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Fig. 7.6 Construction of a continuous signal using a zero-order hold.

The z-transform is the principal analytical tool for single-input-single-output dis-
crete-time systems, and is analogous to the Laplace transform for continuous systems.
Conceptually, the symbol = can be associated with discrete time shifting in a
difference equation in the same way that s can be associated with differentiation in
a differential equation.
Taking Laplace transforms of equation (7.1), which is the ideal sampled signal,

gives
F'(s)= 211" (0] = fjf(kr)e"" " (7.3)
. P
F(s)= gﬂm (7)™ (74)
Define z as —
g=etl (7.5)
then
F(z) = gf(kr):-" = Z[/ ()] (7.6)

In ‘long-hand’ form equation (7.6) is written as

F@) =fO)+ /(D" +fQT)z"2 4 - + f(kT)="* (7.7)

Example 7.1
Find the z-transform of the unit step function f(7) = 1.
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Fig. 7.7 z-Transform of a sampled unit step function.

Solution
From equations (7.6) and (7.7)

1(kT)z"*

[ ]

Z[1(n)] =
k=0
or

F@=14z"4z2+...42z

(7.8)

(7.9)

Figure 7.7 shows a graphical representation of equation (7.9).

Equation (7.9) can be written in ‘closed form™ as

e z 1
Z[](I)]z:-:—lzl—:“l

(7.10)

Equations (7.9) and (7.10) can be shown to be the same by long division

l+z 42724
:—1): 0 0

—
- —_

(7.11)

Table 7.1 gives Laplace and z-transforms of common functions.

z-transform Theorems:

(a) Linearity
Z[H1(1) £ 2(0)] = Fi(z) £ Fa(2)

(7.12)
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Table 7.1 Common Laplace and z-transforms

f(1) or f(KT) F(s) F(2)
1 &(1) 1 1
2 &t —kT) g T8 z—h
I z
3 1(1) — —
s z—1
1 Tz
4 t
5= (:_—”5
l -
q 5l =
} . (s +a) z—e @l
a 2(1.-— &2y
6 l at L |
5 s(s + a) (z—1)z—e7)
7 l(m — 1 +e ) | a H{aT — 1 + cl““" )z -?:.(l —e “’ —aTe )}
7 s2(s + a) a(z — 1) (z —e7)
g is w zsinwT
S 52 4 w? 22 —2zcoswT + 1
9 . 5 z2(z —coswT)
cosut 5+ w? 2 —2zcoswT + 1
10 —a w e sinwT
> S S Sa— % — <
© (s +a)y +u? z2 —2ze~ T coswT + e—247
i e coswr (s + a) > — ze 7 coswT
- (s +a) +u° 72 —2ze T coswT + e~ 27
(b) Initial Value Theorem
f(0) = lim F(z) (7.13)

(¢) Final Value Theorem

f(00) = lim K;') F(:)J (7.14)

7.4.1 Inverse transformation

The discrete time response can be found using a number of methods.
(a) Infinite power series method

Example 7.2
A sampled-data system has a transfer function
1

s+ 1

G(s) =



Digital control system design 205

If the sampling time is one second and the system is subject to a unit step input
function, determine the discrete time response. (N.B. normally, a zero-order hold
would be included, but, in the interest of simplicity, has been omitted.) Now

X,(z2) = G(2)Xi(z) (7.15)
from Table 7.1

for T' =1 second

%@ = (-—53s) (7)

~ 22 .1.368z + 0.368 (7.17)

By long division

1 +1.3682"" +1.50327% + - ..
2 —1.368z + 0.368): 0 0 0

-

(9]

= — 1.368z + 0.368
0+ 1.368z — 0.368
1.368z — 1.871 + 0.503z "

0+ 1.503 — 0.503z""
1.503 — 2.056z"" +0.5532"2 (7.18)

Thus
.\'0(0) - l

.\‘0(‘) — l.368
Xo(2) = 1.503

(b) Difference equation method
Consider a system of the form

Xo b()-f'b]:"l +b2§_'3+.., |
P A e e (7.19)
Thus
(It @z @z + - )Xo(2) = (bo + biz7" + hoz™? + ) Xi(2) (7.20)
or

X.)=(=aiz7 ' =@zt = )Xs@) + (ho + biz7  + bsz272 + - )Xi(2) (7.21)
Equation (7.21) can be expressed as a difference equation of the form
Xo(kT) = —ar1xo(k — DT — aaxo(k — 2)T — - - -
+ boxi(kT) + bixi(tk — )T + baxi(k —2)T + - - - (7.22)
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In Example 7.2

X 1
YE(S) - 1 + s
Tz —:e‘T “ B 8.368 G:22)
Equation (7.23) can be written as
%(:) = 0.;68:—' (729
Equation (7.24) is in the same form as equation (7.19). Hence
(1 —0.3682"1)X,(2) = Xi(2)
or
X,(2) = 0.368z"" X, (2) + Xi(2) (7.25)
Equation (7.25) can be expressed as a difference equation
Xo(kT) = 0.368x,(k — )T + x;(kT) (7.26)

Assume that x,(—1) =0 and x;(k7T) = 1, then from equation (7.26)

X0)=0+1=1, k=0
Xo(1)=(0368 x 1)+ 1=1.368, k=1
Xo(2) = (0.368 x 1.368) +1=1.503, k=2 etc.

These results are the same as with the power series method, but difference equations
are more suited to digital computation.

?_.4.2 The Pulse transfer function

Consider the block diagrams shown in Figure 7.8. In Figure 7.8(a) U’ (s) is a sampled
input to G(s) which gives a continuous output X,(s), which when sampled by a
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Fig. 7.8 Relationship between G(s) and G(z).



