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Resonance

Resonance

Resonant (or tuned) circuit, which is fundamental to the operation of a wide variety of
electrical and electronic systems in use today. The resonant circuit is a combination of R, L, and
C elements having a frequency response characteristic similar to the one appearing bellow.
Note in the figure that the response is a maximum for the frequency (fr) , decreasing to the
right and left of this frequency. In other words, for a particular range of frequencies, the
response will be near or equal to the maximum. The frequencies to the far left or right have
very low voltage or current levels and, for all practical purposes, have little effect on the
system’s response. The radio or television receiver has a response curve for each broadcast
station. When the receiver is set (or tuned) to a particular station, it is set on or near the

frequency (fr), and said to be in a state of resonance. pv1
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Reson

Series Resonant Circuit
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Consider we have the circuit shown +
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ance

The total impedance of this circuit:

Lr=R+jX;, —jXe=R+j(X, — X¢)

The resonant conditions described in
the introduction occurs when:

X; = X¢

The total impedance at resonance is then:




Resonance

The resonant frequency

The resonant frequency can be determined in terms of the inductance and
capacitance by examining the defining equation for resonance:

XL — XC
Substituting yields
_ 1
wlL = o and o = IC
1
and L=
VLC |
[
1 f = hertz (Hz) . !
or B — L = henries (H)
kS C = farads (F)




Resonance
The resonant frequency

[
The current through the circuit at resonance is Vi
Es0° E
I = = —/0°
R/Z0° R .
The average power to the resistor at resonance 1s equal to
i =
I’R I Ve
reactive power to the capacitor and inductor are
I’Xand IX; )
C
The total power is equal to the average power
dissipated by the resistor since }
0L =0c 4
0L=1X
The power factor of the circuit at resonance is .
—_-
F -
F,=cosf =~ P=IPR=EI
Qc=1Xc
b, =1




Resonance

The resonant frequency

» The total reactance of the circuit is zero (X; — X = 0)

» The circuit impedance is minimum (Z; = R)

» The circuit current is maximum (I = o= E)
T

» The circuit power factor angle is (0°) and the power factor is (1)

> At resonance (W?LC = 1)



The Quality Factor (Q) tesonance

The quality factor Q of a series resonant circuit is defined as the ratio of the reactive

power of either the inductor or the capacitor to the average power of the resistor at
resonance; that is,

reactive power

L3

average power

Substituting for an inductive reactance at resonance gives us
I’X; X, oL

< I'R Q’_R R

mIL_ZﬂfIL_Zﬂ'( 1 )L
" R R R \2:\/LC w, = 2xf.
L ( 1 ) B ( V'L ) L 1
RAVLC VL J RVLC S eVic
For circuits where Qs 2 10, a widely accepted approximation
0, = l | £ is that the resonant frequency bisects the bandwidth and
* RNC that the resonant curve is symmetrical about the resonant

frequency.



. Resonance
Bandwidth (BW)
There is a definite range of frequencies at which the current is near its maximum value
and the impedance is at a minimum. Those frequencies corresponding to 0.707 of the
maximum current are called the band frequencies, cutoff frequencies, half-power
frequencies, or corner frequencies.

They are indicated by 77 and 72 E

The range of frequencies between 070 -————
the two is referred to as the
bandwidth (BW) of the resonant
circuit.

~ ¥

Half-power frequencies are those frequencies® h L &
at which the power delivered is one-half that
delivered at the resonant frequency; that is,

1
P __P
HPF 2 max

1
Pypr = I’°R = (0.7071_,,)*R = (0.5)(I:R) = EP'"“



_ Resonance
Bandwidth (BW) Ry>Ry>R, (L, C fixed)

If the resistance is made smaller with a fixed 1! |

inductance and capacitance, the bandwidth
decreases. Similarly, if the ratio L/C increases
with fixed resistance, the bandwidth again
decreases.

