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Gamma, Beta
and Bessel's Functions

s+ 1Gamma Function

Let (x) be a real number that is not zero or a negative integer. Then the

gamma function, denoted by (I"), is defined as:

rix) = fooo t* le7tdt ... (1)
Note that the above integral is not defined for all values of x. In fact we
can only say that I'(x) is defined everywhere except at (0) and for
negative integers.

 Properties of gamma function

1- T'(x + 1) = xI'(x)
Proof:

rG)= [ t*tetdt

Use integration by parts to obtain
letu=e?t >du= —e!

Addv =t sy==Et

X
X OOtx

— E_ —t] —__ ,—t
—[xe ]0+j0 e~ tdt

X

=0+ [ t¥e~tdt, but [ t¥etdt = I'(x+1)

1 1
= I'(x + 1) this means that I'(x) = " rix+1)

~T(x+1)=xT(x)
2- I'(x) = (x—1)!
Proof:

rG)= [ t*tetdt

Since

I'(x+ 1) =xI'(x) Then
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Gamma, Beta
and Bessel's Functions

rm=0!, r2)=m.,r@)=!,...... etc
First I'(1) must be found:
r()= [t e tdt

= f e~tdt
0

=1
3- The Gamma function I is differentiable forall x > 0

I'(x) = fooo In(t)t* e tdt

YA

A-T(x) Ir(1—x) =

5- I'~ =+

6- ‘fm —x)= I'(-x)

Sin xm

Ex,/ Evaluate I'(8)

Sol:

Since I'(x) = (x — 1)!
ThenI'(8) = 7!

= 5040

rie)
2r@3)

Ex,/ Evaluate

Sol:

re) 5%4x3r(3)
2I'(3) 2I'(3)
=30

Exs/ Use the principle of Gamma function to evaluate the following
integral f = foooe‘xz dx

Sol:let f= ["e* dx,andf= ["e™¥ dy
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Jamma, Beta
and Bessel's Functions

This means that f2 = [* [ e~ e™" dx dy

fZ = j j e_(x2+y2) dx dy
0 0
To solve this dabble integral consider the following figure:

A

y

Vs
f=0—-

> X

From the previous figure and according to Pythagoras theory

r?= x%+y?

And x = rcosf ,y =rsinf

dxdy = rdrdf
_)
f2=[2["e™ rdrdp — —
—1
T j e rdr=— | =27 rdr
=[B1Z [, e rdr | Jo 2 Jy
-1 _TZ o
..fzzz_)fzﬁ _2[ ]0
4 2 1 o
o r -3
Exs/ Find I (E) 2 0
- _1 1-0]
Sol: =5l
rix) = fooo t¥ le~tdt _1
2

3 0 E—1 —t
—I'() = J, tze7tdt
® 1
=J tze tdt
0

v
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Gamma, Beta
and Bessel's Functions

Let t = x? = dt = 2xdx

r G) = fooo 2x2e™ dx V\‘ 2xe™*’
—T G) = [xe 12 + g 1 — e’
~
3\ _+m vr
rG)=7 0 =7

In the same way, I’ G) can be found as (v )

Exs/ Evaluate [ 000 x3e™ dx

Sol:

By compression with the general Gamma equation
— [ x-1_,-t

rx) = fo t* le~tdt

Then we find that

(00]

r4) =j x* e *dx
0

= fooox3e"xdx

= 3!

Exe/ Flndf m

Sol:

Lety=—In(x) e Y =xand dx = —e™”

Asx—>0theny—> oo and as x — 1theny — oo

OOe -y
f 1/—ln(x f dy

w 1 . o 1 -
=f0 y 2 e”¥ dy Compare with fo x2 e *dx

()

=\ (prove).
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Gamma, Beta
and Bessel's Functions

Beta Function

The beta function is a two-parameter composition of gamma functions
that has been useful enough in application to gain its own name. Its
definition is:

1

B(x,y) = f (1= )Y dt 2)

0
If (x > 1 andy = 1) this is a proper integral. If (x > 0; y > 0) and

either or both(x < 1ory < 1), the integral is improper but
convergent. Beta function can be expressed through gamma functions in

the following way

_Ir(rey)
CT'(x+7y)

Many integrals can be expressed through beta and gamma functions. Two

B(x,y)

of special interest are:
Y

2 reor

* xPt 1 T
f()1+xdx—F(p)F(p— )= 0<p <1

Ex;/ Prove that (x,y) = B(y,x)
Sol:

1

B(xy) = j (1 - ) dt

0
Lett=1—u— dt = —du

Ast - 0thenu— landast » 1thenu —» 0
1 1

- j t* 11 —-t)Y tdt = f w1 —w*tdu
0 0

~ Bloy) =BW,x)

o}
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Gamma, Beta

and Bessel's Functions

rarw)

