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Energy in a Coupled Circuit refers to the total magnetic energy stored in a system of two (or

more) inductors that are magnetically linked — meaning the magnetic field produced by the

current in one coil links partly or fully with the other coil.

When two inductors are coupled, the total energy is not just the sum of the energies in each

inductor separately, because part of the energy is stored in the mutual magnetic field shared

between them.

Mathematically, for two coupled inductors carrying currents i;and i, with self-inductances L4,

L, and mutual inductance M, the total energy stored in the magnetic field is:

_1L '2_|_1
(1)—2 11 >

L,i5

+ Mi, i,
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The positive sign is selected for the mutual term if both currents enter or leave the dotted terminals of the coils; the

negative sign 1s selected otherwise.
M 2V D1 | — D1 P31
P, DPpp + Py

o = _
JL{L, D1 P+ Py

If the entire flux produced by one coil links another coil, then k = 1, and we have 100%

M:k Lle:k:

coupling, or the coils are said to be perfectly coupled. For k < 0.5, coils are said to be loosely
coupled; and for k > 0.5, they are said to be tightly coupled. Thus, The coupling coefficient k

1s a measure of the magnetic coupling betweentwocoils ) < k < 1
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Ex1: For the circuit shown below, determine the coupling coefficient and calculate the energy
stored 1n the coupled inductors at time t = 1s 1f v = 60 cos(4t + 300) V.

M 25
JLiL, 20

Since k < 1 indicating that the inductors are tightly coupled. To find the energy stored, we need to calculate the
current. To find the current, we need to obtain the frequency-domain equivalent of the circuit.

The coupling coefficientis: [ = 0.56

60 cos(4dt + 3[]':'} — ﬁ[l.__;"}{j':'_ w = 4 rad/s .
SH = jwL =j200Q 100 ";_\'
25H = joM =j100Q ——[ |
' = i16 0 L *Ld
I 1 = 3 B
—F = -—=-j4Q
16 joc ~ 7 o
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e . Formesh 1, (10 + j20)I; + j10I, = 60230’
60,/30°V (%) @ ;zr:rnifé € 160 ﬁ‘} | _j;o Formesh?2, j10I; + (j16 — jA), = 0 =1, = —1.21,
“ Rk Substituting this into mesh 1 equation.
(10 +j20)(—1.21,) +j10l, = 60230° = I, = 3.2542160.6°A [} =3.9052—19.4 A

In the time-domain,
iy = 3.905 cos(4t — 19.47), i = 3.254 cos(4t + 160.6°)
At time t = 15,4t = 4rad = 229.2°, and
i; = 3.905 c0s(229.2° — 19.4°) = —3.389 A
i» = 3.254 c0s(229.2° + 160.6°) = 2.824 A

The total energy stored in the coupled inductors is

| 2 .
w =__LJ£I+ L-i5 + Mi,i»

1
2 2

= %{5}{—3.389}1 + %[4}(2.824}3 + 2.5(—3.389)(2.824) = 20.73 1]
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A transformer 1s generally a four-terminal device comprising two (or more) magnetically coupled coils.
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As shown in the figure below, the coil that 1s directly connected to the voltage source is called the primary
winding. The coil connected to the load is called the secondary winding. The resistances R and R, are included to
account for the losses (power dissipation) in the coils. The transformer 1s said to be linear if the coils are wound on
a magnetically linear material—a material for which the magnetic permeability is constant. Such materials include
air, plastic, Bakelite, and wood. In fact, most materials are magnetically linear. Linear transformers are sometimes

called air-core transformers, although not all of them are necessarily air-core. They are used in radio and TV sets.

'H’
ﬁ |—\(.'- -'. A
et - -
1. | + | 4::-:: P I '| l 1. {
o/ ;f' = 2 ,J L
Primary coil Secondary coil
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2ng2
The input impedance Z;,, v : w*M
Zin=_=R1+](l)L1+ ]
I; R, + jol, +ZL\
Reflected Impedance Zp
Primary Impedance (due to the coupling between the primary and secondary windings)

The linear transformer shown on the right side shall be replaced by a T & II equivalent circuits as following.

M
[\-’.1 B [jmf_] jwM] {ll] L I,
V2 joM  joly ] L1 0 0
* E * +
e les
By matrix inversion, this can be written as v, L, 3 E L, v,
i L, -M B ‘ ‘ B
_I|] _ | Jo(LiLy — M?) Jo(LyL, — M3 | [V, ] o A
I —M L, |V, |
| jo(LiL, — M?)  je(L,L, — M?) |
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T equivalent circuit

I| L, Ly IE
+ | +
"1'-| 'Lvl" :-EE 1-2
J
: | 5
Mesh Analysis
[\'ll B [jw[_Ld + L) jwlL,
‘r_'!' j{L}L: l_,IFM[Llr:- + -L-’.::|I

|

I,

I

|

Lecture 5

[1 equivalent circuit
I L I
o—— 4113 = o
N | | ;
Vv, L, _,g Ly = Vs,
_ [ -
Nodal Analysis
[ 1 1 1 )
: + - —- :
[I| ] o ’,fll'.,LLIL1L LILUL{' j{UL;_ [1 |]
I, 1 1 1 v,
- : : + :
._,lrlf,t.i'Lf' ijH ._,lri,t.il':{" _
L,L, — M? L,L, — M?
Ly = 3 B
L,— M Ly— M
L\L, — M?
L.f' - M
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Ex2: For the circuit shown below, calculate the input impedance and current I;. If you know
that: Z; = 60 — 10042, Z, = 30 + j4042, and Z; = 80 + j60.2.

2. =V o r tjer, M
¢ Lo R, +jwl, + Z; , j5Q ;
I -
Zin = Z, + j20 + G) ﬁ
in — 1 J j4[l+Zz+ZL | .\,. /‘_
25 s0460°V (£) (1 2002 Ej40Q | 13> 7
= 60 — j100 + j20 + , o/ ) TR R L
110 + j140 ‘ [

= 60 — j80 + 0.14/—51.84°
= 60.09 — j80.11 = 100.14/—53.1° Q

V 50/60° |
[, =——= ———— =0.5/113.1°A
Z., 100.14/-53.1° —
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Ex3: Determine the T-equivalent circuit of the linear transformer shown below.

(ﬂi
—II—

I10H m‘

.-'

h o ‘ o d

Given that L, =
the following parameters:

IL.=L,— M=
L;,:LE_M:'{L_

10, L, = 4, and M =

10 —

2 =2H,

2 =8H
L.=

H 2 H

a o— T*r o
2H =

b O ‘ O il

2, the T-equivalent network has
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Homework

1) Practice Problem 13.3 (page 567)
2) Practice Problem 13.4 (page 571)
3) Practice Problem 13.5 (page 572)

The practice problems mentioned above, can be found on the textbook of “Fundamentals of
Electric Circuits” 5’th edition by Charles K. Alexander & Matthew N. O. Sadiku
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