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A second-order circuit 1s any circuit that contains: Two energy storage elements: Inductor

L and Capacitor C such as RLC series and parallel circuits. These circuits are described by a

second-order differential equation.

General Differential Equation

The standard form:

2
d d’jf) +a d’;(tt) +a,x(t) = F(O)

x(t): Voltage or Current.
aq, a,: Constants depending on R, L, C

f (t): Forcing function (source)

Characteristic Equation

From the homogeneous equation:
s+ 2as+wz=0

a: Damping factor (Np/s)

w,: Natural frequency (rad/s)

These roots s; and s, determine the type of response.
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In the second-order circuit, we determine its step response x(t) (which may be voltage or
current) by taking the following procedure:

)
2)

3)
4)

5)

dx(0)

Determine the initial conditions x(0) and and the final value x (o).

Remove the independent sources and find the form of the transient response x;(t) by
applying KCL and KVL. Once a second-order differential equation 1s obtained, we
determine its characteristic roots. Depending on whether the response is overdamped,
critically damped, or underdamped, we obtain x;(t) with two unknown constants.

Find the steady-state response as: x¢.(t) = x(o0). Where x(o) is the final value of x,
obtained 1n the first step.

Here, the total response 1s now found as the sum of the transient response and steady-state
response: x(t) = x.(t) + x(t)

Finally determine the constants associated with the transient response by imposing the
dx(0)

initial conditions x(0) and determined in the first step.
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Example 1: Find the complete response for v and i when t > 0 in the circuit shown below.
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For t = 0™ the switch 1s open and the circuit 1s at steady-state, so that the equivalent circuit that

used to calculate the initial values 1s shown in Figl. 4
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2(07) = 12V i(07) = 04 2V '2

Assist. Lect. Ibrahim 1. Ibrahim



EPE 204 Electric Circuits Analysis 11 Lecture 6

For t = 07 the switch is close and the equivalent circuit that used to calculate the initial values
1s shown 1n Fig2. Thus, by the continuity of capacitor voltage and inductor current:

v(0") =v(07) =12V ((07)=i(07) =04 1H o
_ dv i dv , o lic
ic=C—=—= Applying KCL at node a in Fig2

dt C dt

v(0) 12 2v () Fig2 T%F

((0%) = io(0%) +——== 0 = i, (0%) +—- -
0 =64 == = 1ovss — (1) =

— _—— T — = — —_ —
N dt ~ 05 ;

Now, replace the L with a short circuit and C by an open circuit in Fig2 to obtain the final values

of i(o0) and v(c0)

i(0) = = 2A v(0) = Ri(0) =2 X2 =4V
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Remove the independent sources and find the form of the transient response for ¢ > 0, thus we

have the circuit of Fig3. v 1dv 4Q L 1H o
Applying KCL at node a in Fig3. [ = > + 53t - (2) — VWA T ——
. +
Applying KVL to the left mesh in Fig3. 4] + 1% +v=0—(3) Figd 20 § T 3 F
Now, substitute (2) into (3). ; ——
2v+2@+1@+1£+v—O=/~£+5@+6v—0—>(4) _
dt 2dt 2dt? dt? dt
From (4), we obtain the characteristic equation as: s°+5s+6=0=s; = -2 &s, = —3

Thus, the natural response is: v, (t) = Ae™*' + Be ™3¢

The steady-state response is vy (t) = v(0) = 4

The complete response is: v(t) = v,(t) + v4s(t) = 4 + Ae™*t + Be ™3¢
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The complete response is: v(t) = v,.(t) + vs (t) = 4 + Ae™?t + Be 3t — (5)
Now, determine 4 and B at t = 0 using the initial values v(0%) = v(07) = 12V

12=4+A+B=A+B=8— (6)

Taking the derivative of v for (5) = % = —24e 4% — 3Be 3t — (7)

Now, substitute (1) into (7)att = 0= —12=—-2A—-3B=2A+3B =12 — (8)
From (6) and (8): A =12 and B = —4

The complete response is: V(t) = v.(t) + v (t) =4 + 127 %t —4e™ 3tV >0

From (2)
v 1dv
i = > + T 2+ 6e 2t —2e 3t _ 12072 4 g3t

i=2—6e ?t+4e 3 A t>0
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Example 2: Find v(t) when t > 0 in the circuit shown below.

1 .
30 2H This 1s a second-order circuit that have two inductors. The first step 1s
ﬂ.‘) to obtain the mesh currents i; and i, which happen to be the currents
2
" . .. through the inductors. Then, obtain the initial and final values of these
Tun v () 1Q 3, LH
‘ 1
@ - currents 30 Ly=3H
— AMAA——TTT |
i T T I, 5
Fort < 0, 7u(t) = 0 and this leads to i;(07) =i,(07) =0 P + + 1
. . . ) . 7V \\i> | Q> Y YL2 3 L,=zH
Fort > 0, 7u(t) = 7 and the circuit will be as shown in Figl Figl _ _ | ]

Because of the continuity of inductor current,

i1(07) = i1(0%) =0 ,(07) =i,(0") =0 v,(0") =v, (07) =1[i;(07) —i,(07)] =0 — (1)
Applying KVL to the left loop in Figl att = 07

7 =3i;(0%) + v, (07) + v(0") = v, (07) =7
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di;(0%)  diy(0%) = v, (07) 7

di;(07)  di(07) _ Vi, (0%)

+3\ — — — — +3\ — —
le (0 ) — Ll dt - dt = Ll = 05 = 14 V/S ULZ (0 ) = L2 dt - dt = LZ =0 V/S
When t — oo the circuit reaches steady state, and the inductors become short circuits, as shown in Fig2
. . 7 30
i1(00) = iy(00) = §A —AMA O0—0 ‘
Now, we obtain the form of the transient responses by removing the voltage [ I’ 2
. : , e
source, as shown 1211 Fig3. Applying KVL to the twcc)l meshes: 7V () Fig2 Lo
' ' O
4iy — iy +05—2 = 0= i, = 4i; + 0.5—= — (2 ]
1 2 d dt 2 1 dt ( )
l2+OZE—i1—O—>(3) 10 %H
—\VW—TTT
41, + 0.5— 4, 0.8— 4, 0.1— dz ] 0 Fig3
i1+ = + - + — 1l = 1
LTI T T gy T :
a2 d. (D 1O f:;) =R
Tt +13d—+3011—0:5 +13s+30=0
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The form of the transient response is i1n, (t) = Ae 3t 4+ Be~ 10t (4)

The steady-state response is 155 = i1(00) = g — (5)

From Egs. (4) and (5), we obtain the complete response as i1 (t) = g + Ae 3t + Be™ 10t — (6)
7 J
—+A+B=0—(7)

3
Taking the derivative of Eq. (6) and setting t = 0 in the derivative and use the Eq. (*)
14 = —3A —10B — (8)  From Egs. (7) and (8), A = —%and B=-1

. 7 4 _ _ _ d; , 7 10 _ B
ll(t)=§—§€ 3t — e710tA — (9) LZ=411+0.5d—l;—>(2)=> p =5 =5 St 10t A

vo(07%) = VL, (07) = 1[i;(0™) —i,(07)] =0 — (1)

U0(0+) — 2(6_3t _ e—lOt)V
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