Exg/ Provethat B(u,v) = T uty)

Sol:
r'(u) = J t“ e tdx
0

Let t = x% » dt = 2xdx
—I'(u) = fooo x™x"%(2x)e "dx
= 2f0°° x2U-1e=2* gy

And in the same way

[0¢]

rtv) = ZJ yz”_le_yzdy

0

Transforming to polar coordinates [x = pcos®, y = psin@]
g w

rr) = 4[ f pz(”+”)_1e_p2coszu_1(@)sinz"_l(@)dpd(b
0 0

= 4[f;7 PP e dp] [ [ cos™H (@)sin® (0)do)
=2 I+ 1))

. _rwr)

- Blwv) = F'u+v)

Ex/ Evaluate fol x*(1—x)3dx
Sol:

f (1= x)dx = B5A)

_IrG)ra
)
_ 4!%3!
Y

1
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- Gamma, Beta
and Bessel's Functions

L au-1 pv—1 _T@r)
Ex,o/ Show that foz sin**=1(8)cos?V-1(0)d0O = T
Sol:
. _rwrw
Since Bu,v) = i) then pB(u,v) must be equal to

(2f0%sinzu‘1 (8)cos?v"1(0)d0)

1

pu,v) = f x¥ 1 (1 —x)""ldx

0

Let x = sin?(0) - dx = 2sin(8)cos(0) d6
Asx > 0then 8>0 ,Asx — 1 then 9_>§

f x4 1 (1—x)""tdx
0

s

= JZ [sin®(0)]" '[cos*(6)]""*[2sin(6) cos(B)] d6

= fog sin?*(0)sin?(0) cos??(0)cos2(0)[2sin(0) cos(0)] dO

B(w,v)
2

—J2 sin®*71(0) cos?*71(8)d6 =

Vs
. (2 i 2u—1 2v—1 _ Twrw)
o fo sin (0) cos (0)do = T

Exy,/ Evaluate [sin®(6)d6
Sol:

s

z z
f sin®(0)do = j sin®(0)cos°(0)do
0 0
Let2u—1=6-u= "’
And 2v—1=0 —>v=%
n T
2 2
- f sin®(0)de = f sin®*"1(0)cos?""1(0)do
0 0

Y
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, Gamma, Beta
and Bessel's Functions

ra)rw)

— % in2u—1 2v-1 -
= J2sin**71(8)cos*”~!(6)d6 T

rrG) _ so

L [Z sin®(8)d6 = _
fo sin”(0)do 2F(%+%) -

+» Bessel's Equation and Bessel's Function

The Bessel equation is

Or, multiply by (x?)

2y+xy+x*—vH)y=0 ...... (4)

Where the parameter (v) is a given real number which is positive or zero
and represents the order of the Bessel's equation order.

It is one of the important equations of applied mathematics and
engineering mathematics because it is related to the Laplace operator in
cylindrical coordinates. The Bessel equation is solved by series solution
methods, in fact, to solve the Bessel equation you need to use the method
of Frobenius. It might be expected that this method is needed because of
the singularities at (x = 0), however, let us pretend we had not noticed
and try to use the ordinary series solution method:

First: write the equation of (y) and its

(o]

y=) ax" - y= Z (n+ Na,x"1
n=0 n=0

ﬁ

5= Z(n L)+ A = Da a2

n=0

Second: Substitute into Bessel’s equation (4), we obtain

A
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. Gamma, Beta
and Bessel's Functions

Z M+ +2A— Da,x"™ + Z (n +Na,x"™ + Z a,x" A2
n=0 n=0 n=0

—p? Z a,x" =0 ... (5)

n=0
Equate the sum of the coefficients of (x**" )to zero. Note that this power
Corresponds to in the first, second, and fourth series, and to (n =r —
2)in the third Series. Hence for (r = 0) and (r = 1), the third series does
not contribute since (n = 0).
For r = 2,3,3,4, ........ all four series contribute, so that we get a general

formula for all these:

AMA—1ay+Aay —v?a,=0 ... (6.a) forr=20
AA+ Da, + A+1Da; —via; =0 ... (6.b) forr=1
r+0)(Tr+ir-1a,+ (+Na, +a,_, —v3a,

=0 e (6.0) forr=273,..
From (6a) we obtain the indicial equation by dropping a,
AA—Day+2Aag—v%a,=0 ....... (7)
a2 —A+A—-v%]=0
N
M —v2=0
Therootsare A\, = v&A, = —v
A — A =20

This means that the solution depends on the value of (v).

