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COMPLEX INTEGRATION

In this section, two types of integration will be illustrated

1- Line integral
Which is denoted by J' £(2)dz

Or _f: f(2)dz

Forf(z)=u+jv&z=x+jy - dz=dx+ jdy

— [ f@adz - | (+jv)(dx+jdv)

L f(2)dz f [(udx — vdy) + j(udy + vdx)]



Exuo/ find [ e? dz) from [z = 0 to 2 = 2 + j2]

Sol:

First path:

Fromz=0+4+j0toz =3+ 0 «

In this path (x) changes from (0) to (2) & (y) remains cons.

Y

Ez — Ex+jy Fig (4)

= e*[cos(y) + jsin(y)]
=e* cos(y) + je* sin(y) = u = e* cos(y) & v = e* sin(y)
x=(0to2)&y=0-

I= f:[e" cos(0)dx —e*sin(0)dy] +Jj f: [e* cos(0)dy+e” sin(0)dx]




=f:‘ e* dx
“[e;
=(e?-1)

For the second path:

y=(0to2)&x =2
I = [*[e? cos(y) dx — e?sin(y) dy] + j [, [e? cos(y)dy+e? sin(y)dx]
=—[Ze?sin(y)dy +j [, e* cos(y)dy

=e’[cos(0)]; + je?[sin(]3

=e2 cos(2) — e2 cos(0) + je? sin(2) — e? sin(0)

= e2[cos(2) + jsin(2)] — e?

= e*(el? - 1)

= (e2—=1)+ e?(e2 —1)

=Ef‘l'—1



Exiy/ finc f (z2 — 2)dz, if (z)changes from (—1+ 1) to (2 + /1) &
(y=20"

Sol:
f(z)=2%-2

=(x2-y*+2xy) 2u=x>-y*&v= 2xy

= 1= [[0 = y?)dx— 2xydy) 4] [[(2 = y2)dy + 2xyda]
Since (y = 2x = dy = 2dx). then

2 2
[ = j [(x? — 4x?)dx — 8x%dx] +jj [2(x? — 4x?)dx + 4x*dx]
-1 =1

11 . 2
= [X*)2, +) 3 [x*]%,
=2 [8+1]+j- [8+1]

=33+/6



Change of variable

Let z = g(a) be a continuous function of a complex variable & = u +
j1r suppose that the curve (c)in the () plane corresponding to curve (C)
with the (a)plane & that the derivative §(«) is continuo's on () then :

J. f@dz= [ flglc)}g(e)da

Exiz:- evaluate | =zdz from z =0 to z =4 + j2 along the curve c
given by z = t2 + jt ?

Sol:-heret = «
gt) =t2 +jt = g(t) =2t +j
whenz =0
Since z=tZ+jt = t=20

Z =4+ 2j

N AN2) = t2 djt =t =2
o[ zdz = [ (t2 +jO(2t + jdt

= 6 + 8j
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Remark1: when the direction of the counter integration is changed
the the sign of integration changes too.

Remark2: Simple closed curve, simple & multiply connected
region.

A curve is called a simple closed curve if does not cross it self figure

(5.1) is a simple closed curve while figure (5.2) is not simple closed & is

known as multiple curve .

(X <o

Remark;:;: Aregion is called simple connected if every closed curve in the
region enclosed point of the region only . aregion which is not simple

connected is called multiply connected for example : The region between

two concentric circuit ™ = |2 — 23] = 1> as shown in figure (6) is an

example of amultiple connected region .

=




e

¢ Cauchy's theorem of integral

This theorem states that, when f (z) is analytic & f(z) is
continuous inside & on simple closed curve, then:

j'; f(2)dz=0.......(12)

&

This integration is called a contour integration.

If f(z) is analytic in the doubly connected region bounded by the curve
¢, &c, as illustrated in figure (7) then:

£1 f(z2)dz = f f(2)dz ... .. (13)




Exj3/ evaluate [5@2 . :—"’a ], where (c) is any simple closed curve &(z = a)
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1- outside the curve (c) mag. O a
2- inside the curve (c) W O
Sol: " Real
Fig (8)

1- outside the curve (c)

