Lecture nine

Numerical Analysis
Sabah anwer abdulkareem

Runge-Kutta Methods

Runge- Kutta 2" order

For the differential equation

4 N/ A\

7= = fxy 7= = fxy
y(x0) = ¥o y(xo) = Yo

X=xy+h X=x9+h

ki = hf (xn, yn) ki = fCn yn)

ko, =hf(x,+hy, +kq) k, = f(x, + h,y, + ky)
Vst = Y +5 (ks + k) Vns1 = Y + 3 (ks + k2)

g AN J

Example: apply Runge- kutta method of second order to find an
approximate value of y given that % = x? + y and y(0)=1, h=0.01,

y(0.01)=y;.
Solution:- xo=0, yo=1, f (x,y) = x* + y
Xy =%x9g+h x,=0+0.01, x;=0.01
ke, = hf (x,, ) = (0.01)£(0,1) = (0.01)(0% + 1) = 0.01
ky = h f(x, + h,y, + k) = (0.01)£(0 +0.01,1 + 0.01)
= (0.01)(0.01,1.01) = (0.01)(0.01% + 1.01)
= (0.01)(1.0101) = 0.010101

y; = y(0.01) =y, +%(k1 + k) =1 +§(0.01 + 0.010101) =

1.0100505
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Runge- Kutta 3" order

For the differential equation

4 N A

7=%=f(x,y) ?=%=f(x,y)

y(x0) = Yo y(x0) = ¥o

X=x9+h X=x9+h

ki = hf (xn, yn) ki = f (%, yn)
k2=hf(xn+§,yn+%) k2=f(xn+§,yn+%)

ks = h f(xn + h v + 2k, — kq) ks = f(xn + b,y + 2k — k)
Vna1 = Yo + 2 e + 4y + ke3) Vne1 = Yn + 2 (ky + 4ky + ks)

g AN /

Example:- use Runge kutta 3™

order method to find y when x=0.1 ,y=1 at x=0, % = 3x + y?

Solution:
k, = hf(x,, y,) = 0.1f(0,1) = 0.1

h k 0.1 0.1
Ky =hf(n+2y,+2)=01+f(0+%,1+2) = 0.1+£(0.05,1.05) =

0.12525
ks =hf(x, +hy, +2k, —ky) =01 f(0+0.1,1 + 2 % 0.12525 —
0.1 = 0.1 = £(0.1,2.1505) = 1.623

Va1 = Yn +< (ks + 4y +k3) = 1+ (0.1 + 4 %0125+ 1623) =

1.3705
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Runge- Kutta 4" order

For the differential equation
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y= d—y—f(xy) _=dy—f(xy)
y(x0) = Vo y(xo) = ¥o
x=xy+h x=xy+h
ky = hf (xp, ) ki = f(xn, ¥n)
ko= f (n+ 2,3 + 1) ke =f (x50 +5)
k3=hf<xn+§,yn+%> k3=f< }zl,yn kzz)
ky=hf(x, + Ry, +ks3) ky = f(tn+ Ry + k3)
Vart = Yn + 2 Tky + 20k, + ks) + k] Y1 = Y+ 2 [y + 20z + k) + ks

. J\. /

Example:- use Runge kutta 4™ order method to find y(0.1) when

h01y(0)2 —y x

Solution:
ky = hf(xp, ) = 0.1£(0,2) = 0.1+ (2—0) = 0.1 (2) = 0.2
by =hf(xn+20+9) = 01f (0+%,2+22) = 0.1£(0.05,2.1) = 0.1(2.1 —

0.05,) = 0.205

0.1 0.205

h k,
k3:hf(xn 2¥nt 2)—01f(0+72 T):O.lf(0.05,2.1025)

= 0.1(2.1025 — 0.05) = 0.20525
ks =h f(On + hyn +k3) = 0.1 £(0 +0.1,2 + 0.20525) = 0.1 £(0.1,2.20525)
= 0.210525

Yoy = Yn + 2l + 2(ky + k3) + ky] = 2+ =[0.2 + 2(0.205 + 0.210525) +

0.210525] = 2.20693

Example: If y=x—-0.2y ,y(0) = 1, find y at x =1 using Runge-
Kutta 2nd order.
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Sol:

h=x—xy—> h=1-0->h=1

ki =hf (e ) = 1£(01) =0—02+1= —0.2
ky=hf(Ge,+hy,+k)=1f0+11-0.2) =f(1,0.8) = 0.84
Y1 = 1+7(=0.2 +0.84) = 1.32

Example: Repeat thefexample by using Runge- Kutta 3™ order.

k, = f<x0+ﬁ,y0+ﬁk1>_> kz:(1+l)—o.2*(1+l*—o.2)
2 2 2 2

=132

ks = f(xo+hyo+h(2k; —ky) - ky=(1+1)—-02%

(1+ 1(2*1.32+0.2)

=1.232

and this leadsto y = y, + %(k1 + 4k, + k3)

Sy=1+ %(—0.2 + 4%1.32 + 1.232)
= 2.052

EX;/ If y=e% + y&y(0) = 2, find yatx = 2 using Runge- Kutta
4™ order.