Coefficient recursion:

ForA =A, = v.Eq. (6.b) reduces to [(2v+ 1)a, = 0] Hence (a, = 0)
sincev > 0.

Equate the sum of the coefficients of(x**") to zero:
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and Bessel's Functions

Gamma, Beta

T+0)T +A—Dax" ™+ + Na,x" M +a,_,x"* —via,x* =0
[+ +A—=1) +(r+A)—v?]a, +a,_, = 0
[(r+2) @+ —v?]a, =—a,_,

1. = —ar_3
To(r+0)?%—v?
Substituting A = v in (5) gives simply

_ —Ay_3
(r+v)?—wv?

—Ay_y

a,

r2 4+ 2rv+ v2 — p?
—Qy_>

Cr2 4 2rv

)

= ,7 = 2. And since a, = 0 then all odd terms will be
r(r+2v)

equal to zero. Let r = 2mfor even parts

T Qym— _
Ay = Tmmty) (9) form=1,23,...
From eg. (9), it can be obtained that:

— %
A

—a, (0 1))
a, = =
U222+ 2) 2221w+ D4+ 2)
In general
(—1)™ay

Ao = S s (10)

~ 22mml (v + D + 2) .. (v + m)
Now (a,.,) is the coefficient of x”*2™ in the eq. (3). Hence it would be
probably be convenient if (a,,,) contained the factor(2¥*%™) in the
denominator instead of just (22™) to achieve this, (ay,) is

multiplied by (2V) and getting:
A
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Gamma, Beta
and Bessel's Functions

(-1D™ (2%ay)
2v2mmi(p+1) (w+2)...(v+m)

Aom =
Since (v!=T(v+1)) then (azy)is multiplied by (2¥) and
getting:

Ao = )™ [2°T(v+1)a,]
2Mm T ovt2Mm(p+m) ... (v+2)..[(v+1) 0

Since the gamma function satisfies the recurrence relation [(v +
NDIr(wv+j)= r(w+j+ 1)), the factors (v + 1)(v+ 2)...(v+ m) can
be telescoped into the gamma function, and the expression of a,,can be

written as
(-n™m
2V+H2Mpir(v+m+1)

Aom = [2”F(v+ 1)Cl0]

Since a,, is still arbitrary, it is convenient to choose:

1
2Vr(w+1) So that

a0=
™
2v+t2mmir(v+m+1)

The Bessel function of first kind of order (v) is (J,,(x))

Aom = Form=0,1.2,........

[00]

(_1)mxv+2m
J,x)=) ——r——————— .. (11)
g ,,Z:O VT rov+m+1)

Sincel'm)=T'n—1D) orT'n+m+1)=nm+m)!, forv=n

then:
o m
Jn(x) = Z ng;ﬂll) e (12)
— 2 m! (n + m)!
When (v) is not integer and negative then eq. (11) can be written as:
o m _
p= Y o (13)
v - v2m . - e
—2 m!r'(—v+m+1)

AR

VYV VYV VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVVVVV

AAAAAAAAAAALAAAAALAALAALAAALAAALAALAALAALAALAAALAALAALAAALAALAALAAAAALAALAALAALALAAAAAALAAAAAAAAAL

AAAAAAAAAAAAAAALALAALALALALALAALALALALAALALAALALALALALALALALALALALALALALALALALALALLALALALALALALALALALALALALAALALALALAALALALALALAALALALALAALAAAAALAALAAAAL



VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Gamma, Beta

and Bessel's Functions

Eq. (13) represents the second particular solution of the Bessel's equation

of order (v). This means that the general solution of Bessel's equation is:

y()= ¢ J,x+cy J_, (%) e (14)
When (2v) is integer then y, = B y,(x)
—yx)=A4/,(x)+ By,(x) ...... (15)
Now if (v = 0) then

Y, =By, (%)

—yx)=A],(x)+ By,(x) ....... (16)

+» Derivatives, Recursions

The derivative of J,(x) with respect to (x) can be expressed by J,_; (x)

or/,., (x) by the formulas:

[xV], ()] =x¥],_,(x) (17)
[x7V],(x)] = —x"Y,;.(x) (18)
Jor G s D=1 (19)
Lﬁﬂ(x)_]wﬂ(x)::zzix) --------- (20)
From equations (17&18), it can be found that:
[x"],_1(x)dx=x"],(x)+C ... (21)
[x7%), 01 (X)) dx=—x"],(x)+C ...... (22)
Jo@) = =2 [0 +Jpea () (23)
o) =2 1) = Jorn ) (24)
Ex.s/ prove that [xV], (x)] = x¥],_; (x)

Sol:

The right side

VY
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[ ( 1) xv+2m
PR r'v+m+1)

