAAAAAAAAL

AAAAAAAAAAAAAAALALAALALALALALAALALALALAALALAALALALALALALALALALALALALALALALALALALALLALALALALALALALALALALALALAALALALALAALALALALALAALALALALAALAAAAALAALAAAAL



VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Partial
Differential Equation

(A, cosA(0) + B, sinA(0))(CreY + D, e™) =0

= A4,(C,e™M +D,e™) =0

Since (C,eY + D, e™™) = 0then 4, =0

For u(L,y) =0for0< y <o

((0) cosA(L) + B, sin A(L) )(C,eY + Dy e™) =0
— (B,sinAL)(C,e™ +D,e™) =0

— (B,sinAL) =0 =B, £ 0&sinAL =0 > AL =nm ~ A=
Using the condition u(x,) =0 for0 <x <L
(B,sinAx)( C,eM® + D, e™X*)) = 0 , since e A(*)=0
— (B,sinAx)( C,e**) =0

But B, sin(Ax) () # 0

This means that C, = 0

The most general solution by assuming [B, = B,] IS

[00]

u(x,y) = Z Bn(sin% X) et . e (34)

n=1

To find the suitable expression of (B,,), the condition
u(x,0) = f(x) for0<x <L
Equation (31) will be

[00]

u(x, 0) = Z Bn(sinnTn ) = f(x)

n=1
Using Fourier sine series expansion: B, = % fOL f(x) sin(% x) dx

—

— L nm
u(x,y) = Z:l(% i f(x) sin(%x) dx)(sin% x) eL”

)¢
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Partial
Differential Equation

+» Other important PDEs in science and engineering

1- Transmission Line Equations
In a long electrical cable or a telephone wire, both the current and
voltage depend upon position along the wire as well as the time as

illustrated in the following figure.

i(x,t)

v(x,t)

i(x,t) d

It is possible to show, using basic laws of electrical circuit theory, that the

electrical current i(x, t) satisfies the PDE:

d?i dazi di .
Tz =L0 5+ (RC + GL)E+RGL R 1)

dx?

Where the constants (R,L,C andG) are, for unit length of cable,
respectively the resistance, inductance, capacitance and leakage
conductance. The voltage v(x, t) also satisfies eq. (35). Special cases of
eq. (35) arise in particular situations. For a submarine cable, G is
negligible and frequencies are low so inductive effects can also be
neglected. In this case, eq. (35) becomes

d?i di

Tx2 = RCE e e ex (35)

Which is called the submarine equation or telegraph equation. For high
frequency alternating currents, again with negligible leakage, eq. (35) can

be approximated by

d?i i d?i .
i 1¢? e (36)
Which is called the high frequency line equation.

\o
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Partial
Differential Equation

2- Poisson’s equation

i + L 37

Where (X, y) is a given function. This equation arises in electrostatics,

elasticity theory and elsewhere.
3- Helmholtz’s equation

d’u  d*u ,
ot gt =0 (39

Is a two dimensional form which arises in wave theory.
4- Schrodinger’s equation
_h2 d2¢ d2¢ d2¢

2 | 2 T 2t 2
8mr“m/ "dx dy dz

=FEp ......(39

Which arises in quantum mechanics, where (h) is Planck’s constant.)
5- Transverse vibrations in a homogeneous rod
d*u d*u

azdx4+ 2 =0 e (40)

Where u(x, t) is the displacement at time t of the cross-section through

(x).

1
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