
Engineering Numerical 
Methods

Lecturer: Osama Sahib Jafar
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A ball at 1200K is allowed to cool down in air at an 

ambient temperature of 300K.  Assuming heat is lost 

only due to radiation, the differential equation for the 

temperature of the ball is given by 

 

( ) ( ) K
dt

d
12000,1081102067.2 8412 =−−= − 



Find the temperature at 480=tseconds using Euler’s method.  Assume a step size of  

240=h seconds.
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( )

( )

( )

( )( )
( )

K

f

htf

htf iiii

09.106

2405579.41200

24010811200102067.21200

2401200,01200

,

,

8412

0001

1

=

−+=

−−+=

+=

+=

+=

−

+





Step 1:      

1is the approximate temperature at
 

240240001 =+=+== httt

( ) K09.106240 1 =

( )8412 1081102067.2 −−=
 −

dt

d

( ) ( )8412 1081102067.2, −−= −tf
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For 09.106,240,1 11 === ti

( )

( )

( )( )
( )

K

f

htf

32.110

240017595.009.106

240108109.106102067.209.106

24009.106,24009.106

,

8412

1112

=

+=

−−+=

+=

+=

−



Step 2:     

2is the approximate temperature at 48024024012 =+=+== httt

( ) K32.110480 2 =
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The exact solution of the ordinary differential equation is 
given by the solution of a non-linear equation as

( ) 9282.21022067.000333.0tan8519.1
300

300
ln92593.0 31 −−=−

+

− −− t




The solution to this nonlinear equation at t=480 seconds is

K57.647)480( =



Comparison of Exact and Numerical Solutions
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Figure 3.  Comparing exact and Euler’s method 



Step, 
h

(480) Et |єt|%

480

240

120

60

30

−987.

81

110.3

2

546.7

7

614.9

7

632.7

7

1635.

4

537.2

6

100.8

0

32.60

7

14.80

6

252.5

4

82.96

4

15.56

6

5.035

2

2.286

4

Effect of step size

K57.647)480( =
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Table 1.  Temperature at 480 seconds as a function of step size, h

(exact)



Comparison with exact results
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Figure 4.  Comparison of Euler’s method with exact solution for different step sizes 



Effects of step size on Euler’s Method
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Figure 5.  Effect of step size in Euler’s method. 



Direct Method of 
Interpolation

Osama Sahib Jafar
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What is Interpolation ?

Given (x0,y0), (x1,y1), …… (xn,yn), find the value of ‘y’ at a 
value of ‘x’ that is not given.

Figure 1 Interpolation of discrete.
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Interpolants

Polynomials are the most common choice 
of interpolants because they are easy to:

  Evaluate

  Differentiate, and 

  Integrate
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Direct Method

Given ‘n+1’ data points (x0,y0), (x1,y1),………….. (xn,yn),

pass a polynomial of order ‘n’ through the data as given

 below:

where a0, a1,………………. an are real constants.

• Set up ‘n+1’ equations to find ‘n+1’ constants. 

• To find the value ‘y’ at a given value of ‘x’, simply substitute 
the value of ‘x’ in the above polynomial.

.....................10

n

nxaxaay +++=
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Example 1
The upward velocity of a rocket is given as a function of 
time in Table 1. 

 Find the velocity at t=16 seconds using the direct method 
for linear interpolation.

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67

Table 1 Velocity as a function 
of time.

Figure 2 Velocity vs. time data for the 
rocket example

( )s ,t ( ) ( )m/s ,tv
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Linear Interpolation

( ) taatv 10 +=

( ) ( ) 78.3621515 10 =+= aav

( ) ( ) 35.5172020 10 =+= aav

Solving the above two equations gives,

 

93.1000 −=a 914.301 =a

Hence

( ) .2015,914.3093.100 +−= tttv

( ) ( ) m/s 7.39316914.3093.10016 =+−=v

      
( )00 , yx

( )xf1

( )11, yx

x

y

Figure 3 Linear interpolation.
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Example 2
The upward velocity of a rocket is given as a function of 
time in Table 2. 