Z (_1) x2v+2m
A L M P m+ 1)

o (_1)m2(v+m)x2v+2m—1
m=0 2v+2mm!l“(v+m+ 1

Z (— 1)m(v+m)x2v+2m—1
m= 02v+2m 1m!(v+m)F(v+m)

(— 1)mx2v+2m—1
- Zm 02v+2m 1

m!I'(v+m)
The left side

v] ( ) v [Zoo (_1)mxv+2m—1 ]
X _1\XxX)=Xx = _
vl m=0 v+2m 1m!l"(v+m+1—1)

( 1) x2v+2m 1

= 2m= 0 ov+Zm=1 i rp+m)

~The left side = the right side

Exad/ prove that == [x], (€)1 (O] = x[2, ()= 2, (¥)]
The right side

Dy (M 0] = 0y (o () + s (TR, () 1, (0]

10 [ 22 Jyr ) + 1y (O] + s GO (2 1,00 = Jyas (0 +
J» (2]

=)y (s () x]v(x)]v+1(x)+x]2 () + Vfye1 () Jp(x) —

X

J? 51 () + 7,00 g1 (x)
= _v]v(x)]v+1(x) _]v(x)]v+1(x) + v]v(x)]v+1(x)

VY
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and Bessel's Functions

+,00],,,CO + xJ° () — x]°, (%)

=x[J?,0) = J,,, (0]
Ex;s/ evaluate [ x*],(2x)dx
Sol:

Lety=2x - x= g&dxz dz—y
y4

> [xn@odx= [ 2 1,00dy

:%4]4(y)+c

==J,() +c
Ex;e/find the result of the following integral [ xln(x) J,(x)dx
Sol:

Let u = In(x) - du =i &dv=x],(x)dx - v=1x/ (x)
> [ xAnGsyodx = In@) g, @) - [ J,G0dx

But [/, (x)dx = —x7°],(x) then

f xn(0)J, () dx = In() ), () +J, () + ¢

Exy;/ evaluate J;(x)
Sol:

Since J,—; () + Jp41 (1) = =, (x) then

Jors 0 = 22,0 = ot ()

—J5(0) = 2J,(x) = J; @)

And since J, (x) = =] (x) = Jo (x)

—J; () = 2210 = Jo ()| = 11 (0
)¢
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Gamma, Beta
and Bessel's Functions

T30 = S0 = )1 () = 20 ()
X X

m_2m.J2
Remark;: Whenv——then ]1(x) Y=o § ) xTl® (26)

227 mir(m+3)

EX18/ find ]1 (X)

Sol:

o (_1)mx2mx\/5
]l(x) - Z Liom 3
2 i 53 m!r(m+§)

,butl“(%)\/ﬁ

(—1)Mx2Mmy V2

]%(x) = Ym=0 1,

22 m!r(m+1+§)

Then J1.(x) = f s

m+1)!
~ ) = F sin(x)

In the same way

]_%(x) = % cos(x)

Exyo/ find the result of /s (x)
2

Sol:
Since Jp—1 (1) + Jua1 (6) = 221, GOIhEN Jy g (1) = 221, () = ooy (3)

e/s(x)——E 2 (1) = 1 ()

[ =

27
]%(x) = 7]%(96) —]_%(x)

Yo

AAAAAAAAAAALAAAAALAALAALAAALAAALAALAALAALAALAAALAALAALAAALAALAALAAAAALAALAALAALALAAAAAALAAAAAAAAAL

AAAAAAAAAAAAAAALALAALALALALALAALALALALAALALAALALALALALALALALALALALALALALALALALALALLALALALALALALALALALALALALAALALALALAALALALALALAALALALALAALAAAAALAALAAAAL



VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

AA4

Gamma, Beta

and Bessel's Functions
—J500 = 2 h@ -1 @] - 16

b I HCOELI BICORYNE)
:(x3_2 — 1) \/%sin(x) — f—c\/% cos(x)

«» Modified Bessel's Equation

The Bessel functions are valid even for complex arguments x, and an
important special case is that of a purely imaginary argument. In this
case, the solutions to the Bessel equation are called the modified Bessel
functions (or occasionally the hyperbolic Bessel functions) of the first and
second kind. In addition, are defined by any of these equivalent

alternatives:
* (£Fm+“
L ey (i 2
L) = i, (ix) = Z:O s S 27)
Ky (x) = T o) = (%) Dty 1x) o (28)

2 sin(«x ) 2

These are chosen to be real-valued for real and positive arguments x. The
series expansion for I.(x) is thus similar to that for J, (x) but without the
alternating (—1)™ factor. I, (x) & k. (x) are the two linearly independent
solutions to the modified Bessel's equation:

X2y +xy— (x* 4y =0...... (29)

1
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