Sol:
ki =f(x0,¥0) — ki =1+2
=3

k2= f(x0+§,y0+§k1)—> k2=(808+2+1*3)

ks= f(x0+5.50 +5ks) = ks = (e°° +2+1+7.226)

=11.4511
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ke = f(xo+hy,+hks) > ky=(%®+2+2%11.4511)
=27.1277

y:y0+%(k1+ 2k2 +2k3 +k4)
=2+2(3+ 2%7.226 + 2+ 11.4511 + 27.1277)

=24.494

EX,/ Use Runge-Kutta method (4™ order) to find y(0.3)& z(0.3) for the
system.

y=y+2e*

Z=2z*—y

y(0) =1&z(0) =2

Sol:

X=0,y,=1,2=2&h=0.3

ki =f(x0,¥0,29) = ky=1+2x¢°

=3

ny = g(x0,¥0,20) = ki1 =4-1

=3

k, = f(x0+§»)’0 +§k1:zo+§n1) - k, = (1+0£—3*3+2*
e—1.15)

= 2.0832
h h h 0.3
n, = f(x0+z,y0+gk1,zo+5n1)—> n2=((2+7*3)2_(1+

2.3)
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ng = f(xo +%J’0 "‘%kz»zo +§n2) - N3 = ((2 +%*4'5525)2 -

(1+ %% 2.0832))

= 5.8853

ky, = f(xo+hyy+ hks,zog+ hng) > k,=(1+0.3%1.9458 + 2 *
e—1.3)

=2.129

ny = f(xo+ h,yo + hks, zg + hng) > n, = ((2 + 0.3 * 5.8853)% —
(1 + 0.3 x 1.9458))

=12.596

Y =yo+2 U + 2k; + 2ks + ky)

=2+ %(3 + 2%2.0832 + 2+ 1.9458 + 2.129)

=1.5552

zZ =z, +%(n1 + 2n, + 2n; +ny)

=2+ %(3 + 2% 4.5525 + 2 %5.8853 + 12.596) —» z =3.82258
EXs/ Use Runge-Kutta method (4™ order) to find y(1)& ¥(1) for
y+2y+y=0Withy(0)=2&y(0)=0

Sol:

Let y=z - Z+2z4+y=0 -~ Z=-2z—y now we have two

equations
y=1z
Z=—-2z—Yy

And h = 1,y(0) = 2&z(0) = 0

kl = f(O,Z,O) - k1 =0

n, =g0020) - n,=-2%x0-2
= -2
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1 1 1
ky=f(0+2,245500+55-2) > ky=-1

n, = f(x0+§,y0+§k1,zo+§n1)—> n2=(—2*%*—2 —(2+%*
0)

= —4

ky=f(0+2,2+55=10+5%—4) > ky=(0+5+-1)

= —0.5

= (04524 de 1040 0) ko= (203t~

;1)

=25
ky=f(0+1,2+1%—-050+1%25) -
k,=2.5

ng=fO0+1,2+1%-050+1%25)-> - n,=(—2%25=%
—(2+1%-05)=—65

y=2+=(0+ (2% —1) + (2 —0.5) + 2.5)
=1.91667

y = o+%(—2+ (2% —4) + (2 % —2.5) — 6.5)
= 3.58333
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Adams-Bash forth Predictor- Corrector Method

4 I
__dy
y_a_f(xfy)
y(xo) = ¥o
xX=x9+h

To Find: y(x,) when n=4

L Y, V
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Stepl: if y(x1), y(x3), y(x3) is given that's ok , if y(x1), y(x;), y(x3) is
not given then we find y(x;), y(x,), y(x3) using any one of the methods
like Taylor's series method, Euler's method, Modified Euler's method or
Runge Kutta method

Step2: calculate

fo=f(x0,¥0),  f1=f(x1,¥1),

f2=f(x2,¥2),  f3=f(x3,¥3)

Step3: By Adams-Bash forth predictor formula

Y4 =3 +5-(55f3 — 59f, + 37f1 — 9f)
Step4: then find f4= f(x4,y4), Whenxy, =x3+ h
Step5: By Adams-Bash forth corrector formula

h
Ya=y3+t5,,(9fa+19f3=5f2+f1)
We repeat this step until y, unchanged

Example: Using Adams-Bash forth method ,obtain the solution of

% = x — y? at x=0.8 given that
X 0 0.2 0.4 0.6
y 0 0.02 0.079 0.1762
Solution: f(x,y) = x — y?, h=0.2
Xo=0, Yo =0, fo=F(x0,¥0) =0

x1=02, y;=0.02 f1=Ff(xq,y1) =0.1996
x,=0.4, y,=0.0795 f,=f(x,y,)=0.3937
x3=0.6, y3=0.1762, f3=f(x353)=0.5690
Using Adams-Bash forth predictor formula

h
Y4 =y3+t,,(55f3=59f2 +37f1—9f0)

y, =0.1762 + %(55 % (0.5690) — 59 * (0.3937) + 37

(0.1996) — 9(0)) = 0.3046
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fa= f (x4,v4)=0.8-(0.5739)% =0.7072
Using Adams-Bash forth corrector formula

Yo =¥s +5-(9fs + 19 — 5 + £,) = 01762 + 22 (9 (0.3046 ) + 19 »
(0.5690) — 5 * (0.3937) + 0.1996) = 0.3046
vy, = v(0.8) = 0.3046
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Homework1: by using Runge- Kutta method of second order, solve
y' = x? — 2xy, y(1)=0, h=0.2, find one step

Homework2: by using Runge- Kutta method of third order, solve
y' = x + y?, y(0)=1, h=0.1, find y(0.1)?



