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Part 1

Definition of the Laplace Transform
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Given a function  f(t), its Laplace transform, denoted by F(s) or 𝓛 𝒇 𝒕  is defined by:

ℒ 𝑓 𝑡 = F(s) = න

0−

∞

f(t)𝑒−𝑠𝑡 𝑑𝑡

where s is a complex variable given by 𝑠 = 𝜎 + 𝑗𝜔

The lower limit is specified as 0− to indicate a time just before 𝑡 = 0. We use 0− as the lower 

limit to include the origin and capture any discontinuity of f(t) at 𝑡 = 0; this will accommodate 

functions—such as singularity functions— that may be discontinuous at 𝑡 = 0.

The Laplace transform is an integral transformation of a function f(t) from the time domain 

into the complex frequency domain, giving F(s).
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Example 1: Determine the Laplace transform of each of the following functions: 1) 𝑢 𝑡  2) 𝑒−𝑎𝑡 𝑢 𝑡 , 𝑎 ≥ 0 

3)𝛿 𝑡

3) 

2) 

1) 
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Properties of the Laplace Transform: TABLE 15.1 Page (687) 
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Part 2

Circuit Element Models
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Steps in Applying the Laplace Transform:

1. Transform the circuit from the time domain to the s-domain.

2. Solve the circuit using nodal analysis, mesh analysis, source transformation, superposition, 

or any circuit analysis technique with which we are familiar.

3. Take the inverse transform of the solution and thus obtain the solution in the time domain.

Only the first step is new and will be discussed here. As we did in phasor analysis, we 

transform a circuit in the time domain to the frequency or s-domain by Laplace transforming 

each term in the circuit.

For a resistor, the voltage-current relationship in the time domain is 𝑣 𝑡 = 𝑅𝑖 𝑡

Taking the Laplace transform, we get 𝑉 𝑠 = 𝑅𝐼 𝑆
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For an inductor,

𝑣 𝑡 = 𝐿
𝑑𝑖 𝑡

𝑑𝑡

Taking the Laplace transform of both sides

𝑉 𝑠 = 𝐿 𝑠𝐼 𝑆 − 𝑖 0− = 𝑠𝐿𝐼 𝑠 − 𝐿𝑖 0−

or

𝐼 𝑠 =
1

𝑠𝐿
𝑉 𝑠 +

𝑖 0−

𝑠

The s-domain equivalents are shown in Fig. 1, where the initial 

condition is modeled as a voltage or current source.
Fig. 1
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For a capacitor,

𝑖 𝑡 = 𝐶
𝑑𝑣 𝑡

𝑑𝑡
Taking the Laplace transform of both sides

𝐼 𝑠 = 𝐶 𝑠𝑉 𝑆 − 𝑣 0− = 𝑠𝐶𝑉 𝑠 − 𝐶𝑣 0− or 𝑉 𝑠 =
1

𝑠𝐶
𝐼 𝑠 +

𝑣 0−

𝑠

The s-domain equivalents are shown in Fig. 2. With the s-domain equivalents,

Fig. 2
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The admittance in the s-domain is the reciprocal of the impedance, or
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Example 1: Find 𝑣0 𝑡  assuming zero initial conditions in the circuit shown below.  

We first transform the circuit from the time domain to the s-domain.

𝑢 𝑡 ⟹
1

𝑠

1

3
F ⟹

1

𝑠𝐶
=

3

𝑠
1𝐻 ⟹ 𝑠𝐿 = 𝑠

For mesh 1: 
1

𝑠
= 1 +

3

𝑠
𝐼1 −

3

𝑠
𝐼2 ⟶ 1

For mesh 2: 0 = −
3

s
𝐼1 + s + 5 +

3

𝑠
𝐼2

I1 =
1

3
s2 + 5s + 3 I2 ⟶ 2

Substituting Eq. (2) into Eq. (1)

1

𝑠
= 1 +

3

𝑠

1

3
𝑠2 + 5𝑠 + 3 𝐼2 −

3

𝑠
𝐼2
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1

𝑠
= 1 +

3

𝑠

1

3
𝑠2 + 5𝑠 + 3 𝐼2 −

3

𝑠
𝐼2 Multiplying through by 3s gives
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Example 2: The switch moves from position a to position b at 𝑡 = 0. Find i(t) for 𝑡 > 0  

The initial current through the inductor is 𝑖 0 = 𝐼0

The circuit transformed to the s-domain Fig3. The initial

condition is incorporated in the form of a voltage source as

𝐿𝑖 0 = 𝐿𝐼0. Using mesh analysis,

Fig3

or

Applying partial fraction expansion on the second term on the righthand side
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The inverse Laplace transform of this gives

Transient response Steady-state response
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