Numerical Analysis [ ecture three

Example (3.3) in another method

In Example (3.2), data points at xo = 1, x; = 4, and x, = 6 were used to
estimate In (2) with a parabola. Now, adding a fourth point [x3 = 5; f (x3)

= 1.609438], estimate In (2) with a third-order Newton’s interpolating
polynomial.

Solution

The third-order polynomial with n =3, is

I | X F(X;) First Second Third
01 0 f(X1,X0) =2 F(X2,X1,X0) __;f(X&XZ,Xl’XO)
14| 1.386294 | f(Xp,X1) | F(X3,%0,%1) #1
21 6| 1.791759

315 1.609438

f(X3,%2)

_fG) - flx)  1.386294—0

First = ,Xo] = = 0.4620981
irst = fx;, o] pam— y—
flx) — f(xy) 1791759 — 1.386294
EAE = = 0.2027326
flxz, %] P 6—4
flx3) — f(x;) 1609438 — 1.791759
,X2] = = = 0.1823216
flxs, x,] X5 — X, 5_6
0.2027326 — 0.4620981
Second = f[x,,x1, %] = ] = —0.05187311
0.1823216 — 0.2027326
flxs, x2, %] = =2 = —0.02041100
—0.02041100 — (—0.05187311)
f 3,262, %1, %01 = =1 = 0.007865529

third = f3(x) = f(x) + fx1, x01(x — x¢) + f(x2, x1, x0) (x — x0) (x — x1) +
f(x3, x2, %1, %0) (x — x0) (x — x1) (x — x3)

£2(2) = 0+ 0.4620981(2 — 1) — 0.05187311(2 — 1)(2 — 4)
+0.007865529(2 — 1)(2 — 4)(2 — 6) = 0.6287686
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Example: using the Newton's Divided-Difference on the function f(x)
= 2X, Xo=-2, X1=-1, Xo=0, X3=1, X4=2, n=4

Solution:
X; F(x;)=2" First Second Third Forth
-2 | f(X)=0.25 T(X1,X0) f(X2,X1,X0) T(X3,X2,X1,X0) T(X4,X3,X2,X1,X0)

-1 | f(x1)=0.5 f(X2,X1) f(X3,X2,X1) f(X4,X3,%2,X1)

0 f(x2)=1 f(X3,X%2) f(X4,X3,X2)

1 f(X3)=2 f(X4,X3)

3 fx) — f(x) _ 0.5-0.25

First = f[x,xy] = P - () = 0.25
O —fGa)  1-05
flxz, %] = Po—— - 0.5
o) - ) 2-1
flag ) = = o= T =1
_f(x4)_f(x3) _4-2
flegag) = =22 = 22022
Second = f] [ _05-025 o
econd = f[x,,xq,%x9] = -2 %
1-05
flxs, %2, %] = (D 0.25
[y X5, 22] = o = 0.5
flxg, x3,%2] = o—o0 O
Third:f[X3, xZ,xl,xO] = % = 0.04167
0.5—0.25
f[x4,X3, xZJ xl] = 2 _ (_1) - 00833
0.0833 — 0.04167
Forth = f[x,, x3, x5, X1, x0] = = 0.010415

2 —(-2)
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fa(x) = f(xo) + flxg, x0](x — x0) + £0xz, 21, x0) (x — x0) (x — x1) +
f(x3, x2, %1, x0) (x — x0) (x — 21 ) (x — x3) +
f(xq, X3, X2, %1, %) (X — x0) (x — 2x1) (x — x) (x — x3)

Lagrange's interpolation
Consider the original problem of interpolating (xq, ¥o)---s( Xn, Y1)

The unique interpolating polynomial of degree <n is given by

p(x) = f(xo)Lo(x) + fx) Ly (x) + -+ + f(a) L (%)

This is called the Lagrangian interpolating polynomial.

Example:
n= order=2
1o)== =
R
Ik e
L) = o
e e
L) = o XTI

(xy — x0) (2 — x1) (3 — x3)
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(X —x0)(x — %) (x — x7)

(x5 — x0) (x5 — x1) (x3 — x7)

L3(x) =

example :Let us apply Lagrange interpolation to the following table:

i Xi f(xi)
0 1 12
1 3 10
2 -2 15

Solution:
We have already computed the polynomials Ly,L; and L,.. So the unique
degree 3 interpolating polynomial is
p(x) = YoLo(x) + y1L1(x) + y2L(x)
=126 +x —x%)/6 + 10(x? + x — 2)/10 — 15(x? — 4x + 3)/15
= —2x2+7x+7

*khkkkhkkhkkkkhkkikkkhkkikkkikkiikikkiikx

Example(2-1): Find a polynomial to interpolate by using Lagrange
interpolation method p4(x)

X |f(x)

RN - D
N[ -

Solution:

PaC) = ) FGILI(x)
=0

(c=x)r—x)(x—x3)(x—xy) (=D -2)x-3)(x-4)

Lol = Gy ) (ro — 32) (xg — ) (o — %)~ (0—1)(0—2)(0—3)(0— 4)
b = 1) ) —x) = 0= D= D= 4)
! (x1 - xo)(x1 - xz)(x1 - x3)(x1 - x4) 1-0(1-2)(1-3)(1-4)
 mx)@ - — ) —x) (= 0)(— D(x —3)(x —4)
Lz(x)—

(22 — x0) (X2 — x1) (2 — x3) (X2 — x4) - 2-02-D2-3)2-4)
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(x = x0) (x — x1) (x — x2) (x — x4)
(x3 — x0) (23 — x1) (3 — %) (x5 — x4)
=0 -Dx—2)(x—4)
T (B-0B-1)B-2)3-4)
(x —x)(x—x)(x —x)(x —x3)  (x—0)(x—1)(x —2)(x —3)

(x4 — x0) (x4 — x1) (g — x2) (x4 — x3) a 4-0@-1D4-2)4-3)

Ly(x) =

Ly(x) =

fa(x) =1%Lo(x) +3 %Ly (x) + 2% Ly(x) + 5% Lg(x) + 4 * Ly(x)

L =1, FZDEZDE=HE=Y G OE=DE-IE D |

2

-8
. x—0)x—-1Dx—-2)(x—4)
—6

24
i} x=0)(x—1Dx-3)(x—-4) b

8
(x—=0)(x —1D(x—2)(x —3)
- 24

E R R R R R R R R R R R R S R T R S R SR R R o

Homework: Find a polynomial to interpolate in example (2-1) Both
Newton’s interpolation method and Lagrange 1 interpolation method
must give the same answer

+4
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Homework: Find a polynomial to interpolate the data. Find f3(2.8)

X | f(x)
2.5 14
3.2 15
2 8
4 8

Homework: using the Newton's Divided-Difference , Find f3(7)

Xi f(Xi)
5 12
6 13
9 14
11 16