 Find the velocity at t=16 seconds using the direct method 
for quadratic interpolation.

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67

Table 2 Velocity as a function 
of time.

Figure 5 Velocity vs. time data for the 
rocket example

( )s ,t ( ) ( )m/s ,tv
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Quadratic Interpolation

( ) 2

210 tataatv ++=

( ) ( ) ( ) 04.227101010
2

210 =++= aaav

( ) ( ) ( ) 78.362151515
2

210 =++= aaav

( ) ( ) ( ) 35.517202020
2

210 =++= aaav

Solving the above three equations gives

05.120 =a 733.171 =a 3766.02 =a
        

Quadratic Interpolation

( )00 , yx

( )11, yx

( )22 , yx

( )xf2

y

x

Figure 6 Quadratic interpolation.
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Quadratic Interpolation (cont.)

10 12 14 16 18 20
200

250

300

350

400

450

500

550
517.35

227.04

y s

f range( )

f x des ired( )

2010 x s range x des ired

( ) 2010,3766.0733.1705.12 2 ++= ttttv

( ) ( ) ( )2163766.016733.1705.1216 ++=v

m/s 19.392=

The absolute relative approximate error      obtained between 
the results from the first and second order polynomial is

%38410.0

100
19.392

70.39319.392

=


−

=a

a
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Example 3
The upward velocity of a rocket is given as a function of 
time in Table 3. 

 Find the velocity at t=16 seconds using the direct method 
for cubic interpolation.

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67

Table 3 Velocity as a function 
of time.

Figure 6 Velocity vs. time data for the 
rocket example

( )s ,t ( ) ( )m/s ,tv
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Cubic Interpolation

( ) 3

3

2

210 tatataatv +++=

( ) ( ) ( ) ( )33

2

210 10101004.22710 aaaav +++==

( ) ( ) ( ) ( )33

2

210 15151578.36215 aaaav +++==

( ) ( ) ( ) ( )33

2

210 20202035.51720 aaaav +++==

( ) ( ) ( ) ( )33

2

210 5.225.225.2297.6025.22 aaaav +++==

2540.40 −=a 266.211 =a 13204.02 =a 0054347.03 =a

y

x

( )xf3

( )33 , yx

( )22 , yx

( )11, yx

( )00 , yx

Figure 7 Cubic interpolation.
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Cubic Interpolation (contd)

10 12 14 16 18 20 22 24
200

300

400

500

600

700
602.97

227.04

y s

f range( )

f x des ired( )

22.510 x s range x des ired

( ) 5.2210,0054347.013204.0266.212540.4 32 +++−= tttttv

( ) ( ) ( ) ( )

m/s 06.392

160054347.01613204.016266.212540.416
32

=

+++−=v

The absolute percentage relative 
approximate error       between 
second and third order polynomial is

a

%033269.0

100
06.392

19.39206.392

=


−

=a
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Comparison Table

Order of 

Polynomial 
1 2 3 

( )m/s 16=tv  393.7 392.19 392.06 

Absolute Relative 

Approximate Error 
---------- 0.38410 % 0.033269 % 

 

Table 4 Comparison of different orders of the polynomial.

t(s) v (m/s)

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67
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Distance from Velocity Profile

Find the distance covered by the rocket from t=11s to t=16s ?

( ) 5.2210,0054606.013064.0289.213810.4 32 +++−= tttttv

( ) ( ) ( )

( )

m 1605

4
0054347.0

3
13204.0

2
266.212540.4

0054347.013204.0266.212540.4

1116

16

11

432

16

11

32

16

11

=









+++−=

+++−=

=−





ttt
t

dtttt

dttvss
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Acceleration from Velocity Profile

( ) 5.2210,0054347.013204.0266.212540.4 32 +++−= tttt

Find the acceleration of the rocket at t=16s given that

( ) ( )

( )

5.2210   ,016382.026130.0289.21

0054347.013204.0266.212540.4

2

32

++=

+++−=

=

ttt

ttt
dt

d

tv
dt

d
ta         

( ) ( ) ( )
2

2

m/s 665.29

16016304.01626408.0266.2116

=

++=a
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