ﬁ: dz -0

Z—=a

2- inside the curve (c)
Let be a Circular of radius (€,), with center at £ = a so that (I') is

inside (c) . recall Cauchy's theorem for multiply connected Region

Sﬁﬁ f(z)dz = i, f(z)dz imag |z —al = re/®

§ dz dz
c E—a ' z—a




e

-] = ¢

1-a=¢e° (z= ¢ ta)

diff . both side

dz=je, e df

For couner integration around the circuit of radms (¢,) , lower
limit (¢ = 0) o« upper [imit (6 =2n)

dz jealds

rzu I eelfg-g

-Jfﬁdﬂ = 95

¢ (z-a)




e

Cauchy's Integral formula

If f(z) analyticall inside & on asimple closed curve (¢ & z,) 1s

any point inside (c) then :
fa)=—¢ Lz .....(14)

m “C E-I&;
o § :_(—:dz=2ﬂj £(2,) e (15)
The derivatives of (n) order for f(z) at (z =1z,) is given by

_nl f(z)
fr2)=5§, o 2 e (16)
where n =1,2.3........order of derivative .




dz, where (c) is the circle, zj= 3?

,-I

Exyy: evaluate ¢

Sol:
Decompose the denominator

1 B 4
(z-3)(z-2) z-3  z-2

¢ (z-3)(z-2)

—

Bz-2B+Az-34 1
(2-3)z-2) (z-3)(-2)

—Bz-2B+Az-34A=1

(17)
2B-34=1 (18)




Multiply equation (17) by (3) and adding the two equations
(17).(18)
— B+34=0
2B—34A=1

3B=1—-EB = % substitutes in equation (17) then

S+A=0>A=—-

3

. e _1
h ﬁ: (z—3)(z—2) dz = 3 (i'

E—E

e "% e
According to the Caushys integral formula

§ L5 dz=2mjf(3)

=2mje?

e % A
&¢ Tpdz=2mje?

¥ e~ % . 1 P | P |
This means that ¢ PP v dz=_[2nmje*+2mje?]




where (c) is the circle |z[=3?

. cos(2z)
Exis: evaluate ::ﬁ: =

Sol:
By Cauchy's formula

[rE) = 6 i dz
n+l =3 = n=2
f(z) = cos(2z) = f(z) = —2sin(2z), f-' (z) = —4cos(2z)
f-' (z) = —4cos(2z) — f- (m) = —4cos(2m)
fr) = —4

fm) = 5§ hom i

2m f (z—zy)M*2

. ﬁc &dz%nj*—-*

{:—zn)“""-

= —4mj
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Exi¢/ if () is a circle [|z + 2| =3], evaluate ¢

Sol:

Since |z + 2| is a circle that centred at (—2 — j0)

and has raduis = 3

z2+1=0

2?2 = —1 =z = +4j

The two points [z =j. z = —j] are located inside the circle
therefore

=241

i ] = —2mnj — 2mnj
—47tj




Remark4: if f(z) is analytic at any point except at (z = zo), I
then this point is called pole which is divided into [simple
pole & pole of order (n)]

Remark5: when the analytic function has poles, then such
function have a singularity at these poles.

Remark6: if the pole of analytic function can be removed by

taking [lim z—zo f(z)], then this singularity is called
removable singularity.

Remark?7: if the pole cannot be removed, then this singularity
Is called (essential singularity) .

Remark8: the analytic function is called entire function if this
function is analytic at all points except at (+o0)




Exi7/ classify each of the following functions

—.E'

(z—8)¢

z—3

(z—1)(=z+3) 3- }f(z) -

2-) f(2) =

1-) f(2) =

4-) f(z) = cos(2)

Sol:

=z—3

1- For the first function f(z) = (z—1)(z+3)

This function is analytic with simple poles (1,—3) and has removable
singularity

-3

z—1 (—1)(3) =1

lim—=—2 Apply H.R — lim

z—=1(2-=1)(z+3)

=1

-3 -3
Moreover, lllll (z—1)(z+3) Apply HR— ;1.'1-1:1} (—1)(3)




2- For the function f(z) = ( o

This function is analytic with pole (8) of order (4) and has removable
singularity

=Z

lim—— Apply H.R — ll

z-8 (z—- }"'

Appl}r H.R = lim

—8 4(z- :l= z- 912(2-9}=

Apply H.R - lim Apply H.R llm =

-rB H(I 9}1 z=8 2

3- For the function f(z) =

e

This function is analytic with pole (0) and has essential singularity




4- For the function f(z) = cos(z)

This function is analytic on all the field except at (fco) then it is called
entire function.




Thank you for your listenning

Any Q 2