R(smaller)

I
g
I
l -
0 s f
A small Qs , therefore, is associated with a (a)
resonant curve having a large bandwidth,
while a large Qs indicates the opposite. N Ly/C3> i@’*?:}fTufﬁ (R fixed)
L,/C,
7




Resonance

The cutoff frequencies 77 and 2

Zr= VR + (X, — Xc)?
becomes V2R = VR + (X, — X,)?

or, squaring both sides, that
2R’ =R>+ (X; — X.)
and, R = (X; — X\

Y

Taking the square root of both sides gives us
R:'XL_XC or R_XL‘l‘XC:ﬂ

Let us first consider the case where X; = X, which relates to f; or w,.
Substituting w,L for X; and 1/w,C for X and bringing both quantities to
the left of the equal sign, we have

1 1
R—m1L+m—EC=[} or RME—M%L+E=G

which can be written



Resonance

The cutoff frequencies 77 and 72

Solving the quadratic, we have

—(—R/L) = V[=(R/L)]* — [—(4/LC)]

and W=t —* [ +—

AN -
h=2:1"2 T2V\L LC (Hz)

The bandwidth (BW) is o — R _ (i)(ﬁ) (ﬁ )(_)
BW=Ff,—f | 27l \27/\L Qs
Bw=fg __ﬁ R — f
2wl BW = —
O,




Resonance

Example LV, - v, —
For the series resonant circuit: — 00—
a. findI, VR, VL, and VC at resonance? é\j k=20 X, =100 +
b. What is the Qs of the circuit? E = 10V £0° Xe = 1007 ve
c. Iftheresonant frequency is 5000 Hz, find —
the bandwidth. +
d. Whatis the power dissipated in the =
circuit at the half-power frequencies?
Solutions:
a. Zr =R=20
I — E _ 10V 20° _5AL0°
Z;  2Q20° V,=( £0°)(X; £90°) =(5A 20°)(10£ ~£90°)
r=E=10V 20° =50V £90°
Ve=( £0°) X £-90°) = (5A £0°)(10Q £-90°)
=50V ~-=90°
b Q;=XL= llﬂ*ﬂ=5
R 210)
C BW=f1—f,=£ =5m2HZ=l{}[II]HI

1 1 1
d. Pupg = 5 P = 5 IR = (E)(S A2(2Q) =25W



Resonance
Example
The bandwidth of a series resonant circuit is 400 Hz.
a. If the resonant frequency is 4000 Hz, what is the value of Qs?
b. IfR=10Q, what is the value of XL at resonance?
c. Find the inductance L and capacitance C of the circuit.

Solutions:
fs I 4000 Hz

. BW=2 = = = 10

h 0. " %7 3w T 100mz
X
b. 0, = f or X, = O,R = (10)(10 Q) = 100 O
X, 100 Q

. X, = 27flL L= = — 398 mH

¢. Xp=2mL or 2xf.  2x(4000 Hz) -
1 1 1
Xc or C

T 2af.Xe  2w(4000 Hz)(100 Q)
— 397.89 nF

~ 2afC



Resonance

Example

A series R-L-C circuit has a series resonant frequency of 12,000 Hz.
a. IfR=5Q, and if XL at resonance is 300 €, find the bandwidth.
b. Find the cutoff frequencies.

Solutions:
X, 3000
. I p— p— —_ ﬁﬂ
)
B 12.000 Hz
BW = J: = = 200 Hz
Q. 60

b. Since Q, = 10, the bandwidth is bisected by f,. Therefore,

BW
h=ft 5 = 12,000 Hz + 100 Hz = 12,100 Hz

and f, = 12,000 Hz — 100 Hz = 11,900 Hz



Resonance

Example
A series R-L-C circuit is designed to resonate at w, = 10° rad/s, have a

bandwidth of 0.15f ¢, and draw 16 W from a 120 V source at resonance.

a. Determine the value of R. b. Find the bandwidth in hertz.
c. Find the nameplate values of L and C. d. Determine the Qs of the circuit.
Solutions:
E? E?  (120V)?
a. P=— and R = ={ )=9{}[Iﬂ
R P 16 W
w, 10’ rad/s
b. f; = — = 13,915.49 Hz
27 27
BW = 0.15f; = 0.15(15,915.49 Hz) = 2387.32 Hz
R R 000 ()
. BW=—— d L= = = 60 mH
¢ P 27BW  2x(2387.32 Hz) n
f, = _ and C = 1
" 2xVIC 4r’f] L

1
~ 42%(15,915.49 Hz)2(60 X 107°)
— 1.67 nF
X, 2af.L 2(15915.49 Hz)(60 mH)
d Q=%~"% ~ 900 O

= 6.67




